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@ General setup
@ Sensitivity of observables to transport coefficients

@ Systematic uncertainties from the pp baseline
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Transport theory: the Boltzmann equation

Time evolution of HQ phase-space distribution fo(t,x, p)*:

d
—folt, = C[f
pm o(t,x,p) [fql

@ Total derivative along particle trajectory

40,0 0
ox op

dt ~ ot
Neglecting x-dependence and mean fields: 0,fg(t, p) = C[fo]

@ Collision integral:

Clfe] = / dk[w(p + k. K)fo(p + k) — w(p,k)fo(p)]

gain term loss term

w(p, k): HQ transition rate p — p — k

For results based on BE see contributions from other groups
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From Boltzmann to Fokker-Planck

Expanding the collision integral for small momentum exchange® (Landau)

C[f]N/dk ki -2 +1k"kf & [w(p, k)fo(t,p)]
Ql ~ (9p' 2 8p,8pj wip, Q ;P

2B. Svetitsky, PRD 37, 2484 (1988)
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From Boltzmann to Fokker-Planck

Expanding the collision integral for small momentum exchange® (Landau)

C[f]N/dk ki -2 +1k"kf & [w(p, k)fo(t,p)]
Ql ~ ap, 2 8p,8pj wip, Q ;P

The Boltzmann equation reduces to the Fokker-Planck equation

Srfatw) = o A @e(t0) + 1B ) a(e.p)]
where (verify!)

Ap) = [ dkKu(p.k) — Alp) = Alp) o

friction

[ ki) — Bp) = (7~ B)E(p) + DD E(p)

momentum broadening

1

BU(P) =3

2B. Svetitsky, PRD 37, 2484 (1988)
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From Boltzmann to Fokker-Planck

Expanding the collision integral for small momentum exchange® (Landau)

C[f]N/dk ki -2 +1k"kf & [w(p, k)fo(t,p)]
Ql ~ ap, 2 ap’apf Wp: Q 7p

The Boltzmann equation reduces to the Fokker-Planck equation

Srfatw) = o A @e(t0) + 1B ) a(e.p)]

where (verify!)

Ap) = [ dkKw(pl) — A(p) = Alp) P
—_———
friction

B/(p) = 5 [ dikkulp.l) — B(p) = (87— D)Eo(p) + DD E(p)

momentum broadening

Problem reduced to the evaluation of :
directly derived from the scattering matrix

2B. Svetitsky, PRD 37, 2484 (1988)
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Approach to equilibrium in the FP equation

The FP equation can be viewed as a continuity equation for the
phase-space distribution of the kind 9:p(t, 5) + V,-J(t,p) =0

5t falt0) = 5 { Ae)ale.p) + LB Mol 0)]

=p(t,P)

=—Ji(t,p)

admitting a steady solution f.,(p) = e 5/ when the current vanishes:

A(B)fg(p) = %ﬁ@q(p) _ Bi(p )8%;5 )
One gets
Alp)p’ = B;I(Ep) 8(2/ [69Bo(p) + p'B(B1(p) — Bo(p))] ,

leading to the Einstein fluctuation-dissipation relation

Bl(P) 1 aBl(p) d—1

A(p) = E, " |p op + 7 (Bi(p) — Bo(p))
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The relativistic Langevin equation

The Fokker-Planck equation can be recast into a form suitable to follow
the dynamics of each individual quark: the Langevin equation
Ap'
At

=—np(p)p'+ &(t) ,
—_ =~

determ. stochastic
with the properties of the noise encoded in

6tt’

(P (pe) =b"(p) x;  bI(P)=r(P)P'D + 17 (p) (8" ~P'P)
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The relativistic Langevin equation

The Fokker-Planck equation can be recast into a form suitable to follow
the dynamics of each individual quark: the Langevin equation
Ap'
At

=—np(p)p'+ €(1) ,
—— —~—
determ. stochastic

with the properties of the noise encoded in

(PP ) =) 5L bB(p)= s (p)BP + r7(p)(07 —H)

Transport coefficients to calculate:
@ Momentum diffusion;

@ Friction term

In the following we will establish their link with the transport coefficients
appearing in the Fokker-Planck equation. In particular, the momentum
dependence of the noise term requires some care.
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Numerical implementation

Introduce the tensor

Cip) = Vm(PPP + Vrr(p)(d" -

- V< e

and redefine the noise variable as

€= CHp) et with () = B

The Langevin equation becomes then

Ap' = —np(p)p'At + C*(p+ EAP)V ALK,

where, for the sake of generality, the argument of the strength of the
noise term can be evaluated (£ € [0, 1]) at any point in the interval
[p,p + Ap]. In the following we will consider the cases £ = 0 (Ito
pre-point scheme).
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The pre-point lto discretization

Actually, in the Ito pre-point scheme £ = 0, so that the friction
coeffiecients appearing in the FP and Langevin equations are the same:
A(p) = n}°(p). Furthermore, in order to approach thermal equilibrium,
the Einstein relation must be satisfied:

2

pre — A

(Bi(p) — Bo(p))

NB: A(p), Bo(p) and Bi(p) can be calculated from the scattering matrix.
However, since the Einstein relation must satisfied, one has to calculate
only two of them and fix the last one through the above equation: our
choice is to calculate By and B;
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The pre-point lto discretization

Actually, in the Ito pre-point scheme £ = 0, so that the friction
coeffiecients appearing in the FP and Langevin equations are the same:
A(p) = n}°(p). Furthermore, in order to approach thermal equilibrium,
the Einstein relation must be satisfied:

2

np°(p) = A(p) TE, |p op 5 (Bi(p) — Bo(p))

NB: A(p), Bo(p) and Bi(p) can be calculated from the scattering matrix.
However, since the Einstein relation must satisfied, one has to calculate
only two of them and fix the last one through the above equation: our
choice is to calculate By and B;

The is the only discretization in which the Langevin friction

term 7p coincides with the one in the FP equation, which can be in
principle derived from the scattering matrix
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Transport coefficients: numerical results

Combining together the hard and soft contributions...

m=13GeV, T=400MeV, p_=1.5nT, " m,=4.8 GeV, T=400 MeV, p_=1.57T, ="’
B S S S S S
CH
—x, M*:m 2 Ll % [t =my
M=y 255 |- [i'=4m,)”
4 = kg [ =4my r .0
. ot — % '=m,
— x. |=m [ .2
R 20 | K [ =4my)
E3 - K | =4my ®
E E
L sk
g R
PE P
1L Latice-QCD
‘ s S
——————————————————— 0.5
0 | | | oL | | |

0o
...the dependence on the intermediate cutoff |t|* is very mild!

NB1 Notice, in the case of charm, the strong momentum-dependence of
k1, much milder in the case of beauty, for which x;~x7 up to 5 GeV
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Transport coefficients: numerical results

Combining together the hard and soft contributions...

m =48 GeV, T=400MeV, p_=1.52T, ="

m=13GeV, T=400MeV, p=157T, p, ="’

S — T — e e e T T
[ T
. M,:mbz r Ky \t|:mn .
4 - g [ =4m ’ ) ]
T D C .,
. M‘ by [o]— %, lf=m,
— x. |f'=m F .0,
v 20 | K [ =4my)
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...the dependence on the intermediate cutoff |t|* is very mild!

NB1 Notice, in the case of charm, the strong momentum-dependence of
k1, much milder in the case of beauty, for which x;~x7 up to 5 GeV
NB2 In our setup the friction coefficient is obtained from the Einstein

relation 1p(p) = ri(p)/2E, T + ...

Heavy-Flavor Transport in QCD Matter:



Impact on the observables: Raa and v,

16 o
& Pb-Pb, {§=5.02 TeV/ 031 pb-Pb, [5,,=5.02 TeV Centrality 30-50%

Centrality 0-10% — — - POWLANG - HTL, charm hadrons
-~~~ POWLANG - IQCD, charm hadrons
° ALICE, D", D", D** [arXiv:1707.01005]
CMS, D, prelim., only stat. unc. [CMS-PAS-HIN-16-007]

POWLANG - HTL, charm hadrons
"""""" POWLANG - 1QCD, charm hadrons 0.2
= OMS, D', arXiv:1708.04962 :
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@ Different momentum dependence of || and k| in the two
approaches strongly affects charm results for pr>3 — 4 GeV;

@ Reality sits perhaps in between
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Impact on the observables: ESE
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Current event-shape-engineering observables sensitive to the initial
eccentricity of the fireball rather the on the transport coefficients
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ESE: a different perspective
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A stronger sensitivity to the HQ-medium coupling could be obtained
selecting events of the same eccentricity €,, but belonging to different
centrality classes3: medium effects stronger in more central events!

3A.B. et al., Eur.Phys.J.C 79 (2019) 6, 494
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T eculiar role of vy

POWLANG ~ Au-Au, {5,,=200 GeV/ D mesons ]|
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@ vP >> v[ arises from the initial spatial asymmetry of the HQ
distribution with respect to the tilted fireball*;

“AB. et al., 2102.08064
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The peculiar role of v,

Ii‘z 3 POWLANG Sossf 100D vl = 29t 4 = ook —op e
Pb-Pb, Y5,5=5.02 TeV ] X ok e v/dy = -
14F s
\ Centrality 30-50% o iaCo0  IhS Ziags 3 \\\\ - -19CDs 2]
o=, ¢ quarks E E oo M. dv, /Y = -2.71-10
A ’\ — &9 s 11107
1+ 1 — Cooper-Frye 9 002~ \ o y F ]
— i
4 \\ ~ doope eIA 10?
o.8f E o X ~
E N SN—
o8F ",. E R o N
04 \mi=e BTy ol » E \\
“Fia N 004 o~
0.2 3 Xefainme \*
__.-.-—-.- s i - 7006_p>0 A
T S [ e | oy L Lol Liiil
46 8 10 12 7 o g g 70 R B R R
P, (GeV/c) P, (GeV/c) y

@ vP >> v[ arises from the initial spatial asymmetry of the HQ
distribution with respect to the tilted fireball*;

@ Since D, = 277/, for k — oo each HQ tends to flow with its
original fluid-cell: v{° does not approach the Cooper-Frye result in
the strong-coupling limit

“AB. et al., 2102.08064
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The influence of the initial spectrum
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Different initial QQ spectra evolved in the same hydrodynamic
background (Gubser flow)

@ Closer approach to thermalization with the softer initial spectrum;

@ Lack of momentum dependence of k relevant for the tails;

Heavy-Flavor Transport in QCD Matter:



The influence of the initial spectrum
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Different initial QQ spectra evolved in the same hydrodynamic
background (Gubser flow)

@ Closer approach to thermalization with the softer initial spectrum;

@ Lack of momentum dependence of k relevant for the tails;

@ Qualitative features of the Ra A also sensitive to the initial spectrum;
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The influence of the initial spectrum
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Different initial QQ spectra evolved in the same hydrodynamic
background (Gubser flow)

@ Closer approach to thermalization with the softer initial spectrum;
@ Lack of momentum dependence of k relevant for the tails;
@ Qualitative features of the Ra A also sensitive to the initial spectrum;

@ For pr<3 GeV systematic uncertainty of the FONLL spectrum
affect the Raa more than the one on &
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The influence of the initial spectrum

———— T
— FONLL central value| 8 ~ FONLL cental value | |
- F-R scale uncertainty N ~- F-R scale uncertainty
1e+08 Y P
a E 03 \ X B
charm cross-section 3 ! charm normalized spectrum
s isions @ 5.02 T ~ collisions @ 5.02 TeV
2 e pp collisions @ 5.02 TeV 1< pp
H 18
2 <02 4
;. <
& £
£ ler06 - 43
° =
g
01 i
le+05 | |
10000 & M 4 o ooies
10 20 30 ) (] 2 0 6 g 10
Py (GeV) pr (GeV)

Different initial QQ spectra evolved in the same hydrodynamic
background (Gubser flow)

@ Closer approach to thermalization with the softer initial spectrum;
@ Lack of momentum dependence of k relevant for the tails;
@ Qualitative features of the Raa also sensitive to the initial spectrum;

@ For p7r<3 GeV systematic uncertainty of the FONLL spectrum
affect the Raa more than the one on &

Heavy-Flavor Transport in QCD Matter:



Back-up slides
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The link with the Fokker-Plank equation

Consider an arbitrary function of the HQ momentum g(p) and take the
expectation value over the thermal ensemble of its variation, keeping only
terms up to order At:

6o+ 80) — ¢(0) = {5500+ 5 e £ apng) .

ap 2 0piopi
From
Ap'=—np(p)p' At+CH*(p+EAp)VALCK,  (¢F) =0, (¢K¢) =¥
one gets:

B _/Oog C”‘ 1 g 4 ik
(g(p+Ap) g(p)><8p ( NDp +£ >+2a ,ap,C ") At

In the above the expectation value is taken accorrding to the HQ
phase-space distribution

(g(p))e = / dp g(p)f(t.p)
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The link with the Fokker-Plank equation

Time evolution given be the differential equation

%<g(p)>t£/dpg(p)%f(f,l’)

B . ack

1o ik jk
+§W[(C G )f(fap)]}

Integrating by parts:

LHS =/dpg(p){

Comparing with the FP equation

Sefalt:p) = o (A p)fo(e.p)] +

one gets

5 1B (P)falt.p)

. , . OCHk
Al(p)=A(p)p' = npp’ — ¢ C*

apf
Ci(p) = Vku(p)P] + /r1(p)PY = \/2B1(p)P} + \/2Bo(p) P



Dependence on the discretization scheme

The transport coefficients describing momentum-diffusion in the
Langevin equation always coincide with the corresponding ones in the
Fokker-Planck equation, no matter which discretization scheme is
employed. In general, this is not the case for the friction term. From

. ) oCck .
i i -jk
no(p)p' = Alp)p +57an G
one gets
10B, d— 1
mo(p) = Alp) + ¢ | apl p)(v/2B1(p)—v/2Bo(p))

where, furthermore, A(p), Bo(p) and Bi(p) are related by the Einstein
relation.
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The post-point discretization

In the post-point scheme £ = 1, so that
. : . ock .
post '=A =k
np - (p)p" = Alp)p' + o

Notice that nB***(p) entering in the Langevin equation is not the

quantity which is directly evaluated from the scattering matrix!
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The post-point discretization

In the post-point scheme £ = 1, so that

. . 9Ck .
post i— A i i Cjk
" ()P = AlP)P"+ 5 5
Notice that nB***(p) entering in the Langevin equation is not the
quantity which is directly evaluated from the scattering matrix!
Imposing the Einstein relation one has

3w
. L )i 9L /2B )(stl(p)\/wo(p))]
Notice that in the case By(p)= Bl(P): D(p) one has simply
() = T2

However, in general this is not the case and, furthermore, 77" *(p) does
not follow from any scattering amplitude!
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