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– What do we learn from them? 

25-­‐27	
  September	
  ,2019	
  

Mass in the Standard Model and Consequences of  its Emergence 
19-­‐23	
  April	
  2021,	
  Virtual	
  

Parton Distribution Functions (PDFs) 



Parton distribution functions 

q  The	
  defini8on	
  –	
  quark	
  distribu8on	
  func8on:	
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Zq(µ
2)

•  PDFs	
  are	
  not	
  direct	
  physical	
  observables,	
  unlike	
  cross	
  sec8ons	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  quark/gluon	
  cannot	
  be	
  seen	
  in	
  isola8on	
  

•  PDFs	
  are	
  the	
  consequence	
  of	
  perturba8ve	
  QCD	
  factoriza8on	
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xP,	
  kT	
  ⇡ 1/Q !

•  PDFs	
  are	
  well-­‐defined	
  in	
  QCD	
  as	
  quantum	
  correla8on	
  func8ons	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  in	
  terms	
  of	
  matrix	
  elements	
  of	
  non-­‐local	
  operators	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
  a	
  proper	
  renormaliza/on	
  of	
  the	
  non-­‐local	
  operators	
  



Parton distribution functions 

q  The	
  defini8on	
  –	
  quark	
  distribu8on	
  func8on:	
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•  PDFs	
  are	
  no-­‐perturba8ve,	
  but,	
  universal	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  give	
  the	
  predic8ve	
  power	
  to	
  the	
  pQCD	
  factoriza8on	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  are	
  the	
  property	
  of	
  the	
  given	
  hadron	
  	
  

•  PDFs	
  cannot	
  be	
  calculated	
  directly	
  in	
  laQce	
  QCD	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  due	
  to	
  the	
  8me-­‐dependent	
  of	
  the	
  operators	
  and	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  the	
  Euclidean	
  space	
  formula8on	
  of	
  the	
  laQce	
  QCD	
  calcula8ons	
  

•  PDFs	
  have	
  been	
  extracted	
  from	
  experimental	
  data	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  in	
  terms	
  of	
  the	
  global	
  analysis	
  using	
  the	
  factoriza8on	
  formalisms	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

o  Calcula6on	
  of	
  C’s	
  	
  
	
  	
  	
  	
  	
  	
  –	
  order	
  &	
  scheme	
  
o  Extrac6on	
  of	
  PDFs,	
  FFs,	
  …	
  	
  
	
  	
  	
  	
  	
  	
  –	
  order	
  of	
  scheme	
  

…	
  



QCD factorization works to the precision 

q Data	
  sets	
  for	
  Global	
  Fits:	
   q Kinema8c	
  Coverage:	
  

q Fit	
  Quality:	
  



Unprecedent Success of QCD and Standard Model 

SM:	
  Electroweak	
  processes	
  +	
  QCD	
  perturba/on	
  theory	
  +	
  PDFs	
  works!	
  



A global effort (NNLO) – CTEQ  
Effec8ve	
  partonic	
  luminosity:	
  

 

 Pavel	
  Nadolsky	
  –	
  DIS2021	
  



A global effort (NNLO) – CTEQ 



A global effort (NNLO) – MSHT 

Robert	
  Thorne	
  –	
  DIS2021	
  



A global effort (NNLO) – NNPDF 

Emanuele	
  R.	
  Nocera	
  –	
  DIS2021	
  



A global effort (NNLO) – NNPDF 

Emanuele	
  R.	
  Nocera	
  –	
  DIS2021	
  



PDFs at large x 

Emanuele	
  R.	
  Nocera	
  –	
  DIS2021	
  



PDFs at large x 

u	
  quark	
  
dominance	
  

SU(6)	
  

DSE	
  
Helicity	
  
conserva6on	
  

Thia	
  Keppel	
  	
  
	
  	
  	
  –	
  DIS2021	
  

q  New	
  JLab	
  data:	
  

Simultaneous	
  extrac6on	
  of	
  PDFs	
  (spin-­‐dependent	
  
and	
  non)	
  and	
  Fragmenta6on	
  Func6ons	
  in	
  a	
  global	
  
Monte	
  Carlo	
  framework	
  	
  
-­‐  Large	
  x	
  enabled	
  
-­‐  DIS,	
  SIDIS,	
  pol	
  and	
  unpol,	
  SIA,	
  DY	
  data	
  



PDFs at large x 

Thia	
  Keppel	
  –	
  DIS2021	
  

q  Value	
  of	
  model	
  calcula8ons:	
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Zq(µ
2)

Model	
  the	
  proton	
  state:	
  



What lattice QCD can do? 
Short-­‐answer:	
  	
  LQCD	
  cannot	
  calculate	
  the	
  x-­‐dependent	
  PDFs,	
  TMDs,	
  GPDs,	
  …,	
  directly!	
  	
  

q  Quasi-­‐PDFs	
  (equal-­‐8me	
  correlator):	
  	
  	
  
Ji,	
  arXiv:1305.1539 
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Based	
  on	
  the	
  Large	
  Momentum	
  Effec8ve	
  Theory	
  (LaMET)	
  –	
  Taylor	
  expansion	
  in	
  1/Pz	
  
qPDFs	
  are	
  not	
  direct	
  physical	
  observables	
  –	
  need	
  renormaliza8on!	
  

q  Pseudo-­‐PDFs:	
  	
  	
  	
  
Same	
  laTce	
  QCD	
  calculated	
  matrix	
  elements,	
  but	
  different	
  renormaliza6on	
  
Fourier	
  transform	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
  	
  	
  	
  	
  	
  	
  	
  kept	
  small	
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! = Pz⇠z

A.	
  Radyushkin,	
  PRD98	
  
(2017)	
  034025 

q  “LaQce	
  cross-­‐sec8on”	
  –	
  QCD	
  factoriza8on	
  approach:	
  	
  	
  
No	
  Fourier	
  transform!	
  	
  Direct	
  matching	
  from	
  any	
  LQCD	
  calculable	
  &	
  pQCD	
  factorizable	
  	
  
matrix	
  elements	
  in	
  posi6on	
  space	
  (small	
  	
  	
  	
  	
  	
  )	
  to	
  PDFs	
  in	
  momentum	
  space!	
  

<latexit sha1_base64="4g0SWQBUodtDeuaOlrHDsGr9GEM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48VTFtoQ9lsJ+3SzSbsbsRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0M/NbD6g0T+S9GacYxHQgecQZNVbyu4+899QrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmrWqd1l17y4q9VoeRxFO4BTOwYMrqMMtNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucP7lmOtw==</latexit>

⇠z

Ma	
  &	
  Qiu,	
  1404.6860,	
  
1709.03018	
  ,	
  … 

See	
  H.W.	
  Lin’s	
  talk	
  



QCD factorization approach 

q  Complementarity	
  and	
  advantages:	
  
²  Complementary	
  to	
  exis8ng	
  approaches	
  for	
  analyzing	
  experimental	
  data,	
  large	
  x,	
  …	
  

²  Complementary	
  between	
  different	
  “laQce	
  cross	
  sec8ons”,	
  …	
  	
  	
  
²  Have	
  tremendous	
  poten8als:	
  

Neutron	
  PDFs,	
  …	
  (no	
  free	
  neutron	
  target!)	
  
Meson	
  PDFs,	
  such	
  as	
  pion,	
  …	
  	
  
More	
  direct	
  access	
  to	
  gluons	
  –	
  gluonic	
  current,	
  quark	
  flavor,	
  …	
  

q  Factoriza8on:	
  

Need	
  data	
  of	
  “many”	
  good	
  laUce	
  cross	
  sec/ons	
  to	
  be	
  able	
  to	
  	
  
extract	
  the	
  x,	
  Q,	
  flavor	
  dependence	
  of	
  the	
  hadron	
  structure,	
  …	
  

q  QCD	
  Global	
  analysis:	
  

Correc8ons	
  
Approxima8on	
  

+⌦

�

+

2p+
�(x� k

+
/p

+)

Hard-part 
Probe 

Parton-distribution 
Structure 

O(⇠2⇤2
QCD)

Gauge	
  link	
  vs	
  propagator	
  

Ma	
  and	
  Qiu,	
  arXiv:1404.6860	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  arXiv:1709.03018 



QCD factorization approach 

q  Good	
  “LaQce	
  cross	
  sec8ons”:	
  

1)  can	
  be	
  calculated	
  in	
  laQce	
  QCD	
  with	
  precision,	
  	
  
	
  	
  	
  	
  	
  	
  has	
  a	
  well-­‐defined	
  con8nuum	
  limit	
  (UV+IR	
  safe	
  perturba8vely),	
  and	
  
2)	
  	
  can	
  be	
  factorized	
  into	
  universal	
  matrix	
  elements	
  of	
  quarks	
  and	
  gluons	
  
	
  	
  	
  	
  	
  	
  with	
  controllable	
  approxima/on	
  

=	
  Single	
  hadron	
  matrix	
  element:	
  

q  Quasi-­‐	
  and	
  pseudo-­‐PDFs:	
  
Oq(⇠) = Z�1

q (⇠2) q(⇠) � · ⇠�(⇠, 0) q(0) �(⇠, 0) = Pe�ig
R 1
0 ⇠·A(�⇠) d�

q  Current-­‐current	
  correlators:	
  
Oj1j2(⇠) ⌘ ⇠dj1+dj2�2 Z�1

j1
Z�1
j2

j1(⇠) j2(0)

dj : Dimension of the current

with	
  
Zj : Renormalization constant of the current

Sample	
  currents:	
  
jS(⇠) = ⇠2Z�1

S [ q q](⇠), jV (⇠) = ⇠Z�1
V [ q� · ⇠ q](⇠),

jG(⇠) = ⇠3Z�1
G [�1

4
F c
µ⌫F

c
µ⌫ ](⇠)jV 0(⇠) = ⇠Z�1

V 0 [ q� · ⇠ q0 ](⇠), ,	
  …	
  

and	
  with	
   ! ⌘ P · ⇠, ⇠2 6= 0, and ⇠0 = 0;

Collabora/on	
  between	
  laUce	
  QCD	
  	
  
and	
  perturba/ve	
  QCD!	
  

Ma	
  and	
  Qiu,	
  arXiv:1404.6860	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  arXiv:1709.03018 
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<latexit sha1_base64="sT73xV9sZHSWC825Mq4EUMYXAP0=">AAACBXicdVDLSgNBEJyNrxhfUY96GAyCp7C7Lkm8Bbx4jGgekIQwO5lNhsw+nOlV4pKLF3/FiwdFvPoP3vwbZ5MIKlrQUFR1093lRoIrMM0PI7OwuLS8kl3Nra1vbG7lt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qj09RvXjOpeBhcwjhiXZ8MAu5xSkBLvfx+rXeLO4J5IPlgCETK8AZ31JWE5GLSyxfM4kmlZDslbBZNs2zZVkrssnPsYEsrKQpojlov/97phzT2WQBUEKXalhlBNyESOBVskuvEikWEjsiAtTUNiM9UN5l+McGHWuljL5S6AsBT9ftEQnylxr6rO30CQ/XbS8W/vHYMXqWb8CCKgQV0tsiLBYYQp5HgPpeMghhrQqjk+lZMh0QSCjq4nA7h61P8P2nYRatUtM+dQtWex5FFe+gAHSELlVEVnaEaqiOK7tADekLPxr3xaLwYr7PWjDGf2UU/YLx9Amy0mSY=</latexit>

Pz $
p
S



Quark correlation functions  

q UV	
  regularized	
  quark	
  operator:	
  	
   Gauge-­‐link	
  
UV	
  regulator:	
  d=4-­‐2ε	
  

Not	
  physical	
  –	
  need	
  a	
  renormaliza6on	
  beyond	
  QCD	
  renormaliza6on	
  

q UV	
  renormalized	
  quark	
  operator:	
  	
   Mul6plica6ve	
  renormaliza6on	
  constant	
  

q Quark	
  correla8on	
  func8ons	
  –	
  calculable	
  in	
  LQCD:	
  	
  

Proof	
  –	
  all	
  orders	
  
	
  	
  	
  	
  	
  	
  	
  	
  Quark:	
  arXiv:	
  1701.03108,	
  1706.08962,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  1707.07152	
  
	
  	
  	
  	
  	
  	
  	
  	
  Gluon:	
  	
  arXiv:	
  1808.10824,	
  1809.01836	
  

q Quark	
  correla8on	
  func8ons	
  –	
  also	
  factorizable	
  in	
  pQCD:	
  	
  

Finite	
  renormaliza6on	
  factor	
  to	
  transform	
  “your”	
  favorited	
  scheme	
  to	
  	
  	
  	
  
<latexit sha1_base64="iTyLF0BKv70A92asOnCl2fTgy2U=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclZki6rLgxo1Q0T6gM5RMmmlD8xiSjFLGfoobF4q49Uvc+Tdm2llo64HA4Zx7uDcnShjVxvO+nZXVtfWNzdJWeXtnd2/frRy0tUwVJi0smVTdCGnCqCAtQw0j3UQRxCNGOtH4Kvc7D0RpKsW9mSQk5GgoaEwxMlbqu5VAWjtPZ4Hi8OZu2nerXs2bAS4TvyBVUKDZd7+CgcQpJ8JghrTu+V5iwgwpQzEj03KQapIgPEZD0rNUIE50mM1On8ITqwxgLJV9wsCZ+juRIa71hEd2kiMz0oteLv7n9VITX4YZFUlqiMDzRXHKoJEw7wEOqCLYsIklCCtqb4V4hBTCxrZVtiX4i19eJu16zT+vebdn1Ua9qKMEjsAxOAU+uAANcA2aoAUweATP4BW8OU/Oi/PufMxHV5wicwj+wPn8AVQTk/0=</latexit>

MS

Matching	
  –	
  LO,	
  NLO,	
  NNLO	
  

Ma	
  and	
  Qiu,	
  arXiv:1404.6860	
  



Renormalization scheme and renormalization constant 

q Renormaliza8on	
  constant:	
  	
  

<latexit sha1_base64="kQEvsZXau7ylM/l5631LQKcPoU8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Ae0oWy2m3bpZhN2J0IJ+RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il7mBCMVP5sFpz6+4CZJ14BalBgdaw+jUYxSyNuEImqTF9z03Qz6hGwSTPK4PU8ISyKR3zvqWKRtz42eLcnFxYZUTCWNtSSBbq74mMRsbMosB2RhQnZtWbi/95/RTDWz8TKkmRK7ZcFKaSYEzmv5OR0JyhnFlCmRb2VsImVFOGNqGKDcFbfXmddBp177ruPlzVmo0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8AZ3gj7Q=</latexit>

n̂ –	
  any	
  vector	
  keeping	
  the	
  denominator	
  nonvanishing	
  
(0)	
  –	
  indicates	
  that	
  the	
  matrix	
  element	
  is	
  evaluated	
  to	
  the	
  LO	
  in	
  pQCD	
  

<latexit sha1_base64="Gd6ODUiQCZL+ZkXVkgwnoFgnCmA=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gNoh4DXjzGRx6QXcLspJMMmZldZmYDYc2fePGgiFf/xJt/4yTZgyYWNBRV3XR3RQln2njet1NYW9/Y3Cpul3Z29/YP3MOjpo5TRaFBYx6rdkQ0cCahYZjh0E4UEBFxaEWjm5nfGoPSLJaPZpJAKMhAsj6jxFip67pPWaAEvn+YBorIAYeuW/Yq3hx4lfg5KaMc9a77FfRimgqQhnKidcf3EhNmRBlGOUxLQaohIXREBtCxVBIBOszml0/xmVV6uB8rW9Lgufp7IiNC64mIbKcgZqiXvZn4n9dJTf86zJhMUgOSLhb1U45NjGcx4B5TQA2fWEKoYvZWTIdEEWpsWCUbgr/88ippViv+ZcW7uyjXqnkcRXSCTtE58tEVqqFbVEcNRNEYPaNX9OZkzovz7nwsWgtOPnOM/sD5/AGFyZOJ</latexit>

|RSi –	
  different	
  choice	
  corresponds	
  to	
  different	
  renormaliza6on	
  scheme	
  

q Renormaliza8on	
  scheme:	
  	
  

This	
  is	
  the	
  scheme	
  to	
  renormalize	
  the	
  LQCD	
  calculated	
  matrix	
  elements	
  
Different	
  from	
  the	
  choice	
  of	
  the	
  scheme	
  for	
  PDFs!	
  

§  RI/MOM	
  scheme	
  –	
  an	
  off-­‐shell	
  parton	
  state	
  

§  Pseudo-­‐PDFs:	
  	
  a	
  hadron	
  state	
  at	
  the	
  zero-­‐momentum	
  	
  
In	
  this	
  case,	
  the	
  matrix	
  element	
  in	
  the	
  denominator	
  cannot	
  be	
  calculated	
  
perturbaDvely,	
  and	
  may	
  choose	
  “1”	
  for	
  the	
  normalizaDon	
  

§  Our	
  ”preferred”	
  scheme	
  Zvac:	
  	
  
<latexit sha1_base64="D7WeH4IYGS6DmKqtovF97j0WONE=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhYkTti1MaExMZO/ABMOEL2lgE27O5ddvdMyEFt41+xsdAYW3+Bnf/GBa5Q8CWTvLw3k5l5QcSZNq777WQWFpeWV7KrubX1jc2t/PZOTYexolClIQ/VfUA0cCahapjhcB8pICLgUA/6F2O//gBKs1DemUEETUG6knUYJcZKrfz+MPGVwDe3I18R2eWAz/HQvxLQJanQyhfcojsBnideSgooRaWV//LbIY0FSEM50brhuZFpJkQZRjmMcn6sISK0T7rQsFQSAbqZTF4Z4UOrtHEnVLakwRP190RChNYDEdhOQUxPz3pj8T+vEZvOWTNhMooNSDpd1Ik5NiEe54LbTAE1fGAJoYrZWzHtEUWosenlbAje7MvzpFYqeidF9/q4UC6lcWTRHjpAR8hDp6iMLlEFVRFFj+gZvaI358l5cd6dj2lrxklndtEfOJ8/yc+aRg==</latexit>

|RSi = |⌦i
<latexit sha1_base64="AJPr9lEiSsuLCwntz4Svq++/7wk=">AAACInicbVDLSgNBEJz17fqKevQyGARPYVfEx03w4k0Fo0I2ht5JJxmcnV1neoWw5lu8+CtePCjqSfBjnDwOvgoGiqpqerriTElLQfDhjY1PTE5Nz8z6c/MLi0ul5ZVzm+ZGYFWkKjWXMVhUUmOVJCm8zAxCEiu8iK8P+/7FLRorU31G3QzrCbS1bEkB5KRGaT9SoNsKeXScYBv4nR91gArdi0QzJV5EAhQ/7jVurmL/bpiJzGCiUSoHlWAA/peEI1JmI5w0Sm9RMxV5gpqEAmtrYZBRvQBDUijs+VFuMQNxDW2sOaohQVsvBif2+IZTmryVGvc08YH6faKAxNpuErtkAtSxv72++J9Xy6m1Vy+kznJCLYaLWrnilPJ+X7wpDQpSXUdAGOn+ykUHDAhyrfquhPD3yX/J+VYl3KkEp9vlg61RHTNsja2zTRayXXbAjtgJqzLB7tkje2Yv3oP35L1678PomDeaWWU/4H1+ARr9o/w=</latexit>

h⌦|n̂ · Ob
q|⌦i –	
  is	
  free	
  of	
  IR	
  and	
  CO	
  singularity!	
  	
  

Different	
  renormaliza6on	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  different	
  “laTce	
  x-­‐sec6on”	
  



Calculation of matching functions 

In	
  this	
  case,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  defined	
  in	
  	
  
<latexit sha1_base64="tn7jR0sxB8bLMssDcHTcfFYR+bE=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQoZQkiLosuBHcVLAPaNIymU7aoTOTMDORllBw46+4caGIW3/CnX/jtM1CWw9cOJxzL/feE8SUSGXb30ZuZXVtfSO/Wdja3tndM/cPGjJKBMJ1FNFItAIoMSUc1xVRFLdigSELKG4Gw+up33zAQpKI36txjH0G+5yEBEGlpa55dNvxeFIaeRHDfVj2RqTjlj2WdNyzrlm0K/YM1jJxMlIEGWpd88vrRShhmCtEoZRtx46Vn0KhCKJ4UvASiWOIhrCP25pyyLD009kPE+tUKz0rjIQurqyZ+nsihUzKMQt0J4NqIBe9qfif105UeOWnhMeJwhzNF4UJtVRkTQOxekRgpOhYE4gE0bdaaAAFRErHVtAhOIsvL5OGW3EuKvbdebHqZnHkwTE4ASXggEtQBTegBuoAgUfwDF7Bm/FkvBjvxse8NWdkM4fgD4zPH2uslq0=</latexit>

K

⌫(x!, ⇠2, µ2)
<latexit sha1_base64="iTyLF0BKv70A92asOnCl2fTgy2U=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclZki6rLgxo1Q0T6gM5RMmmlD8xiSjFLGfoobF4q49Uvc+Tdm2llo64HA4Zx7uDcnShjVxvO+nZXVtfWNzdJWeXtnd2/frRy0tUwVJi0smVTdCGnCqCAtQw0j3UQRxCNGOtH4Kvc7D0RpKsW9mSQk5GgoaEwxMlbqu5VAWjtPZ4Hi8OZu2nerXs2bAS4TvyBVUKDZd7+CgcQpJ8JghrTu+V5iwgwpQzEj03KQapIgPEZD0rNUIE50mM1On8ITqwxgLJV9wsCZ+juRIa71hEd2kiMz0oteLv7n9VITX4YZFUlqiMDzRXHKoJEw7wEOqCLYsIklCCtqb4V4hBTCxrZVtiX4i19eJu16zT+vebdn1Ua9qKMEjsAxOAU+uAANcA2aoAUweATP4BW8OU/Oi/PufMxHV5wicwj+wPn8AVQTk/0=</latexit>

MS

Our	
  calcula6on	
  is	
  done	
  in	
  "	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ”	
  scheme	
  
<latexit sha1_base64="D7WeH4IYGS6DmKqtovF97j0WONE=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhYkTti1MaExMZO/ABMOEL2lgE27O5ddvdMyEFt41+xsdAYW3+Bnf/GBa5Q8CWTvLw3k5l5QcSZNq777WQWFpeWV7KrubX1jc2t/PZOTYexolClIQ/VfUA0cCahapjhcB8pICLgUA/6F2O//gBKs1DemUEETUG6knUYJcZKrfz+MPGVwDe3I18R2eWAz/HQvxLQJanQyhfcojsBnideSgooRaWV//LbIY0FSEM50brhuZFpJkQZRjmMcn6sISK0T7rQsFQSAbqZTF4Z4UOrtHEnVLakwRP190RChNYDEdhOQUxPz3pj8T+vEZvOWTNhMooNSDpd1Ik5NiEe54LbTAE1fGAJoYrZWzHtEUWosenlbAje7MvzpFYqeidF9/q4UC6lcWTRHjpAR8hDp6iMLlEFVRFFj+gZvaI358l5cd6dj2lrxklndtEfOJ8/yc+aRg==</latexit>

|RSi = |⌦i
By	
  calcula6ng	
  RRS	
  ,	
  we	
  get	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  any	
  other	
  scheme	
  RS	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

<latexit sha1_base64="tn7jR0sxB8bLMssDcHTcfFYR+bE=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQoZQkiLosuBHcVLAPaNIymU7aoTOTMDORllBw46+4caGIW3/CnX/jtM1CWw9cOJxzL/feE8SUSGXb30ZuZXVtfSO/Wdja3tndM/cPGjJKBMJ1FNFItAIoMSUc1xVRFLdigSELKG4Gw+up33zAQpKI36txjH0G+5yEBEGlpa55dNvxeFIaeRHDfVj2RqTjlj2WdNyzrlm0K/YM1jJxMlIEGWpd88vrRShhmCtEoZRtx46Vn0KhCKJ4UvASiWOIhrCP25pyyLD009kPE+tUKz0rjIQurqyZ+nsihUzKMQt0J4NqIBe9qfif105UeOWnhMeJwhzNF4UJtVRkTQOxekRgpOhYE4gE0bdaaAAFRErHVtAhOIsvL5OGW3EuKvbdebHqZnHkwTE4ASXggEtQBTegBuoAgUfwDF7Bm/FkvBjvxse8NWdkM4fgD4zPH2uslq0=</latexit>

K

⌫(x!, ⇠2, µ2)

q What	
  has	
  been	
  calculated	
  for	
  geQng	
  NNLO	
  matching	
  Kz?	
  	
  

to	
  αs
2	
  –	
  three	
  loops:	
  

<latexit sha1_base64="VAB6sUoQL+zpC+6CKMpVpXu7rDc="></latexit>

h⌦| �z�(f)({⇠, 0}) (0)|⌦i|µ2,�

<latexit sha1_base64="xqduC3yOSxHG18nVDNKxYopFQ78="></latexit>

F z,b
q/q(⇠, µ

2, �) = hq(p)| �z�(f)({⇠, 0}) (0)|q(p)i|µ2,�

to	
  αs
2	
  –	
  two	
  loops:	
  

<latexit sha1_base64="TPZeO7bf9uIb491o/QGc2ZNHtdg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iECqUmRdRlwY3LCvYBTQyT6aQdOpOkMxOxhOLGX3HjQhG3foU7/8Zpm4W2HrhwOOde7r3HjxmVyrK+jdzS8srqWn69sLG5tb1j7u41ZZQITBo4YpFo+0gSRkPSUFQx0o4FQdxnpOUPriZ+654ISaPwVo1i4nLUC2lAMVJa8syDwEuHp8NxyXmgZYcnd9Wy0yVMoRPPLFoVawq4SOyMFEGGumd+Od0IJ5yECjMkZce2YuWmSCiKGRkXnESSGOEB6pGOpiHiRLrp9IUxPNZKFwaR0BUqOFV/T6SISznivu7kSPXlvDcR//M6iQou3ZSGcaJIiGeLgoRBFcFJHrBLBcGKjTRBWFB9K8R9JBBWOrWCDsGef3mRNKsV+7xi3ZwVa9Usjjw4BEegBGxwAWrgGtRBA2DwCJ7BK3gznowX4934mLXmjGxmH/yB8fkDDGOWgg==</latexit>

fq/q(⇠, µ
2, �)

to	
  αs
2	
  –	
  two	
  loops	
  in	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  –	
  known	
  

<latexit sha1_base64="iTyLF0BKv70A92asOnCl2fTgy2U=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclZki6rLgxo1Q0T6gM5RMmmlD8xiSjFLGfoobF4q49Uvc+Tdm2llo64HA4Zx7uDcnShjVxvO+nZXVtfWNzdJWeXtnd2/frRy0tUwVJi0smVTdCGnCqCAtQw0j3UQRxCNGOtH4Kvc7D0RpKsW9mSQk5GgoaEwxMlbqu5VAWjtPZ4Hi8OZu2nerXs2bAS4TvyBVUKDZd7+CgcQpJ8JghrTu+V5iwgwpQzEj03KQapIgPEZD0rNUIE50mM1On8ITqwxgLJV9wsCZ+juRIa71hEd2kiMz0oteLv7n9VITX4YZFUlqiMDzRXHKoJEw7wEOqCLYsIklCCtqb4V4hBTCxrZVtiX4i19eJu16zT+vebdn1Ua9qKMEjsAxOAU+uAANcA2aoAUweATP4BW8OU/Oi/PufMxHV5wicwj+wPn8AVQTk/0=</latexit>

MS
<latexit sha1_base64="EGhiD+uXoIm50MZ0DifkmS+y8nM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKEkRdFty4rNU+oEnLZDpph84kYWYilpCNv+LGhSJu/Qx3/o3TNgutHrhwOOde7r3HjxmVyrK+jMLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRkPSVFQx0okFQdxnpO2Pr6Z++54ISaPwTk1i4nE0DGlAMVJa6psHjV7qCg4bt1nFfaA959TlSc856Ztlq2rNAP8SOydlkKPeNz/dQYQTTkKFGZKya1ux8lIkFMWMZCU3kSRGeIyGpKtpiDiRXjp7IIPHWhnAIBK6QgVn6s+JFHEpJ9zXnRypkVz0puJ/XjdRwaWX0jBOFAnxfFGQMKgiOE0DDqggWLGJJggLqm+FeIQEwkpnVtIh2Isv/yUtp2qfV62bs3LNyeMogkNwBCrABhegBq5BHTQBBhl4Ai/g1Xg0no03433eWjDymX3wC8bHN+yflUY=</latexit>

RRS(⇠2, µ2)

to	
  αs
2	
  –	
  two	
  loops	
  for	
  RI/MOM	
  and	
  Pseudo-­‐PDFs	
  scheme	
  

arXiv:2006.12370	
  
arXiv:2006.14825	
  



Predictions from known PDFs 

IDEA:	
  	
  	
  Use	
  CTEQ-­‐CT18NNLO	
  PDFs	
  to	
  predict	
  the	
  matrix	
  elements	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  posi8on	
  space,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  which	
  is	
  calculable	
  in	
  LQCD	
  

Li,	
  Ma,	
  Qiu	
  
arXiv:2006.12370	
  	
  



Predictions from known PDFs 

IDEA:	
  	
  	
  Use	
  CTEQ-­‐CT18NNLO	
  PDFs	
  to	
  predict	
  the	
  matrix	
  elements	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  posi8on	
  space,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  which	
  is	
  calculable	
  in	
  LQCD	
  



Current-current correlators 
q  Pion	
  valence	
  PDFs:	
  

–	
  using	
  a	
  vector-­‐axial-­‐vector	
  correla8on	
  as	
  an	
  example	
  

Ma,	
  Qiu,	
  PRL	
  (2018)	
  

²  Parity-­‐Time-­‐reversal	
  invariance:	
  

²  Collinear	
  factoriza8on:	
  

²  Lowest	
  order	
  coefficient	
  func8ons:	
  

²  LaQce	
  QCD	
  calcula8on	
  results	
  with	
  1-­‐loop	
  matching	
  coefficient	
  

Sufian	
  et	
  al.	
  
PRD99	
  (2019)	
  074507	
  

Sufian	
  et	
  al.	
  JLab	
  
PRD99	
  (2019)	
  074507	
  

Vanishes	
  under	
  T	
  



Pion PDF from different LQCD approaches 
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q Wigner	
  distribu8ons:	
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q PDFs	
  are	
  sensi8ve	
  to	
  the	
  1D	
  hadron	
  structure	
  along	
  with	
  	
  
	
  	
  	
  	
  	
  polarized	
  PDFs	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  transversity	
  distribu8ons	
  

Good	
  progresses	
  have	
  been	
  made	
  for	
  calcula/ng	
  GPDs	
  and	
  TMDs,	
  …	
  



Summary 
q  “Good”	
  single	
  hadron	
  matrix	
  elements:	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calculable	
  in	
  LaQce	
  QCD,	
  renormalizable	
  +	
  factorizable	
  in	
  QCD	
  

q  LaQce	
  QCD	
  calcula8ons,	
  although	
  limited	
  by	
  compu8ng	
  power	
  now,	
  
could	
  provide	
  beuer	
  informa8on	
  on	
  PDFs	
  at	
  large	
  x	
  

Should	
  be	
  good	
  laQce	
  observables	
  for	
  extrac8ng	
  non-­‐perturba8ve	
  PDFs,	
  …	
  

q  LaQce	
  QCD	
  can	
  be	
  used	
  to	
  study	
  hadron	
  structure,	
  and	
  lot	
  of	
  progresses	
  
have	
  been	
  made	
  (expansion	
  to	
  TMDs	
  and	
  GPDs),	
  but,	
  more	
  works	
  are	
  s8ll	
  
needed	
  for	
  understanding	
  PDFs	
  from	
  QCD!	
  

Thank	
  you!	
  

q  Conserva8on	
  of	
  difficul8es	
  –	
  no	
  free	
  lunch:	
  
•  Parton-­‐parton	
  correlators	
  give	
  more	
  direct	
  informa8on	
  to	
  

PDFs,	
  but,	
  large	
  uncertain	
  from	
  renormalizing	
  the	
  power	
  
divergence	
  

But,	
  we	
  are	
  trying	
  to	
  find	
  a	
  be\er	
  way	
  to	
  get	
  our	
  lunch!	
  

Single	
  hadron	
  matrix	
  element	
  (no	
  convolu8on	
  with	
  another	
  PDF	
  or	
  FF),	
  
matching	
  from	
  posi8on-­‐space	
  to	
  PDFs	
  suppresses	
  the	
  impact	
  of	
  threshold	
  
logarithms	
  

•  Current-­‐current	
  correlators	
  have	
  much	
  beuer	
  UV	
  behavior,	
  
but,	
  need	
  more	
  compu8ng	
  power	
  	
  


