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• Deconfinement and properties of QGP: lattice QCD vs. weak coupling

• Charm correlations and fluctuations and charmed hadrons above Tc

• Lattice determination of heavy quark diffusion
a) electric field correlator method
b) results in quenched QCD 
c) 1/M effects in Langevin dynamics
d) gradient flow

• Summary



Deconfinement and color screening  

The screening properties of 
SU(3) gauge and QCD are similar
only for T>300 MeV

Onset of color screening is described by Polyakov loop (order parameter in SU(N) gauge theory) 
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SQ = �@FQ
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The onset of screening corresponds to 
peak is SQ and its position coincides with Tc

Chiral transition temperature: Tc = 156.1± 1.5 MeV
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QCD thermodynamics at non-zero chemical potential 

Taylor expansion : 

hadronic

quark

Taylor expansion coefficients give the fluctuations and correlations of conserved
charges, e.g.  

information about carriers of the conserved charges ( hadrons or quarks )  

probes of deconfinement 
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Quark number fluctuations at high T 

Good agreement between lattice and  the weak
coupling approach for 2nd and 4th order quark number 
fluctuations

quark number fluctuations

Bazavov et al, PRD88 (‘13) 094021, Ding et at, PRD92 (‘15) 074043  
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Correlations are large for T<200 MeV 
but  agree with  weak coupling 
expectations for T>300 MeV, e.g.

See also: Bellwied et al,  PRD 92 (‘15) 114505



Deconfinement of charm  

Bazavov et al, PLB 737 (’14) 210 

mc � T only |C|=1 sector contributes
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In the hadronic phase all BC-correlations
are the same !

Hadronic description breaks down just above Tc
Þ open charn deconfines above Tc

The charm baryon spectrum is not well known (only few states in PDG),  HRG works only 
if the “missing” states are included

Charm baryon to meson pressure
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Charm fluctuations at high temperatures 
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Charm number fluctuations can be used to constrain in-medium charm quark mass

Correlations are large for T<200 MeV 
but  agree with  weak coupling 
expectations for T>300 MeV, e.g.

Mukherjee, PP, Sharma,  PRD 93 (‘16) 014502  
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Quasi-particle model for charm degrees of freedom   

Charm dof are good quasi-particles at all T because Mc>>T and  Boltzmann 
approximation holds
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Partial meson and baryon pressures described by HRG at Tc and dominate the charm pressure 
then drop gradually, charm quark only dominant dof at T>200 MeV or ε > 6 GeV/fm3

pC(T, µB , µc) = pCq (T ) cosh(µ̂C + µ̂B/3) + pCB(T ) cosh(µ̂C + µ̂B) + pCM (T ) cosh(µ̂C)

µ̂X = µX/T
�C
2 , �BC

13 , �BC
22 ) pCq (T ), p

C
M (T ), pCB(T )

Partial pressures
drop because hadronic
excitations become 
broad at high temperatures
(bound state peaks merge
with the continuum)

See 
Jakovác, PRD88 (‘13), 065012 
Biró, Jakovác, PRD(‘14)065012

Vice versa for quarks

Mukherjee, PP, Sharma, 
PRD 93 (‘16) 014502  



Current-current correlators and heavy quark diffusion 
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For large quark mass the transport peak is very narrow even for strong coupling and its
difficult to reconstruct it accurately from Euclidean correlator calculated on the lattice 

area under the peak ~ 

heavy quark  coefficient ~ width of the peak
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@tpi � ⌘pi = fi(t),

hfi(t)fj(t0)i = �ij�(t� t0)
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Current-current correlators in the heavy quark limit 
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Calculating the electric field strength correlator on the lattice   
Straightforward to discretize by
deforming the path of the Wilson
lines to spatial direction

Challenge : MC noise

multilevel algorithm + link integration (only works for pure glue theory) 
Luscher, Weisz, JHEP 0109 (’10), 010; Parisi, Petronzio, Rapuano, PLB 128 (’83) 418  
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Extracting the spectral function and the diffusion constant   

Francis, Kaczmarek, Laine, et al,  PRD 92 (’15) 116003

Fit the lattice using a forms of the spectral function constrained by low and high energy
asymptotic behavior + corrections
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Diffusion constant  as function of the temperature 

See talk by Viljami Leino

Brambilla, Leino, PP, Vairo, 
PRD 102 (‘20)

The calculations have been
performed recently at different
temperature using similar approach 

The new results also agree with 
estimates by Banerjee et al,
PRD 85 (‘12) 0145010

The estimate from current-current 
correlator is too low
Ding et al PRD 86 (‘12)  014509
is too low 

The width transport peak 
is difficult to estimate ?

 = 2T 2/D
<latexit sha1_base64="MPSl7hJG8phZDZz/0v1ofZWupcI=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EiuKozRdCNUNCFywq9QTstmTTThmYyIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR9IzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBePbWb31SJVmsaibiaR+hIeChYxgY61ed4ylxDcVVO9VLu76xZJbdudCq+BlUIJMtX7xqzuISRJRYQjHWnc8Vxo/xcowwum00E00lZiM8ZB2LAocUe2n86un6Mw6AxTGyj5h0Nz9PZHiSOtJFNjOCJuRXq7NzP9qncSE137KhEwMFWSxKEw4MjGaRYAGTFFi+MQCJorZWxEZYYWJsUEVbAje8pdXoVkpe5YfLkvVShZHHk7gFM7Bgyuowj3UoAEEFDzDK7w5T86L8+58LFpzTjZzDH/kfP4As5aRRQ==</latexit><latexit sha1_base64="MPSl7hJG8phZDZz/0v1ofZWupcI=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EiuKozRdCNUNCFywq9QTstmTTThmYyIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR9IzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBePbWb31SJVmsaibiaR+hIeChYxgY61ed4ylxDcVVO9VLu76xZJbdudCq+BlUIJMtX7xqzuISRJRYQjHWnc8Vxo/xcowwum00E00lZiM8ZB2LAocUe2n86un6Mw6AxTGyj5h0Nz9PZHiSOtJFNjOCJuRXq7NzP9qncSE137KhEwMFWSxKEw4MjGaRYAGTFFi+MQCJorZWxEZYYWJsUEVbAje8pdXoVkpe5YfLkvVShZHHk7gFM7Bgyuowj3UoAEEFDzDK7w5T86L8+58LFpzTjZzDH/kfP4As5aRRQ==</latexit><latexit sha1_base64="MPSl7hJG8phZDZz/0v1ofZWupcI=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EiuKozRdCNUNCFywq9QTstmTTThmYyIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR9IzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBePbWb31SJVmsaibiaR+hIeChYxgY61ed4ylxDcVVO9VLu76xZJbdudCq+BlUIJMtX7xqzuISRJRYQjHWnc8Vxo/xcowwum00E00lZiM8ZB2LAocUe2n86un6Mw6AxTGyj5h0Nz9PZHiSOtJFNjOCJuRXq7NzP9qncSE137KhEwMFWSxKEw4MjGaRYAGTFFi+MQCJorZWxEZYYWJsUEVbAje8pdXoVkpe5YfLkvVShZHHk7gFM7Bgyuowj3UoAEEFDzDK7w5T86L8+58LFpzTjZzDH/kfP4As5aRRQ==</latexit><latexit sha1_base64="MPSl7hJG8phZDZz/0v1ofZWupcI=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EiuKozRdCNUNCFywq9QTstmTTThmYyIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR9IzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBePbWb31SJVmsaibiaR+hIeChYxgY61ed4ylxDcVVO9VLu76xZJbdudCq+BlUIJMtX7xqzuISRJRYQjHWnc8Vxo/xcowwum00E00lZiM8ZB2LAocUe2n86un6Mw6AxTGyj5h0Nz9PZHiSOtJFNjOCJuRXq7NzP9qncSE137KhEwMFWSxKEw4MjGaRYAGTFFi+MQCJorZWxEZYYWJsUEVbAje8pdXoVkpe5YfLkvVShZHHk7gFM7Bgyuowj3UoAEEFDzDK7w5T86L8+58LFpzTjZzDH/kfP4As5aRRQ==</latexit>



1/M effects in the heavy quark diffusion   

M ! Mkin(T )
<latexit sha1_base64="k1IpSarczbWx3PBuHXdhps7n+L0=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYhLopkyK23RXcuClU6A3aYcikaRuayQxJRilD3fgqblwo4ta3cOfbmGkrqOiBwMf/n8PJ+f2IM6Ud58PKrKyurW9kN3Nb2zu7e/b+QVuFsSS0RUIeyq6PFeVM0JZmmtNuJCkOfE47/uQy9Ts3VCoWiqaeRtQN8EiwISNYG8mzj+qwL9lorLGU4S2se8mEiVmheebZeafoOA5CCKaAyheOgWq1UkIViFLLVB4sq+HZ7/1BSOKACk04VqqHnEi7CZaaEU5nuX6saITJBI9oz6DAAVVuMr9gBk+NMoDDUJonNJyr3ycSHCg1DXzTGWA9Vr+9VPzL68V6WHETJqJYU0EWi4YxhzqEaRxwwCQlmk8NYCKZ+SskYywx0Sa0nAnh61L4P7RLRWT4+jxfKy3jyIJjcAIKAIEyqIEr0AAtQMAdeABP4Nm6tx6tF+t10ZqxljOH4EdZb5/pOJZ+</latexit><latexit sha1_base64="k1IpSarczbWx3PBuHXdhps7n+L0=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYhLopkyK23RXcuClU6A3aYcikaRuayQxJRilD3fgqblwo4ta3cOfbmGkrqOiBwMf/n8PJ+f2IM6Ud58PKrKyurW9kN3Nb2zu7e/b+QVuFsSS0RUIeyq6PFeVM0JZmmtNuJCkOfE47/uQy9Ts3VCoWiqaeRtQN8EiwISNYG8mzj+qwL9lorLGU4S2se8mEiVmheebZeafoOA5CCKaAyheOgWq1UkIViFLLVB4sq+HZ7/1BSOKACk04VqqHnEi7CZaaEU5nuX6saITJBI9oz6DAAVVuMr9gBk+NMoDDUJonNJyr3ycSHCg1DXzTGWA9Vr+9VPzL68V6WHETJqJYU0EWi4YxhzqEaRxwwCQlmk8NYCKZ+SskYywx0Sa0nAnh61L4P7RLRWT4+jxfKy3jyIJjcAIKAIEyqIEr0AAtQMAdeABP4Nm6tx6tF+t10ZqxljOH4EdZb5/pOJZ+</latexit><latexit sha1_base64="k1IpSarczbWx3PBuHXdhps7n+L0=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYhLopkyK23RXcuClU6A3aYcikaRuayQxJRilD3fgqblwo4ta3cOfbmGkrqOiBwMf/n8PJ+f2IM6Ud58PKrKyurW9kN3Nb2zu7e/b+QVuFsSS0RUIeyq6PFeVM0JZmmtNuJCkOfE47/uQy9Ts3VCoWiqaeRtQN8EiwISNYG8mzj+qwL9lorLGU4S2se8mEiVmheebZeafoOA5CCKaAyheOgWq1UkIViFLLVB4sq+HZ7/1BSOKACk04VqqHnEi7CZaaEU5nuX6saITJBI9oz6DAAVVuMr9gBk+NMoDDUJonNJyr3ycSHCg1DXzTGWA9Vr+9VPzL68V6WHETJqJYU0EWi4YxhzqEaRxwwCQlmk8NYCKZ+SskYywx0Sa0nAnh61L4P7RLRWT4+jxfKy3jyIJjcAIKAIEyqIEr0AAtQMAdeABP4Nm6tx6tF+t10ZqxljOH4EdZb5/pOJZ+</latexit><latexit sha1_base64="k1IpSarczbWx3PBuHXdhps7n+L0=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYhLopkyK23RXcuClU6A3aYcikaRuayQxJRilD3fgqblwo4ta3cOfbmGkrqOiBwMf/n8PJ+f2IM6Ud58PKrKyurW9kN3Nb2zu7e/b+QVuFsSS0RUIeyq6PFeVM0JZmmtNuJCkOfE47/uQy9Ts3VCoWiqaeRtQN8EiwISNYG8mzj+qwL9lorLGU4S2se8mEiVmheebZeafoOA5CCKaAyheOgWq1UkIViFLLVB4sq+HZ7/1BSOKACk04VqqHnEi7CZaaEU5nuX6saITJBI9oz6DAAVVuMr9gBk+NMoDDUJonNJyr3ycSHCg1DXzTGWA9Vr+9VPzL68V6WHETJqJYU0EWi4YxhzqEaRxwwCQlmk8NYCKZ+SskYywx0Sa0nAnh61L4P7RLRWT4+jxfKy3jyIJjcAIKAIEyqIEr0AAtQMAdeABP4Nm6tx6tF+t10ZqxljOH4EdZb5/pOJZ+</latexit>

lim
t!1

hp2(t)i = 3

2⌘
<latexit sha1_base64="LI6SEjdV+WYCzlB+/FkvteST4nQ="></latexit><latexit sha1_base64="Ssj5vSGmLlFuuHaGKGUy+IscpHE="></latexit><latexit sha1_base64="Ssj5vSGmLlFuuHaGKGUy+IscpHE="></latexit><latexit sha1_base64="b1P+pnHsOoG2UupM3V7TIyvIuao="></latexit>

Mv ! p = �Mv
<latexit sha1_base64="d6HvCib+0W+eKWhIwvzjYoH7Kb4="></latexit><latexit sha1_base64="J89RJqmhJU0orcYBoeOa3KVbnL8="></latexit><latexit sha1_base64="J89RJqmhJU0orcYBoeOa3KVbnL8="></latexit><latexit sha1_base64="06sLmhnyYT82v2DuzPf+ewtHeu0="></latexit>

h�v2i = 3T

Mkin
<latexit sha1_base64="PTxx0aFxM2fKXXoDJ2UqPDVniuM="></latexit><latexit sha1_base64="0cBTZekCjlnY0PuaLUMaR/qZogc="></latexit><latexit sha1_base64="0cBTZekCjlnY0PuaLUMaR/qZogc="></latexit><latexit sha1_base64="yiSdi1mtFOCbSwAHz+YYuGteOIg="></latexit>

⌘ ' 

2MkinT

✓
1� 5T

2Mkin

◆

<latexit sha1_base64="T1aFfL4zsHXKYoqibIyZEvRuATU="></latexit><latexit sha1_base64="PhFgR4sOdPJv4defhmQVDxitlAU="></latexit><latexit sha1_base64="PhFgR4sOdPJv4defhmQVDxitlAU="></latexit><latexit sha1_base64="qe4LxpTeLDn92xNRUxY+FRPwxrw="></latexit>

GB(⌧) = �1

3

3X

i=1

D
ReTr

h
U(�, ⌧) gBi(⌧,~0)U(⌧, 0) gBi(0,~0)

iE

D
ReTr[U(�, 0)]

E

<latexit sha1_base64="Ix2TN/EkATRGQueqn/PLHsF0Udw=">AAAC9HichVLLbtQwFHXCq4RHp+2SzRUj0FQaqqSt1G4qVcMClgU1baU4RI7HSa06D2xnpFGU72DTBQix5WPY8Tc4D1CZInGlSMfnHN97YjsuBVfadX9a9p279+4/WHvoPHr85On6aGPzTBWVpMynhSjkRUwUEzxnvuZasItSMpLFgp3HV69b/XzBpOJFfqqXJQszkuY84ZRoQ0UblvPSeRPNJliTahuOwHkFOJGE1l5T7zWAVZ VFNT/ymg974AySA4BnPBVYkDwVzCyhxjKD96zpwalsekfQaqb8CY6ZJtN+Cp5CCrOId0OneMFo7TYd7feUe8Pj/jG0vdquMoQhgcRySNCYUP/PFPzO4W63PVZaONFo7O64XcFt4A1gjIY6iUY/8LygVcZyTQVRKvDcUoc1kZpTwRoHV4qVhF6RlAUG5iRjKqy7S2vghWHmkBTSfLmGjr25oyaZUsssNs6M6Eu1qrXkv7Sg0slhWPO8rDTLaT8oqQToAtoXAHMuGdViaQChkpusQC+JuVht3kl7CN7qL98GZ7s7nsHv9sfHu8NxrKFn6DmaIA8doGP0Fp0gH1Hro/XJ+mx9sRf2tf3V/tZbbWvYs4X+Kvv7L/ro3h4=</latexit><latexit sha1_base64="Ix2TN/EkATRGQueqn/PLHsF0Udw=">AAAC9HichVLLbtQwFHXCq4RHp+2SzRUj0FQaqqSt1G4qVcMClgU1baU4RI7HSa06D2xnpFGU72DTBQix5WPY8Tc4D1CZInGlSMfnHN97YjsuBVfadX9a9p279+4/WHvoPHr85On6aGPzTBWVpMynhSjkRUwUEzxnvuZasItSMpLFgp3HV69b/XzBpOJFfqqXJQszkuY84ZRoQ0UblvPSeRPNJliTahuOwHkFOJGE1l5T7zWAVZ VFNT/ymg974AySA4BnPBVYkDwVzCyhxjKD96zpwalsekfQaqb8CY6ZJtN+Cp5CCrOId0OneMFo7TYd7feUe8Pj/jG0vdquMoQhgcRySNCYUP/PFPzO4W63PVZaONFo7O64XcFt4A1gjIY6iUY/8LygVcZyTQVRKvDcUoc1kZpTwRoHV4qVhF6RlAUG5iRjKqy7S2vghWHmkBTSfLmGjr25oyaZUsssNs6M6Eu1qrXkv7Sg0slhWPO8rDTLaT8oqQToAtoXAHMuGdViaQChkpusQC+JuVht3kl7CN7qL98GZ7s7nsHv9sfHu8NxrKFn6DmaIA8doGP0Fp0gH1Hro/XJ+mx9sRf2tf3V/tZbbWvYs4X+Kvv7L/ro3h4=</latexit><latexit sha1_base64="Ix2TN/EkATRGQueqn/PLHsF0Udw=">AAAC9HichVLLbtQwFHXCq4RHp+2SzRUj0FQaqqSt1G4qVcMClgU1baU4RI7HSa06D2xnpFGU72DTBQix5WPY8Tc4D1CZInGlSMfnHN97YjsuBVfadX9a9p279+4/WHvoPHr85On6aGPzTBWVpMynhSjkRUwUEzxnvuZasItSMpLFgp3HV69b/XzBpOJFfqqXJQszkuY84ZRoQ0UblvPSeRPNJliTahuOwHkFOJGE1l5T7zWAVZ VFNT/ymg974AySA4BnPBVYkDwVzCyhxjKD96zpwalsekfQaqb8CY6ZJtN+Cp5CCrOId0OneMFo7TYd7feUe8Pj/jG0vdquMoQhgcRySNCYUP/PFPzO4W63PVZaONFo7O64XcFt4A1gjIY6iUY/8LygVcZyTQVRKvDcUoc1kZpTwRoHV4qVhF6RlAUG5iRjKqy7S2vghWHmkBTSfLmGjr25oyaZUsssNs6M6Eu1qrXkv7Sg0slhWPO8rDTLaT8oqQToAtoXAHMuGdViaQChkpusQC+JuVht3kl7CN7qL98GZ7s7nsHv9sfHu8NxrKFn6DmaIA8doGP0Fp0gH1Hro/XJ+mx9sRf2tf3V/tZbbWvYs4X+Kvv7L/ro3h4=</latexit><latexit sha1_base64="Ix2TN/EkATRGQueqn/PLHsF0Udw=">AAAC9HichVLLbtQwFHXCq4RHp+2SzRUj0FQaqqSt1G4qVcMClgU1baU4RI7HSa06D2xnpFGU72DTBQix5WPY8Tc4D1CZInGlSMfnHN97YjsuBVfadX9a9p279+4/WHvoPHr85On6aGPzTBWVpMynhSjkRUwUEzxnvuZasItSMpLFgp3HV69b/XzBpOJFfqqXJQszkuY84ZRoQ0UblvPSeRPNJliTahuOwHkFOJGE1l5T7zWAVZ VFNT/ymg974AySA4BnPBVYkDwVzCyhxjKD96zpwalsekfQaqb8CY6ZJtN+Cp5CCrOId0OneMFo7TYd7feUe8Pj/jG0vdquMoQhgcRySNCYUP/PFPzO4W63PVZaONFo7O64XcFt4A1gjIY6iUY/8LygVcZyTQVRKvDcUoc1kZpTwRoHV4qVhF6RlAUG5iRjKqy7S2vghWHmkBTSfLmGjr25oyaZUsssNs6M6Eu1qrXkv7Sg0slhWPO8rDTLaT8oqQToAtoXAHMuGdViaQChkpusQC+JuVht3kl7CN7qL98GZ7s7nsHv9sfHu8NxrKFn6DmaIA8doGP0Fp0gH1Hro/XJ+mx9sRf2tf3V/tZbbWvYs4X+Kvv7L/ro3h4=</latexit>

GB(⌧) =

Z 1

0

d!

⇡
⇢B(!)

cosh
�
⌧ � 1

2T

�
!

sinh !
2T

<latexit sha1_base64="Rm5IuVjCw4nN8hJnYesS+vR/Hw4="></latexit><latexit sha1_base64="Rm5IuVjCw4nN8hJnYesS+vR/Hw4="></latexit><latexit sha1_base64="Rm5IuVjCw4nN8hJnYesS+vR/Hw4="></latexit><latexit sha1_base64="Rm5IuVjCw4nN8hJnYesS+vR/Hw4="></latexit>

E = lim
!!0

2T

!
⇢E(!)

<latexit sha1_base64="sNIqsgZaq28N+7AGfo+wofAGKCc=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIuikzRdCNWBDBpUIvQqcMZ9JMG5pMhiQjlKGP48ZXcSOiSLc+iWk7C239IfDnP+eQnC9MONPGdSdOYWV1bX2juFna2t7Z3SvvH7S0TBWhTSK5VI8haMpZTJuGGU4fE0VBhJy2w+HNtN5+okozGTfMKKFdAf2YRYyAsVFQvvaHkCQQ3OIr7HMmgsyXgvbBNxK7Y+xHCkhWw41xnttIDWRwezq/ngXlilt1Z8LLxstNBeW6D8rvfk+SVNDYEA5adzw3Md0MlGGE03HJTzVNgAyhTzvWxiCo7mazRcf4xCY9HEllT2zwLP09kYHQeiRC2ynADPRibRr+V+ukJrrsZixOUkNjMn8oSjm2FKbUcI8pSgwfWQNEMftXTAZg2RjLtmQheIsrL5tWrepZ/3BeqddyHEV0hI7RKfLQBaqjO3SPmoigZ/SKPtCn8+K8OV/OZN5acPKZQ/RHzvcPugeltg==</latexit><latexit sha1_base64="sNIqsgZaq28N+7AGfo+wofAGKCc=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIuikzRdCNWBDBpUIvQqcMZ9JMG5pMhiQjlKGP48ZXcSOiSLc+iWk7C239IfDnP+eQnC9MONPGdSdOYWV1bX2juFna2t7Z3SvvH7S0TBWhTSK5VI8haMpZTJuGGU4fE0VBhJy2w+HNtN5+okozGTfMKKFdAf2YRYyAsVFQvvaHkCQQ3OIr7HMmgsyXgvbBNxK7Y+xHCkhWw41xnttIDWRwezq/ngXlilt1Z8LLxstNBeW6D8rvfk+SVNDYEA5adzw3Md0MlGGE03HJTzVNgAyhTzvWxiCo7mazRcf4xCY9HEllT2zwLP09kYHQeiRC2ynADPRibRr+V+ukJrrsZixOUkNjMn8oSjm2FKbUcI8pSgwfWQNEMftXTAZg2RjLtmQheIsrL5tWrepZ/3BeqddyHEV0hI7RKfLQBaqjO3SPmoigZ/SKPtCn8+K8OV/OZN5acPKZQ/RHzvcPugeltg==</latexit><latexit sha1_base64="sNIqsgZaq28N+7AGfo+wofAGKCc=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIuikzRdCNWBDBpUIvQqcMZ9JMG5pMhiQjlKGP48ZXcSOiSLc+iWk7C239IfDnP+eQnC9MONPGdSdOYWV1bX2juFna2t7Z3SvvH7S0TBWhTSK5VI8haMpZTJuGGU4fE0VBhJy2w+HNtN5+okozGTfMKKFdAf2YRYyAsVFQvvaHkCQQ3OIr7HMmgsyXgvbBNxK7Y+xHCkhWw41xnttIDWRwezq/ngXlilt1Z8LLxstNBeW6D8rvfk+SVNDYEA5adzw3Md0MlGGE03HJTzVNgAyhTzvWxiCo7mazRcf4xCY9HEllT2zwLP09kYHQeiRC2ynADPRibRr+V+ukJrrsZixOUkNjMn8oSjm2FKbUcI8pSgwfWQNEMftXTAZg2RjLtmQheIsrL5tWrepZ/3BeqddyHEV0hI7RKfLQBaqjO3SPmoigZ/SKPtCn8+K8OV/OZN5acPKZQ/RHzvcPugeltg==</latexit><latexit sha1_base64="sNIqsgZaq28N+7AGfo+wofAGKCc=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIuikzRdCNWBDBpUIvQqcMZ9JMG5pMhiQjlKGP48ZXcSOiSLc+iWk7C239IfDnP+eQnC9MONPGdSdOYWV1bX2juFna2t7Z3SvvH7S0TBWhTSK5VI8haMpZTJuGGU4fE0VBhJy2w+HNtN5+okozGTfMKKFdAf2YRYyAsVFQvvaHkCQQ3OIr7HMmgsyXgvbBNxK7Y+xHCkhWw41xnttIDWRwezq/ngXlilt1Z8LLxstNBeW6D8rvfk+SVNDYEA5adzw3Md0MlGGE03HJTzVNgAyhTzvWxiCo7mazRcf4xCY9HEllT2zwLP09kYHQeiRC2ynADPRibRr+V+ukJrrsZixOUkNjMn8oSjm2FKbUcI8pSgwfWQNEMftXTAZg2RjLtmQheIsrL5tWrepZ/3BeqddyHEV0hI7RKfLQBaqjO3SPmoigZ/SKPtCn8+K8OV/OZN5acPKZQ/RHzvcPugeltg==</latexit>

B = lim
!!0

2T

!
⇢B(!)

<latexit sha1_base64="B7s4CXjGo5h0nSx2sQtlGxWQjtQ=">AAACKHicbZDNSgMxFIUz/lv/Rl26CRZBN2WmCLoRS924VGhV6AzDnTTThiaTIckIZejjuPFV3Igo0q1PYtrOQq0HAifn3ktyvzjjTBvPGzsLi0vLK6tr65WNza3tHXd3707LXBHaJpJL9RCDppyltG2Y4fQhUxREzOl9PLia1O8fqdJMpi0zzGgooJeyhBEwNorcy2AAWQZRE1/ggDMRFYEUtAeBkdgb4SBRQIo6bo3K3EaqL6Pm8ex6ErlVr+ZNheeNX5oqKnUTuW9BV5Jc0NQQDlp3fC8zYQHKMMLpqBLkmmZABtCjHWtTEFSHxXTRET6ySRcnUtmTGjxNf04UILQeith2CjB9/bc2Cf+rdXKTnIcFS7Pc0JTMHkpyji2FCTXcZYoSw4fWAFHM/hWTPlg2xrKtWAj+35XnzV295lt/e1pt1Esca+gAHaJj5KMz1EDX6Aa1EUFP6AW9ow/n2Xl1Pp3xrHXBKWf20S85X9+wMqWw</latexit><latexit sha1_base64="B7s4CXjGo5h0nSx2sQtlGxWQjtQ=">AAACKHicbZDNSgMxFIUz/lv/Rl26CRZBN2WmCLoRS924VGhV6AzDnTTThiaTIckIZejjuPFV3Igo0q1PYtrOQq0HAifn3ktyvzjjTBvPGzsLi0vLK6tr65WNza3tHXd3707LXBHaJpJL9RCDppyltG2Y4fQhUxREzOl9PLia1O8fqdJMpi0zzGgooJeyhBEwNorcy2AAWQZRE1/ggDMRFYEUtAeBkdgb4SBRQIo6bo3K3EaqL6Pm8ex6ErlVr+ZNheeNX5oqKnUTuW9BV5Jc0NQQDlp3fC8zYQHKMMLpqBLkmmZABtCjHWtTEFSHxXTRET6ySRcnUtmTGjxNf04UILQeith2CjB9/bc2Cf+rdXKTnIcFS7Pc0JTMHkpyji2FCTXcZYoSw4fWAFHM/hWTPlg2xrKtWAj+35XnzV295lt/e1pt1Esca+gAHaJj5KMz1EDX6Aa1EUFP6AW9ow/n2Xl1Pp3xrHXBKWf20S85X9+wMqWw</latexit><latexit sha1_base64="B7s4CXjGo5h0nSx2sQtlGxWQjtQ=">AAACKHicbZDNSgMxFIUz/lv/Rl26CRZBN2WmCLoRS924VGhV6AzDnTTThiaTIckIZejjuPFV3Igo0q1PYtrOQq0HAifn3ktyvzjjTBvPGzsLi0vLK6tr65WNza3tHXd3707LXBHaJpJL9RCDppyltG2Y4fQhUxREzOl9PLia1O8fqdJMpi0zzGgooJeyhBEwNorcy2AAWQZRE1/ggDMRFYEUtAeBkdgb4SBRQIo6bo3K3EaqL6Pm8ex6ErlVr+ZNheeNX5oqKnUTuW9BV5Jc0NQQDlp3fC8zYQHKMMLpqBLkmmZABtCjHWtTEFSHxXTRET6ySRcnUtmTGjxNf04UILQeith2CjB9/bc2Cf+rdXKTnIcFS7Pc0JTMHkpyji2FCTXcZYoSw4fWAFHM/hWTPlg2xrKtWAj+35XnzV295lt/e1pt1Esca+gAHaJj5KMz1EDX6Aa1EUFP6AW9ow/n2Xl1Pp3xrHXBKWf20S85X9+wMqWw</latexit><latexit sha1_base64="B7s4CXjGo5h0nSx2sQtlGxWQjtQ=">AAACKHicbZDNSgMxFIUz/lv/Rl26CRZBN2WmCLoRS924VGhV6AzDnTTThiaTIckIZejjuPFV3Igo0q1PYtrOQq0HAifn3ktyvzjjTBvPGzsLi0vLK6tr65WNza3tHXd3707LXBHaJpJL9RCDppyltG2Y4fQhUxREzOl9PLia1O8fqdJMpi0zzGgooJeyhBEwNorcy2AAWQZRE1/ggDMRFYEUtAeBkdgb4SBRQIo6bo3K3EaqL6Pm8ex6ErlVr+ZNheeNX5oqKnUTuW9BV5Jc0NQQDlp3fC8zYQHKMMLpqBLkmmZABtCjHWtTEFSHxXTRET6ySRcnUtmTGjxNf04UILQeith2CjB9/bc2Cf+rdXKTnIcFS7Pc0JTMHkpyji2FCTXcZYoSw4fWAFHM/hWTPlg2xrKtWAj+35XnzV295lt/e1pt1Esca+gAHaJj5KMz1EDX6Aa1EUFP6AW9ow/n2Xl1Pp3xrHXBKWf20S85X9+wMqWw</latexit>

 = E +
2

3
hv2iB
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hfi(t)fj(t)i = hEi(t)Ej(t
0)i+ 1

3
hv2ih�ijBk(t)Bk(t

0)�Bi(t
0)Bj(t)i
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sensitive to the non-perturbative
“magnetic mass” at LO 

Bouttefeux, Laine, JHEP 12 (2020) 150

⇢B(!) has non-trivial anomalous dimension (scale dependence)
) complications in the extraction of B
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Gradient flow for chromo-electric correlator   

Altenkort et al, PRD103 (‘21) 014511

Gauge fields are smeared in a radius ⇠
p
8⌧F as the result of gradient flow
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Gradient flow Aµ(x) ! Bµ(x; ⌧F ):

@Bµ

@⌧F
= D⌫F⌫µ, Bµ(x, ⌧F = 0) = Aµ(x), Fµ,⌫ = @µB⌫ � @⌫Bµ + [Bµ, B⌫ ]
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) noise reduction method for GE
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Gradient flow method
Multi-level method
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This method can be used in QCD with dynamical quarks ! 

Proper order of limits: a ! 0 first, then ⌧F ! 0 ) large N⌧ is needed !
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Lüscher, JHEP 08 (‘10)  071 



Summary   
• Chiral symmetry restoration and deconfinement in terms of appearance of quark 

dof and screening happen at the same temperature

• QCD with dynamical quarks and quenched QCD behave similarly for T>300 MeV
in terms of color screening => quenched can be used for qualitative guidance

• Heavy quark diffusion  coefficient can be determined in quenched approximation
and at present is the best known transport coefficient on the lattice: 
𝜅/T3=1.8-3.4

• The lattice results on the heavy quark diffusion coefficients are compatible with
the NLO result within errors

• 1/M corrections to the heavy quark diffusion coefficients can be calculated on the 
lattice

• Gradient flow is an efficient method for noise reduction and can be used to obtain
the heavy quark diffusion constant in full QCD

• For T< 200 MeV the deconfined matter is strongly interacting  and charm hadrons
may exist. Nothing is known about transport coefficients in this region



Back-up:

From Kaczmarek



Does the quasi-particle model makes sense ?   

4 non-trivial constraints on the model provided by : �BC
31 ,�SC

31 ,�BSC
121 ,�BSC
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Diquark pressure is zero ! 

Models with charm quark only:
correlations from an effective mass

mc = mc(T, µC , µS , µB)

Taylor expand the effective mass
in chemical potential

c n
Þ Un-natural fine tuning of 

the expansion coefficients 



Lattice calculations of the vector spectral functions:  

Ding et al, PRD 83 (11) 034504

Fit parameters : Different choices of :  



Determination from vector 
charmonium correlators 
Ding et al, PRD 86 (2012) 014509

The width of the transport peak is dominated by
Systematic effects, it too broad because of limited 
resolution => D is too small

Electric correlator metho with 
multi-level algorigthm but no
continuum limit

Banerjee et al, PRD 85 (2012) 014510 

D is slightly smaller than the
pQCD result


