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electric and magnetic form factor encode the shape 

of the proton 

<latexit sha1_base64="G9JwxT7eGgWrNCP9FUTRN9pPQ+8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUhqrXEhFFzosoJ9QBPKZDpth84kYWYilFBw46+4caGIW3/CnX/jpC2i1gMXDufcy733BDGjUtn2p7GwuLS8sppby69vbG5tmzu7DRklApM6jlgkWgGShNGQ1BVVjLRiQRAPGGkGw8vMb94RIWkU3qpRTHyO+iHtUYyUljrmPuSd/oVtlU+KzrEHPY7UQPD0ijTGHbNgW+eu41RKMCOVsutCx7In+CYFMEOtY3543QgnnIQKMyRl27Fj5adIKIoZGee9RJIY4SHqk7amIeJE+unkhzE80koX9iKhK1Rwov6cSBGXcsQD3ZndKP96mfif105Uz/VTGsaJIiGeLuolDKoIZoHALhUEKzbSBGFB9a0QD5BAWOnY8jqEuZfnSaNkOaeWfVMuVN1ZHDlwAA5BETjgDFTBNaiBOsDgHjyCZ/BiPBhPxqvxNm1dMGYze+AXjPcvc12WIg==</latexit>

mg = 0.43(1) GeV

<latexit sha1_base64="pvsuaO7apoz/W/CXeAwh49pnatA="></latexit>
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<latexit sha1_base64="qIZTTaQuWOAkOKBnREmrbzF7Tzw="></latexit>

r2p = �6
d

dQ2
Gp

E(Q
2)

����
Q2=0

e−

e−

P
P
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s

p
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Finite size correction: time 
spent inside the nucleus

probability of lepton inside proton 

muon ~ 200 heavier than electron 
~107 more sensitive to rp 

<latexit sha1_base64="cB2P5rwl7j0Pc4RkqdOMkYnTEd4=">AAAB/XicjVDLSgMxFM3UV62v8bFzEyxC3ZSpVeyy4MZlBfuAznTIpJk2NMmEJCPUofgrblwo4tb/cOffmD4WKgoeuHA4517u4USSUW0878PJLS2vrK7l1wsbm1vbO+7uXksnqcKkiROWqE6ENGFUkKahhpGOVATxiJF2NLqc+u1bojRNxI0ZSxJwNBA0phgZK4Xuga8pL6lQ+ojJITrpVXmvGrrFStmbAf5NimCBRui++/0Ep5wIgxnSulvxpAkypAzFjEwKfqqJRHiEBqRrqUCc6CCbpZ/AY6v0YZwoO8LAmfr1IkNc6zGP7CZHZqh/elPxN6+bmrgWZFTI1BCB54/ilEGTwGkVsE8VwYaNLUFYUZsV4iFSCBtbWOF/JbROy5Xzsnd9VqzXFnXkwSE4AiVQARegDq5AAzQBBnfgATyBZ+feeXRenNf5as5Z3OyDb3DePgGKqpSY</latexit>

⇠ (rp↵)
3m3 <latexit sha1_base64="upNZhhTuOZ8JnWc6ifk3pcHmW04=">AAAB8nicjVDLSgNBEJyNrxhfUY9eBoPgKeyKYo4BLx4jmAdsljA76U2GzOysM71CCPkMLx4U8erXePNvnDwOKgoWNBRV3XR3xZkUFn3/wyusrK6tbxQ3S1vbO7t75f2DltW54dDkWmrTiZkFKVJookAJncwAU7GEdjy6mvntezBW6PQWxxlEig1SkQjO0Emh6lqh4I6qHvTKlaDqz0H/JhWyRKNXfu/2Nc8VpMglszYM/AyjCTMouIRpqZtbyBgfsQGEjqZMgY0m85On9MQpfZpo4ypFOle/TkyYsnasYtepGA7tT28m/uaFOSa1aCLSLEdI+WJRkkuKms7+p31hgKMcO8K4Ee5WyofMMI4updL/QmidVYOLqn9zXqnXlnEUyRE5JqckIJekTq5JgzQJJ5o8kCfy7KH36L14r4vWgrecOSTf4L19AiEFkR4=</latexit>

m ' me

<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P

<latexit sha1_base64="rZUIM2t7/oo9bPv/cGI1GTUWug8=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWMC5gHJEmYnvcmY2ZllZlYIS77AiwdFvPpJ3vwbJ4+DioIFDUVVN91dUSq4sb7/4a2srq1vbBa2its7u3v7pYPDllGZZthkSijdiahBwSU2LbcCO6lGmkQC29H4eua371EbruStnaQYJnQoecwZtU5qYL9UDir+HORvUoYl6v3Se2+gWJagtExQY7qBn9owp9pyJnBa7GUGU8rGdIhdRyVN0IT5/NApOXXKgMRKu5KWzNWvEzlNjJkkketMqB2Zn95M/M3rZjauhjmXaWZRssWiOBPEKjL7mgy4RmbFxBHKNHe3EjaimjLrsin+L4TWeSW4rPiNi3KtuoyjAMdwAmcQwBXU4Abq0AQGCA/wBM/enffovXivi9YVbzlzBN/gvX0CzCKM5g==</latexit>

e

P. J. Mohr et al. Rev. Mod. Phys. 88, 035009 (2016)

ep average from P. J. Mohr et al. Rev. Mod. Phys. 88, 

035009 (2016)

H spectroscpopy average from P. J. Mohr et al. 

Rev. Mod. Phys. 88, 035009 (2016)

J. Bernauer et al., Phys. Rev. Lett. 105, 242001 (2010) 
CODATA 2014

ep scattering

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy
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ep scattering
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<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="V9C9n9SgnWJ1mlHsCoESL57RWdQ=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmgckS5id9CZDZmaXmVkhLPkELx4U8eoXefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2UmKoaRDxWPOqHXSbU9m/XIlqPpzkL9JBZZo9MvvvUHCMonKMkGN6QZ+asOcasuZwGmplxlMKRvTIXYdVVSiCfP5qVNy4pQBiRPtSlkyV79O5FQaM5GR65TUjsxPbyb+5nUzG9fCnKs0s6jYYlGcCWITMvubDLhGZsXEEco0d7cSNqKaMuvSKf0vhNZZNbio+jfnlXptGUcRjuAYTiGAS6jDNTSgCQyG8ABP8OwJ79F78V4XrQVvOXMI3+C9fQJgE43T</latexit>

µ



Proton 
PA R T I C L E

Nature’s most fundamental bound-state 

Quantum ChromoDynamics
describes the proton structure  

<latexit sha1_base64="SJS8qIETEsEKbamv1a7OQ2O/lxE=">AAAB8HicjVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdOOygn1IOwyZNNOGJpmQZIQy9CvcuFDErZ/jzr8xfSxUFDxw4XDOvdx7T6w4M9b3P7zC0vLK6lpxvbSxubW9U97da5k004Q2ScpT3YmxoZxJ2rTMctpRmmIRc9qOR1dTv31PtWGpvLVjRUOBB5IljGDrpDsRqZMe0pGKypWg6s+A/iYVWKARld97/ZRkgkpLODamG/jKhjnWlhFOJ6VeZqjCZIQHtOuoxIKaMJ8dPEFHTumjJNWupEUz9etEjoUxYxG7ToHt0Pz0puJvXjezyUWYM6kySyWZL0oyjmyKpt+jPtOUWD52BBPN3K2IDLHGxLqMSv8LoXVaDc6q/k2tUr9cxFGEAziEYwjgHOpwDQ1oAgEBD/AEz572Hr0X73XeWvAWM/vwDd7bJy5mkAA=</latexit>

mp, rp

HOW BIG IS IT?
if it is composite it must have a size

THE PROTON RADIUS PUZZLE

1 ep ELASTIC SCATTERING
point-like probe, QED only  

electric and magnetic form factor encode the shape 

of the proton 

<latexit sha1_base64="G9JwxT7eGgWrNCP9FUTRN9pPQ+8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUhqrXEhFFzosoJ9QBPKZDpth84kYWYilFBw46+4caGIW3/CnX/jpC2i1gMXDufcy733BDGjUtn2p7GwuLS8sppby69vbG5tmzu7DRklApM6jlgkWgGShNGQ1BVVjLRiQRAPGGkGw8vMb94RIWkU3qpRTHyO+iHtUYyUljrmPuSd/oVtlU+KzrEHPY7UQPD0ijTGHbNgW+eu41RKMCOVsutCx7In+CYFMEOtY3543QgnnIQKMyRl27Fj5adIKIoZGee9RJIY4SHqk7amIeJE+unkhzE80koX9iKhK1Rwov6cSBGXcsQD3ZndKP96mfif105Uz/VTGsaJIiGeLuolDKoIZoHALhUEKzbSBGFB9a0QD5BAWOnY8jqEuZfnSaNkOaeWfVMuVN1ZHDlwAA5BETjgDFTBNaiBOsDgHjyCZ/BiPBhPxqvxNm1dMGYze+AXjPcvc12WIg==</latexit>

mg = 0.43(1) GeV

<latexit sha1_base64="pvsuaO7apoz/W/CXeAwh49pnatA="></latexit>
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<latexit sha1_base64="qIZTTaQuWOAkOKBnREmrbzF7Tzw="></latexit>
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Finite size correction: time 
spent inside the nucleus

probability of lepton inside proton 

muon ~ 200 heavier than electron 
~107 more sensitive to rp 

<latexit sha1_base64="cB2P5rwl7j0Pc4RkqdOMkYnTEd4=">AAAB/XicjVDLSgMxFM3UV62v8bFzEyxC3ZSpVeyy4MZlBfuAznTIpJk2NMmEJCPUofgrblwo4tb/cOffmD4WKgoeuHA4517u4USSUW0878PJLS2vrK7l1wsbm1vbO+7uXksnqcKkiROWqE6ENGFUkKahhpGOVATxiJF2NLqc+u1bojRNxI0ZSxJwNBA0phgZK4Xuga8pL6lQ+ojJITrpVXmvGrrFStmbAf5NimCBRui++/0Ep5wIgxnSulvxpAkypAzFjEwKfqqJRHiEBqRrqUCc6CCbpZ/AY6v0YZwoO8LAmfr1IkNc6zGP7CZHZqh/elPxN6+bmrgWZFTI1BCB54/ilEGTwGkVsE8VwYaNLUFYUZsV4iFSCBtbWOF/JbROy5Xzsnd9VqzXFnXkwSE4AiVQARegDq5AAzQBBnfgATyBZ+feeXRenNf5as5Z3OyDb3DePgGKqpSY</latexit>

⇠ (rp↵)
3m3 <latexit sha1_base64="upNZhhTuOZ8JnWc6ifk3pcHmW04=">AAAB8nicjVDLSgNBEJyNrxhfUY9eBoPgKeyKYo4BLx4jmAdsljA76U2GzOysM71CCPkMLx4U8erXePNvnDwOKgoWNBRV3XR3xZkUFn3/wyusrK6tbxQ3S1vbO7t75f2DltW54dDkWmrTiZkFKVJookAJncwAU7GEdjy6mvntezBW6PQWxxlEig1SkQjO0Emh6lqh4I6qHvTKlaDqz0H/JhWyRKNXfu/2Nc8VpMglszYM/AyjCTMouIRpqZtbyBgfsQGEjqZMgY0m85On9MQpfZpo4ypFOle/TkyYsnasYtepGA7tT28m/uaFOSa1aCLSLEdI+WJRkkuKms7+p31hgKMcO8K4Ee5WyofMMI4updL/QmidVYOLqn9zXqnXlnEUyRE5JqckIJekTq5JgzQJJ5o8kCfy7KH36L14r4vWgrecOSTf4L19AiEFkR4=</latexit>

m ' me

<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="V9C9n9SgnWJ1mlHsCoESL57RWdQ=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmgckS5id9CZDZmaXmVkhLPkELx4U8eoXefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2UmKoaRDxWPOqHXSbU9m/XIlqPpzkL9JBZZo9MvvvUHCMonKMkGN6QZ+asOcasuZwGmplxlMKRvTIXYdVVSiCfP5qVNy4pQBiRPtSlkyV79O5FQaM5GR65TUjsxPbyb+5nUzG9fCnKs0s6jYYlGcCWITMvubDLhGZsXEEco0d7cSNqKaMuvSKf0vhNZZNbio+jfnlXptGUcRjuAYTiGAS6jDNTSgCQyG8ABP8OwJ79F78V4XrQVvOXMI3+C9fQJgE43T</latexit>

µ
<latexit sha1_base64="rZUIM2t7/oo9bPv/cGI1GTUWug8=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWMC5gHJEmYnvcmY2ZllZlYIS77AiwdFvPpJ3vwbJ4+DioIFDUVVN91dUSq4sb7/4a2srq1vbBa2its7u3v7pYPDllGZZthkSijdiahBwSU2LbcCO6lGmkQC29H4eua371EbruStnaQYJnQoecwZtU5qYL9UDir+HORvUoYl6v3Se2+gWJagtExQY7qBn9owp9pyJnBa7GUGU8rGdIhdRyVN0IT5/NApOXXKgMRKu5KWzNWvEzlNjJkkketMqB2Zn95M/M3rZjauhjmXaWZRssWiOBPEKjL7mgy4RmbFxBHKNHe3EjaimjLrsin+L4TWeSW4rPiNi3KtuoyjAMdwAmcQwBXU4Abq0AQGCA/wBM/enffovXivi9YVbzlzBN/gvX0CzCKM5g==</latexit>

e

P. J. Mohr et al. Rev. Mod. Phys. 88, 035009 (2016)

A. Antognini et al., Science 339, 417 (2013)

R. Pohl et al., Nature 466, 213 (2010)

ep average from P. J. Mohr et al. Rev. Mod. Phys. 88, 

035009 (2016)

H spectroscpopy average from P. J. Mohr et al. 

Rev. Mod. Phys. 88, 035009 (2016)

J. Bernauer et al., Phys. Rev. Lett. 105, 242001 (2010) 
CODATA 2014
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Proton 
PA R T I C L E

Nature’s most fundamental bound-state 

Quantum ChromoDynamics
describes the proton structure  

<latexit sha1_base64="SJS8qIETEsEKbamv1a7OQ2O/lxE=">AAAB8HicjVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdOOygn1IOwyZNNOGJpmQZIQy9CvcuFDErZ/jzr8xfSxUFDxw4XDOvdx7T6w4M9b3P7zC0vLK6lpxvbSxubW9U97da5k004Q2ScpT3YmxoZxJ2rTMctpRmmIRc9qOR1dTv31PtWGpvLVjRUOBB5IljGDrpDsRqZMe0pGKypWg6s+A/iYVWKARld97/ZRkgkpLODamG/jKhjnWlhFOJ6VeZqjCZIQHtOuoxIKaMJ8dPEFHTumjJNWupEUz9etEjoUxYxG7ToHt0Pz0puJvXjezyUWYM6kySyWZL0oyjmyKpt+jPtOUWD52BBPN3K2IDLHGxLqMSv8LoXVaDc6q/k2tUr9cxFGEAziEYwjgHOpwDQ1oAgEBD/AEz572Hr0X73XeWvAWM/vwDd7bJy5mkAA=</latexit>

mp, rp

HOW BIG IS IT?
if it is composite it must have a size

THE PROTON RADIUS PUZZLE

1 ep ELASTIC SCATTERING
point-like probe, QED only  

electric and magnetic form factor encode the shape 

of the proton 

<latexit sha1_base64="G9JwxT7eGgWrNCP9FUTRN9pPQ+8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUhqrXEhFFzosoJ9QBPKZDpth84kYWYilFBw46+4caGIW3/CnX/jpC2i1gMXDufcy733BDGjUtn2p7GwuLS8sppby69vbG5tmzu7DRklApM6jlgkWgGShNGQ1BVVjLRiQRAPGGkGw8vMb94RIWkU3qpRTHyO+iHtUYyUljrmPuSd/oVtlU+KzrEHPY7UQPD0ijTGHbNgW+eu41RKMCOVsutCx7In+CYFMEOtY3543QgnnIQKMyRl27Fj5adIKIoZGee9RJIY4SHqk7amIeJE+unkhzE80koX9iKhK1Rwov6cSBGXcsQD3ZndKP96mfif105Uz/VTGsaJIiGeLuolDKoIZoHALhUEKzbSBGFB9a0QD5BAWOnY8jqEuZfnSaNkOaeWfVMuVN1ZHDlwAA5BETjgDFTBNaiBOsDgHjyCZ/BiPBhPxqvxNm1dMGYze+AXjPcvc12WIg==</latexit>

mg = 0.43(1) GeV

<latexit sha1_base64="pvsuaO7apoz/W/CXeAwh49pnatA="></latexit>
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<latexit sha1_base64="qIZTTaQuWOAkOKBnREmrbzF7Tzw="></latexit>
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Finite size correction: time 
spent inside the nucleus

probability of lepton inside proton 

muon ~ 200 heavier than electron 
~107 more sensitive to rp 

<latexit sha1_base64="cB2P5rwl7j0Pc4RkqdOMkYnTEd4=">AAAB/XicjVDLSgMxFM3UV62v8bFzEyxC3ZSpVeyy4MZlBfuAznTIpJk2NMmEJCPUofgrblwo4tb/cOffmD4WKgoeuHA4517u4USSUW0878PJLS2vrK7l1wsbm1vbO+7uXksnqcKkiROWqE6ENGFUkKahhpGOVATxiJF2NLqc+u1bojRNxI0ZSxJwNBA0phgZK4Xuga8pL6lQ+ojJITrpVXmvGrrFStmbAf5NimCBRui++/0Ep5wIgxnSulvxpAkypAzFjEwKfqqJRHiEBqRrqUCc6CCbpZ/AY6v0YZwoO8LAmfr1IkNc6zGP7CZHZqh/elPxN6+bmrgWZFTI1BCB54/ilEGTwGkVsE8VwYaNLUFYUZsV4iFSCBtbWOF/JbROy5Xzsnd9VqzXFnXkwSE4AiVQARegDq5AAzQBBnfgATyBZ+feeXRenNf5as5Z3OyDb3DePgGKqpSY</latexit>

⇠ (rp↵)
3m3 <latexit sha1_base64="upNZhhTuOZ8JnWc6ifk3pcHmW04=">AAAB8nicjVDLSgNBEJyNrxhfUY9eBoPgKeyKYo4BLx4jmAdsljA76U2GzOysM71CCPkMLx4U8erXePNvnDwOKgoWNBRV3XR3xZkUFn3/wyusrK6tbxQ3S1vbO7t75f2DltW54dDkWmrTiZkFKVJookAJncwAU7GEdjy6mvntezBW6PQWxxlEig1SkQjO0Emh6lqh4I6qHvTKlaDqz0H/JhWyRKNXfu/2Nc8VpMglszYM/AyjCTMouIRpqZtbyBgfsQGEjqZMgY0m85On9MQpfZpo4ypFOle/TkyYsnasYtepGA7tT28m/uaFOSa1aCLSLEdI+WJRkkuKms7+p31hgKMcO8K4Ee5WyofMMI4updL/QmidVYOLqn9zXqnXlnEUyRE5JqckIJekTq5JgzQJJ5o8kCfy7KH36L14r4vWgrecOSTf4L19AiEFkR4=</latexit>

m ' me

<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="V9C9n9SgnWJ1mlHsCoESL57RWdQ=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmgckS5id9CZDZmaXmVkhLPkELx4U8eoXefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2UmKoaRDxWPOqHXSbU9m/XIlqPpzkL9JBZZo9MvvvUHCMonKMkGN6QZ+asOcasuZwGmplxlMKRvTIXYdVVSiCfP5qVNy4pQBiRPtSlkyV79O5FQaM5GR65TUjsxPbyb+5nUzG9fCnKs0s6jYYlGcCWITMvubDLhGZsXEEco0d7cSNqKaMuvSKf0vhNZZNbio+jfnlXptGUcRjuAYTiGAS6jDNTSgCQyG8ABP8OwJ79F78V4XrQVvOXMI3+C9fQJgE43T</latexit>

µ
<latexit sha1_base64="rZUIM2t7/oo9bPv/cGI1GTUWug8=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWMC5gHJEmYnvcmY2ZllZlYIS77AiwdFvPpJ3vwbJ4+DioIFDUVVN91dUSq4sb7/4a2srq1vbBa2its7u3v7pYPDllGZZthkSijdiahBwSU2LbcCO6lGmkQC29H4eua371EbruStnaQYJnQoecwZtU5qYL9UDir+HORvUoYl6v3Se2+gWJagtExQY7qBn9owp9pyJnBa7GUGU8rGdIhdRyVN0IT5/NApOXXKgMRKu5KWzNWvEzlNjJkkketMqB2Zn95M/M3rZjauhjmXaWZRssWiOBPEKjL7mgy4RmbFxBHKNHe3EjaimjLrsin+L4TWeSW4rPiNi3KtuoyjAMdwAmcQwBXU4Abq0AQGCA/wBM/enffovXivi9YVbzlzBN/gvX0CzCKM5g==</latexit>

e

N. Bezginov et al., Science 365, 1007 (2019)

P. J. Mohr et al. Rev. Mod. Phys. 88, 035009 (2016)
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R. Pohl et al., Nature 466, 213 (2010)

A. Beyer et al., Science 358, 79 (2017)

ep average from P. J. Mohr et al. Rev. Mod. Phys. 88, 

035009 (2016)

H spectroscpopy average from P. J. Mohr et al. 

Rev. Mod. Phys. 88, 035009 (2016)

H. Fleurbaey et al., Phys. Rev. Lett. 120, 183001 (2018)

J. Bernauer et al., Phys. Rev. Lett. 105, 242001 (2010) 
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SPM 
SMOOTHING

AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
y1
1+

a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)



Another simple example: f(x) = x

I we use 3 input points for the
SPM

I can we reconstruct the
function?

● ● ●
●●
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-10

-5
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10

x

f(x
)

f(x)=x
Input

7

SPM 
SMOOTHING

elementary (functions) examples

Another simple example: f(x) = x

I 3 input points are needed to
reconstruct f(x) = x

I with 15 digits precision one
obtains for example

f(x) =
22 + 1.8 · 1015x
1.8 · 1015 � x

⇡ x

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input
SPM

8

Another example: f(x) = ex

I we use 11 input points

I can we reconstruct the
function?

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input

9

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

f(x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

10

AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
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a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

Another example: f(x) = ex
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265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

11
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AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
y1
1+

a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

LARGE DATASETS
randomly choose                        points 


reduce (binomial) number of interpolators 
introducing physical constraints 


(absence of poles)

<latexit sha1_base64="nb7ujUPHrWywIvJio1GOtZ5bD30=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmpSKvbgoeDFi1LBfkAbyma7aZduNmF3I9TQX+LFgyJe/Sne/Ddu2xy09cHA470ZZub5MWdKO863lVtb39jcym8Xdnb39ov2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74eua3H6lULBIPehJTL8RDwQJGsDZS3y5Wr257nCqlWIjuzit9u+SUnTnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzg+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDmpcyESeaCrJYFCQc6QjNUkADJinRfGIIJpKZWxEZYYmJNlkVTAju8surpFUpuxdl575aqteyOPJwDCdwBi5cQh1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnDz9WkiM=</latexit>

4 < M . N/2

Chen et al., PRD 99 (2019)
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SPM
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function?
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SPM 
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AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
y1
1+

a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

IN THE PRESENCE OF ERRORS?

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work

requires smoothing with roughness penalty: 


seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant 

of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

Reinsch, NM 10 (1967)

optimal smoothing parameter determined via 
generalised cross validation 

Craven and Wahba, NM 31 (1978)

LARGE DATASETS
randomly choose                        points 


reduce (binomial) number of interpolators 
introducing physical constraints 


(absence of poles)

<latexit sha1_base64="nb7ujUPHrWywIvJio1GOtZ5bD30=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmpSKvbgoeDFi1LBfkAbyma7aZduNmF3I9TQX+LFgyJe/Sne/Ddu2xy09cHA470ZZub5MWdKO863lVtb39jcym8Xdnb39ov2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74eua3H6lULBIPehJTL8RDwQJGsDZS3y5Wr257nCqlWIjuzit9u+SUnTnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzg+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDmpcyESeaCrJYFCQc6QjNUkADJinRfGIIJpKZWxEZYYmJNlkVTAju8surpFUpuxdl575aqteyOPJwDCdwBi5cQh1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnDz9WkiM=</latexit>

4 < M . N/2

Chen et al., PRD 99 (2019)



Another simple example: f(x) = x

I we use 3 input points for the
SPM

I can we reconstruct the
function?

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input

7

SPM 
SMOOTHING

elementary (functions) examples

Another simple example: f(x) = x

I 3 input points are needed to
reconstruct f(x) = x

I with 15 digits precision one
obtains for example

f(x) =
22 + 1.8 · 1015x
1.8 · 1015 � x

⇡ x

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input
SPM

8

Another example: f(x) = ex

I we use 11 input points

I can we reconstruct the
function?

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input

9

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

f(x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

10

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10 15 20-1×106

-500000

0

500000

1×106

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

CN (x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

11

AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
y1
1+

a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

IN THE PRESENCE OF ERRORS?

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work

requires smoothing with roughness penalty: 


seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant 

of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

Reinsch, NM 10 (1967)

optimal smoothing parameter determined via 
generalised cross validation 

Craven and Wahba, NM 31 (1978)

LARGE DATASETS
randomly choose                        points 


reduce (binomial) number of interpolators 
introducing physical constraints 


(absence of poles)

<latexit sha1_base64="nb7ujUPHrWywIvJio1GOtZ5bD30=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmpSKvbgoeDFi1LBfkAbyma7aZduNmF3I9TQX+LFgyJe/Sne/Ddu2xy09cHA470ZZub5MWdKO863lVtb39jcym8Xdnb39ov2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74eua3H6lULBIPehJTL8RDwQJGsDZS3y5Wr257nCqlWIjuzit9u+SUnTnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzg+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDmpcyESeaCrJYFCQc6QjNUkADJinRfGIIJpKZWxEZYYmJNlkVTAju8surpFUpuxdl575aqteyOPJwDCdwBi5cQh1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnDz9WkiM=</latexit>

4 < M . N/2

Chen et al., PRD 99 (2019)

use bootstrap procedure to generate replicas 
accounting for statistical errors in data when 

extrapolating
<latexit sha1_base64="wE/rz/hUHtHUU72j98jRod0FBEc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElEscuCG1dSwT6gCWEynbRDJ5kwMxFD6He48VfcuFDEnbjxb5ymWdjWAxcO59zLvff4MaNSWdaPsbK6tr6xWdoqb+/s7u2bB4cdyROBSRtzxkXPR5IwGpG2ooqRXiwICn1Guv74eup3H4iQlEf3Ko2JG6JhRAOKkdKSZ9rVR4+epbocSYch8mjNUTwXMwcjBm8n1Tm35pkVq27lgMvELkgFFGh55pcz4DgJSaQwQ1L2bStWboaEopiRSdlJJIkRHqMh6WsaoZBIN8tfm8BTrQxgwIWuSMFc/TuRoVDKNPR1Z4jUSC56U/E/r5+ooOFmNIoTRSI8WxQkDCoOpznBARUEK5ZqgrCg+laIR0ggrHSaZR2CvfjyMumc1+3LunV3UWk2ijhK4BicgCqwwRVoghvQAm2AwRN4AW/g3Xg2Xo0P43PWumIUM0dgDsb3L2eRn88=</latexit>

(xi, yi,�i) ! (xi,N (yi,�i))



SPM proton radius 
extraction

Four ep scattering datasets:

PRad @ 1.1 (N=33), 2.2 [GeV] (N=38), 


and combined (N=71)

A1 collaboration @ low-Q2 (N=40)

Another simple example: f(x) = x

I we use 3 input points for the
SPM

I can we reconstruct the
function?

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input

7

SPM 
SMOOTHING

elementary (functions) examples

Another simple example: f(x) = x

I 3 input points are needed to
reconstruct f(x) = x

I with 15 digits precision one
obtains for example

f(x) =
22 + 1.8 · 1015x
1.8 · 1015 � x

⇡ x

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input
SPM

8

Another example: f(x) = ex

I we use 11 input points

I can we reconstruct the
function?

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input

9

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

f(x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

10

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10 15 20-1×106

-500000

0

500000

1×106

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

CN (x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

11

AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
y1
1+

a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

IN THE PRESENCE OF ERRORS?

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work

requires smoothing with roughness penalty: 


seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant 

of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

Reinsch, NM 10 (1967)

optimal smoothing parameter determined via 
generalised cross validation 

Craven and Wahba, NM 31 (1978)

LARGE DATASETS
randomly choose                        points 


reduce (binomial) number of interpolators 
introducing physical constraints 


(absence of poles)

<latexit sha1_base64="nb7ujUPHrWywIvJio1GOtZ5bD30=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmpSKvbgoeDFi1LBfkAbyma7aZduNmF3I9TQX+LFgyJe/Sne/Ddu2xy09cHA470ZZub5MWdKO863lVtb39jcym8Xdnb39ov2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74eua3H6lULBIPehJTL8RDwQJGsDZS3y5Wr257nCqlWIjuzit9u+SUnTnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzg+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDmpcyESeaCrJYFCQc6QjNUkADJinRfGIIJpKZWxEZYYmJNlkVTAju8surpFUpuxdl575aqteyOPJwDCdwBi5cQh1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnDz9WkiM=</latexit>

4 < M . N/2

Chen et al., PRD 99 (2019)

use bootstrap procedure to generate replicas 
accounting for statistical errors in data when 

extrapolating
<latexit sha1_base64="wE/rz/hUHtHUU72j98jRod0FBEc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElEscuCG1dSwT6gCWEynbRDJ5kwMxFD6He48VfcuFDEnbjxb5ymWdjWAxcO59zLvff4MaNSWdaPsbK6tr6xWdoqb+/s7u2bB4cdyROBSRtzxkXPR5IwGpG2ooqRXiwICn1Guv74eup3H4iQlEf3Ko2JG6JhRAOKkdKSZ9rVR4+epbocSYch8mjNUTwXMwcjBm8n1Tm35pkVq27lgMvELkgFFGh55pcz4DgJSaQwQ1L2bStWboaEopiRSdlJJIkRHqMh6WsaoZBIN8tfm8BTrQxgwIWuSMFc/TuRoVDKNPR1Z4jUSC56U/E/r5+ooOFmNIoTRSI8WxQkDCoOpznBARUEK5ZqgrCg+laIR0ggrHSaZR2CvfjyMumc1+3LunV3UWk2ijhK4BicgCqwwRVoghvQAm2AwRN4AW/g3Xg2Xo0P43PWumIUM0dgDsb3L2eRn88=</latexit>

(xi, yi,�i) ! (xi,N (yi,�i))

e−

e−

P
P

γ

generate 103 replicas for the given experimental central values and error

smooth each replica with associated optimal

set                                                                e 


fix      and get the first 5x103 monotonic SPM interpolators for each replica

determine the replicas’ proton radius (averaging over the 5x103 curves)


construct the (normal) distribution of the 103 proton radii; 

extract mean       and standard deviation       e  


 final result

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�
<latexit sha1_base64="S4WmBeh4xIqri2EjKbNaja107dk="></latexit>

{Mj = 5 + j | j = 1, . . . , nM ; nM = 12}
<latexit sha1_base64="4KfyIzoJgvljTjVLNPsIxn9PRoU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kWoaD+gDWWznbRrN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqd+6wmV5rF8MOME/YgOJA85o8ZK97e9x16p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJqz6GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmecW7rLh3F+VaNY+jAMdwAmfgwRXU4Abq0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8AHuKNqA==</latexit>

Mj

<latexit sha1_base64="EScpbXsemOdpcx4sGJ1auLjJ95s=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEscuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOiaJlB</latexit>

r
Mj
p

<latexit sha1_base64="dhq59XEBgxgFUEODchxseepxmVY=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRJR7LLgxo1QwT6giWEynbRjJw9mboQQunbjr7hxoYhbv8Cdf+O0zUJbD9zL4Zx7mbnHTwRXYFnfRmlpeWV1rbxe2djc2t4xd/faKk4lZS0ai1h2faKY4BFrAQfBuolkJPQF6/ijy4nfeWBS8Ti6hSxhbkgGEQ84JaAlzzx0FB+ExJN3uaOo5AkUHTLB8LV3P/bMqlWzpsCLxC5IFRVoeuaX049pGrIIqCBK9WwrATcnEjgVbFxxUsUSQkdkwHqaRiRkys2np4zxsVb6OIilrgjwVP29kZNQqSz09WRIYKjmvYn4n9dLIai7OY+SFFhEZw8FqcAQ40kuuM8loyAyTYhOQP8V0yGRhIJOr6JDsOdPXiTt05p9XrNuzqqNehFHGR2gI3SCbHSBGugKNVELUfSIntErejOejBfj3fiYjZaMYmcf/YHx+QOcAptw</latexit>

�
Mj
r

<latexit sha1_base64="Xa+rtkJz3jpVp5L3GCP+x9dn24s="></latexit>

rp ± �r; rp =
nMX

j=1

r
Mj
p

nM

; �r =

"
nMX

j=1

(�
Mj
r )2

n2
M

+ �2
�M

# 1
2

.
<latexit sha1_base64="YJeQhFHzgBt2Jy53DuadzUgChHU=">AAACEXicjVDLSsNAFJ3UV62vqEs30SJ0VZKi2GXBjRuhgn1AU8tketMOnTyYuRFCyC+48VfcuFDErTt3/o3Tx0JFwQMzHM65l3vv8WLBFdr2h1FYWl5ZXSuulzY2t7Z3zN29tooSyaDFIhHJrkcVCB5CCzkK6MYSaOAJ6HiT86nfuQWpeBReYxpDP6CjkPucUdTSwKy4io8CelMbZK5ikse4+DEVkLlDEEjdw8s8H5hlp2rPYP1NymSB5sB8d4cRSwIIkQmqVM+xY+xnVCJnAvKSmyiIKZvQEfQ0DWkAqp/NLsqtY60MLT+S+oVozdSvHRkNlEoDT1cGFMfqpzcVf/N6Cfr1fsbDOEEI2XyQnwgLI2sajzXkEhiKVBOqg9C7WmxMJWWoQyz9L4R2reqcVu2rk3KjvoijSA7IEakQh5yRBrkgTdIijNyRB/JEno1749F4MV7npQVj0bNPvsF4+wQdoZ5r</latexit>

�2
�M

standard deviation 

of       distribution 

<latexit sha1_base64="EScpbXsemOdpcx4sGJ1auLjJ95s=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEscuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOiaJlB</latexit>

r
Mj
p



Another simple example: f(x) = x

I we use 3 input points for the
SPM

I can we reconstruct the
function?

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input

7

SPM 
SMOOTHING

elementary (functions) examples

Another simple example: f(x) = x

I 3 input points are needed to
reconstruct f(x) = x

I with 15 digits precision one
obtains for example

f(x) =
22 + 1.8 · 1015x
1.8 · 1015 � x

⇡ x

● ● ●
●●

-10 -5 0 5 10
-10

-5

0

5

10

x

f(x
)

f(x)=x
Input
SPM

8

Another example: f(x) = ex

I we use 11 input points

I can we reconstruct the
function?

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input

9

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10
0

5000

10000

15000

20000

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

f(x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

10

Another example: f(x) = ex

●●●●●●●●●●●

●●

-10 -5 0 5 10 15 20-1×106

-500000

0

500000

1×106

x

f(x
)

f(x)=exp(x)
Input
SPM

I for 11 input points we obtain

CN (x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

11

AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
y1
1+

a1(x� x1)

1+

a2(x� x2)

1+
· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

IN THE PRESENCE OF ERRORS?

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work

requires smoothing with roughness penalty: 


seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant 

of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

Reinsch, NM 10 (1967)

optimal smoothing parameter determined via 
generalised cross validation 

Craven and Wahba, NM 31 (1978)

LARGE DATASETS
randomly choose                        points 


reduce (binomial) number of interpolators 
introducing physical constraints 


(absence of poles)

<latexit sha1_base64="nb7ujUPHrWywIvJio1GOtZ5bD30=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmpSKvbgoeDFi1LBfkAbyma7aZduNmF3I9TQX+LFgyJe/Sne/Ddu2xy09cHA470ZZub5MWdKO863lVtb39jcym8Xdnb39ov2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74eua3H6lULBIPehJTL8RDwQJGsDZS3y5Wr257nCqlWIjuzit9u+SUnTnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzg+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDmpcyESeaCrJYFCQc6QjNUkADJinRfGIIJpKZWxEZYYmJNlkVTAju8surpFUpuxdl575aqteyOPJwDCdwBi5cQh1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnDz9WkiM=</latexit>

4 < M . N/2

Chen et al., PRD 99 (2019)

use bootstrap procedure to generate replicas 
accounting for statistical errors in data when 

extrapolating

SPM proton radius 
extraction

<latexit sha1_base64="wE/rz/hUHtHUU72j98jRod0FBEc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElEscuCG1dSwT6gCWEynbRDJ5kwMxFD6He48VfcuFDEnbjxb5ymWdjWAxcO59zLvff4MaNSWdaPsbK6tr6xWdoqb+/s7u2bB4cdyROBSRtzxkXPR5IwGpG2ooqRXiwICn1Guv74eup3H4iQlEf3Ko2JG6JhRAOKkdKSZ9rVR4+epbocSYch8mjNUTwXMwcjBm8n1Tm35pkVq27lgMvELkgFFGh55pcz4DgJSaQwQ1L2bStWboaEopiRSdlJJIkRHqMh6WsaoZBIN8tfm8BTrQxgwIWuSMFc/TuRoVDKNPR1Z4jUSC56U/E/r5+ooOFmNIoTRSI8WxQkDCoOpznBARUEK5ZqgrCg+laIR0ggrHSaZR2CvfjyMumc1+3LunV3UWk2ijhK4BicgCqwwRVoghvQAm2AwRN4AW/g3Xg2Xo0P43PWumIUM0dgDsb3L2eRn88=</latexit>

(xi, yi,�i) ! (xi,N (yi,�i))

e−

e−

P
P

γ

Four ep scattering datasets:

PRad @ 1.1 (N=33), 2.2 [GeV] (N=38), 


and combined (N=71)

A1 collaboration @ low-Q2 (N=40)

generate 103 replicas for the given experimental central values and error

smooth each replica with associated optimal

set                                                                e 


fix      and get the first 5x103 monotonic SPM interpolators for each replica

determine the replicas’ proton radius (averaging over the 5x103 curves)


construct the (normal) distribution of the 103 proton radii; 

extract mean       and standard deviation       e  


 final result

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�
<latexit sha1_base64="S4WmBeh4xIqri2EjKbNaja107dk="></latexit>

{Mj = 5 + j | j = 1, . . . , nM ; nM = 12}
<latexit sha1_base64="4KfyIzoJgvljTjVLNPsIxn9PRoU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kWoaD+gDWWznbRrN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqd+6wmV5rF8MOME/YgOJA85o8ZK97e9x16p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJqz6GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmecW7rLh3F+VaNY+jAMdwAmfgwRXU4Abq0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8AHuKNqA==</latexit>

Mj

<latexit sha1_base64="EScpbXsemOdpcx4sGJ1auLjJ95s=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEscuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOiaJlB</latexit>

r
Mj
p

<latexit sha1_base64="dhq59XEBgxgFUEODchxseepxmVY=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRJR7LLgxo1QwT6giWEynbRjJw9mboQQunbjr7hxoYhbv8Cdf+O0zUJbD9zL4Zx7mbnHTwRXYFnfRmlpeWV1rbxe2djc2t4xd/faKk4lZS0ai1h2faKY4BFrAQfBuolkJPQF6/ijy4nfeWBS8Ti6hSxhbkgGEQ84JaAlzzx0FB+ExJN3uaOo5AkUHTLB8LV3P/bMqlWzpsCLxC5IFRVoeuaX049pGrIIqCBK9WwrATcnEjgVbFxxUsUSQkdkwHqaRiRkys2np4zxsVb6OIilrgjwVP29kZNQqSz09WRIYKjmvYn4n9dLIai7OY+SFFhEZw8FqcAQ40kuuM8loyAyTYhOQP8V0yGRhIJOr6JDsOdPXiTt05p9XrNuzqqNehFHGR2gI3SCbHSBGugKNVELUfSIntErejOejBfj3fiYjZaMYmcf/YHx+QOcAptw</latexit>

�
Mj
r

<latexit sha1_base64="Xa+rtkJz3jpVp5L3GCP+x9dn24s="></latexit>

rp ± �r; rp =
nMX

j=1

r
Mj
p

nM

; �r =

"
nMX

j=1

(�
Mj
r )2

n2
M

+ �2
�M

# 1
2

.
<latexit sha1_base64="YJeQhFHzgBt2Jy53DuadzUgChHU=">AAACEXicjVDLSsNAFJ3UV62vqEs30SJ0VZKi2GXBjRuhgn1AU8tketMOnTyYuRFCyC+48VfcuFDErTt3/o3Tx0JFwQMzHM65l3vv8WLBFdr2h1FYWl5ZXSuulzY2t7Z3zN29tooSyaDFIhHJrkcVCB5CCzkK6MYSaOAJ6HiT86nfuQWpeBReYxpDP6CjkPucUdTSwKy4io8CelMbZK5ikse4+DEVkLlDEEjdw8s8H5hlp2rPYP1NymSB5sB8d4cRSwIIkQmqVM+xY+xnVCJnAvKSmyiIKZvQEfQ0DWkAqp/NLsqtY60MLT+S+oVozdSvHRkNlEoDT1cGFMfqpzcVf/N6Cfr1fsbDOEEI2XyQnwgLI2sajzXkEhiKVBOqg9C7WmxMJWWoQyz9L4R2reqcVu2rk3KjvoijSA7IEakQh5yRBrkgTdIijNyRB/JEno1749F4MV7npQVj0bNPvsF4+wQdoZ5r</latexit>

�2
�M

standard deviation 

of       distribution 

<latexit sha1_base64="EScpbXsemOdpcx4sGJ1auLjJ95s=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEscuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOiaJlB</latexit>

r
Mj
p

?



SPM 
SMOOTHING

AND

VALIDATION

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it



SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it



SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it



SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
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RMSE independent from generator
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PRad (3), A1 low-Q2 (1)
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does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it



SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
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RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
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RMSE independent from generator
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DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it



SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS
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�rp = rp � r⇤p
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RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
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RMSE independent from generator
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PRad (3), A1 low-Q2 (1)
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DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
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RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
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DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)

generators

replicas/kinematic

interpolators/replica

Mj

4
9

1,000
5,000

12

2,160,000,000total interpolators
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DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)

generators

replicas/kinematic

interpolators/replica

Mj
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<latexit sha1_base64="NfqYZ3Irn7Uaoc+APwu/1+jbd6g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEtMuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOivJlC</latexit>

r
Mj
p

<latexit sha1_base64="NfqYZ3Irn7Uaoc+APwu/1+jbd6g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEtMuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOivJlC</latexit>

r
Mj
p

1k 1k 1k 1k

5k

5k

DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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SPM 
SMOOTHING

AND

VALIDATION

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)

generators

replicas/kinematic

interpolators/replica

Mj
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<latexit sha1_base64="NfqYZ3Irn7Uaoc+APwu/1+jbd6g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEtMuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOivJlC</latexit>
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5k

DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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rp [fm]

Bi
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co
un

tin
g

build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)

generators

replicas/kinematic

interpolators/replica

Mj

4
9

1,000
5,000

12

2,160,000,000total interpolators

×

×

×

×

=

A

does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

! rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS
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�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r
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RMSE =
q

�r2p + �2
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bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)

generators

replicas/kinematic

interpolators/replica

Mj

4
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does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

! rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)
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build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)
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interpolators/replica
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does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it



does it really work?

is it robust?


If you want to disprove large radius, 
show you can replicate it
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PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

! rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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rp [fm]
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build elastic form factor replicas of known radius r*p

 functional forms (3): monopole, dipole, Gaussian 
parametrisations of experimental data (5)

“real-world” calculations (1)
Yan et al., PRC 98 (2018)

GEp GENERATORS
Use generators from a variety of models

CHECKS

<latexit sha1_base64="Xfny+HsN63nY1Su9zznXHQCjY4c=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEESyJKHYjFNy4rGAf0MYwmUzaoZNJmJkINRR/xY0LRdz6H+78G6ePhYqCBw4czrmXezlBypnSjvNhFebmFxaXisulldW19Q17c6upkkwS2iAJT2Q7wIpyJmhDM81pO5UUxwGnrWBwMc5bt1QqlohrPUypF+OeYBEjWBvLt3e6IeUaI+mn54ZHhjeHvl12K84E6G9Rhhnqvv3eDROSxVRowrFSHddJtZdjqRnhdFTqZoqmmAxwj3aMFDimyssn34/QvnFCFCXSUGg0cb9u5DhWahgHZjLGuq9+ZmPzt6yT6ajq5UykmaaCTA9FGUc6QeMqUMgkJZoPjcBEMvMrIn0sMdGmsNL/SmgeV9zTinN1Uq5VZ3UUYRf24ABcOIMaXEIdGkDgDh7gCZ6te+vRerFep6MFa7azDd9gvX0CpqiUqw==</latexit>

�rp = rp � r⇤p
<latexit sha1_base64="LZl2ooL+SR6pmLG0UGihGOTFKxI=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmIckS5id9CZDZmaXmVkhLPkKLx4U8ernePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHXSXc/woaR9TfrlSlD15yB/kwos0eiX33uDhGUSlWWCGtMN/NSGOdWWM4HTUi8zmFI2pkPsOqqoRBPm84On5MQpAxIn2pWyZK5+ncipNGYiI9cpqR2Zn95M/M3rZjauhTlXaWZRscWiOBPEJmT2PRlwjcyKiSOUae5uJWxENWXWZVT6Xwits2pwUfVvziv12jKOIhzBMZxCAJdQh2toQBMYSHiAJ3j2tPfovXivi9aCt5w5hG/w3j4Bg72QLw==</latexit>�r

<latexit sha1_base64="s8z6G9aeWxzuC5hzzM3njmJDkEY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0UQlJIWxW6EgghuhProA5o0TCbTduhMEmduhBLyE278FTcuFHEruPNvTB8LFQUPXDiccy/33uOGgmswzQ8jMzM7N7+QXcwtLa+sruXXNxo6iBRldRqIQLVcopngPqsDB8FaoWJEuoI13cHJyG/eMqV54F/DMGS2JD2fdzklkEpOft+SBPpKxpfnV6fJsaVvFMSWxwQQrJywU96zNO9J4qhOOXHyhVLRHAP/TQpoipqTf7e8gEaS+UAF0bpdMkOwY6KAU8GSnBVpFhI6ID3WTqlPJNN2PP4qwTup4uFuoNLyAY/VrxMxkVoPpZt2jn7QP72R+JvXjqBbsWPuhxEwn04WdSOBIcCjiLDHFaMghikhVPH0Vkz7RBEKaZC5/4XQKBdLh0Xz4qBQrUzjyKIttI12UQkdoSo6QzVURxTdoQf0hJ6Ne+PReDFeJ60ZYzqzib7BePsEuRyfHw==</latexit>

RMSE =
q

�r2p + �2
r

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of rp distribution 

robustness of rp extraction  

∀

rp extraction robust if  
<latexit sha1_base64="O4yTOoaeTk8zZyLd6UnlmRQGp3k=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFHvwUPDisYKthSaEzWbbLt1Nwu5GKGnBv+LFgyJe/R3e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJGdECvKWUxbmmlOO6mkWIScPoTDm6n/8EilYkl8r0cp9QXux6zHCNZGCuyjsRdRrjGSQTq+9hTrCxzIwK46NWcGtEzcglShQDOwv7woIZmgsSYcK9V1nVT7OZaaEU4nFS9TNMVkiPu0a2iMBVV+Pjt/gk6NEqFeIk3FGs3U3xM5FkqNRGg6BdYDtehNxf+8bqZ7dT9ncZppGpP5ol7GkU7QNAsUMUmJ5iNDMJHM3IrIAEtMtEmsYkJwF19eJu3zmntZc+4uqo16EUcZjuEEzsCFK2jALTShBQRyeIZXeLOerBfr3fqYt5asYuYQ/sD6/AFTw5Ww</latexit>

|�rp| < �r

RMSE independent from generator

experimental kinematics:

PRad (3), A1 low-Q2 (1)

generators

replicas/kinematic

interpolators/replica

Mj

4
9

1,000
5,000

12

2,160,000,000total interpolators

×

×

×

×

=

SPM is ROBUST✓
✓

A

CB



Proton 
SPM RADIUS



Proton 
SPM RADIUS

1 PRad DATA
lowest yet achieved 


momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams

1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]



Proton 
SPM RADIUS

1 PRad DATA
lowest yet achieved 


momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams

1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
extends toward low-Q2 

<latexit sha1_base64="qQUk7P+vj6n2BTQLxfYSwrWmOqo=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAg2rruJYsqAhZYJmAdkN2F2cpMMmX0wMyuEJX9h46/YWChiq51/42ySQhMPDBzOuZc59/gxZ1LZ9rexsrq2vrGZ28pv7+zu7ZsHhw0ZJYJCnUY8Ei2fSOAshLpiikMrFkACn0PTH91kfvMBhGRReK/GMXgBGYSszyhRWuqaVskqu4oFIB27k56XJi4HXOsU8UXbDYgaiiC9hUanOPEyw+maBduyp8DLxJmTApqj2jW/3F5EkwBCRTmRsu3YsfJSIhSjHCZ5N5EQEzoiA2hrGhKdxEund03wqVZ6uB8J/UKFp+rvjZQEUo4DX09mWeWil4n/ee1E9cteysI4URDS2Uf9hGMV4awk3GMCqOJjTQgVTGfFdEgEoUpXmdclOIsnL5NG0XKuLLt2WaiU53Xk0DE6QWfIQdeogu5QFdURRY/oGb2iN+PJeDHejY/Z6Iox3zlCf2B8/gC3Yp3B</latexit>

3.8⇥ 10�3  Q2/[GeV2]  1

use first 40 low-Q2 data 
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

all data yield
<latexit sha1_base64="M1XlwDTdfjpCGO7Eo03WS/mEi7U=">AAACKXicbVDLSsNAFJ34rPVVdelmsAiuSiKWdiNU3LisYB/QxDCZTuzQmSTM3Agl5Hfc+CtuFBR16484fShqPTBwOOdc5t4TJIJrsO03a2FxaXlltbBWXN/Y3Nou7ey2dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTD87HfuWVK8zi6glHCPEluIh5ySsBIfqmhrrPMlQQGSmZnTp7nfnJqV+rVmptIu2IfO/63rYFAnru49yWEMvf8UtnEJsDzxJmRMpqh6Zee3H5MU8kioIJo3XPsBLyMKOBUsLzoppolhA7JDesZGhHJtJdNLs3xoVH6OIyVeRHgifpzIiNS65EMTHK8o/7rjcX/vF4KYd3LeJSkwCI6/ShMBYYYj2vDfa4YBTEyhFDFza6YDogiFEy5RVOC8/fkedI+rjjVin15Um7UZ3UU0D46QEfIQTXUQBeoiVqIojv0gJ7Ri3VvPVqv1vs0umDNZvbQL1gfn0WJp0A=</latexit>

rA1
p = 0.857± 0.021stat [fm]



Proton 
SPM RADIUS

rp [fm]

1 PRad DATA
lowest yet achieved 


momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams

1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
extends toward low-Q2 

<latexit sha1_base64="qQUk7P+vj6n2BTQLxfYSwrWmOqo=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAg2rruJYsqAhZYJmAdkN2F2cpMMmX0wMyuEJX9h46/YWChiq51/42ySQhMPDBzOuZc59/gxZ1LZ9rexsrq2vrGZ28pv7+zu7ZsHhw0ZJYJCnUY8Ei2fSOAshLpiikMrFkACn0PTH91kfvMBhGRReK/GMXgBGYSszyhRWuqaVskqu4oFIB27k56XJi4HXOsU8UXbDYgaiiC9hUanOPEyw+maBduyp8DLxJmTApqj2jW/3F5EkwBCRTmRsu3YsfJSIhSjHCZ5N5EQEzoiA2hrGhKdxEund03wqVZ6uB8J/UKFp+rvjZQEUo4DX09mWeWil4n/ee1E9cteysI4URDS2Uf9hGMV4awk3GMCqOJjTQgVTGfFdEgEoUpXmdclOIsnL5NG0XKuLLt2WaiU53Xk0DE6QWfIQdeogu5QFdURRY/oGb2iN+PJeDHejY/Z6Iox3zlCf2B8/gC3Yp3B</latexit>

3.8⇥ 10�3  Q2/[GeV2]  1

use first 40 low-Q2 data 
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

all data yield
<latexit sha1_base64="M1XlwDTdfjpCGO7Eo03WS/mEi7U=">AAACKXicbVDLSsNAFJ34rPVVdelmsAiuSiKWdiNU3LisYB/QxDCZTuzQmSTM3Agl5Hfc+CtuFBR16484fShqPTBwOOdc5t4TJIJrsO03a2FxaXlltbBWXN/Y3Nou7ey2dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTD87HfuWVK8zi6glHCPEluIh5ySsBIfqmhrrPMlQQGSmZnTp7nfnJqV+rVmptIu2IfO/63rYFAnru49yWEMvf8UtnEJsDzxJmRMpqh6Zee3H5MU8kioIJo3XPsBLyMKOBUsLzoppolhA7JDesZGhHJtJdNLs3xoVH6OIyVeRHgifpzIiNS65EMTHK8o/7rjcX/vF4KYd3LeJSkwCI6/ShMBYYYj2vDfa4YBTEyhFDFza6YDogiFEy5RVOC8/fkedI+rjjVin15Um7UZ3UU0D46QEfIQTXUQBeoiVqIojv0gJ7Ri3VvPVqv1vs0umDNZvbQL1gfn0WJp0A=</latexit>

rA1
p = 0.857± 0.021stat [fm]

PROTON RADIUS PUZZLE SETTLED?

CODATA 2014

ep scattering

H spectroscopy

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy

H spectroscopy

PRad

H Lamb shift

H spectroscopy

μD spectroscopy

���� ���� ���� ���� ���� ���� ����

SPM [PRad] 

SPM [A1, low-Q2] 
N. Bezginov et al., Science 365, 1007 (2019)

P. J. Mohr et al. Rev. Mod. Phys. 88, 035009 (2016)

A. Antognini et al., Science 339, 417 (2013)

R. Pohl et al., Nature 466, 213 (2010)

A. Beyer et al., Science 358, 79 (2017)

ep average from P. J. Mohr et al. Rev. Mod. Phys. 88, 

035009 (2016)

H spectroscpopy average from P. J. Mohr et al. 

Rev. Mod. Phys. 88, 035009 (2016)

H. Fleurbaey et al., Phys. Rev. Lett. 120, 183001 (2018)

J. Bernauer et al., Phys. Rev. Lett. 105, 242001 (2010) 

W. Xiong et al., Nature 575, 147 (2019)

A. Grinin et al., Science 370, 1061 (2020)

R. Pohl et al., Science 353, 669 (2016)
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NA7 DATA1 only data amenable

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26



Pion 
SPM RADIUS

PDG 20 (average) [A]

ESCHRICH 01 [B]
AMENDOLIA 86 [C]
DALLY 82 [D]
COLANGELO 19 [E]
ANANTHANARAYAN 17 [F]

HANHART 17 [G]

LIESENFELD 99 [H]
BIJNENS 98 [I]
AMENDOLIA 84 [J]
BEBEK 78 [K]
QUENZER 78 [L]
ADYLOV 77 [M]
BARDIN 77 [N]
DALLY 77 [O]

SPM [C] 

SPM [J] 
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NA7 DATA1 only data amenable

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26
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<latexit sha1_base64="hqVB3Q5+9nQL/J8vZWSJzJBOE5Y=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQqte4KblxWsA9oQplMJ+3QmSTM3Agl5Cfc+CtuXCjiVnDn3zhpK2jrgYHDOecy9x4/FlyDbX9ZS8srq2vrhY3i5tb2zm5pb7+lo0RR1qSRiFTHJ5oJHrImcBCsEytGpC9Y2x9d5377ninNo/AOxjHzJBmEPOCUgJF6pVO7Uj2vubG0K7Z91UtdSWCoZKqBQJa5uPsjBDLzeqVyHsuBF4kzI2U0Q6NX+nT7EU0kC4EKonXXsWPwUqKAU8GyoptoFhM6IgPWNTQkkmkvnVyV4WOj9HEQKfNCwBP190RKpNZj6ZtkvqOe93LxP6+bQFDzUh7GCbCQTj8KEoEhwnlFuM8VoyDGhhCquNkV0yFRhIIpsmhKcOZPXiSts4pTrdi3F+V6bVZHAR2iI3SCHHSJ6ugGNVATUfSAntALerUerWfrzXqfRpes2cwB+gPr4xtgc55h</latexit>

0.638± 0.009stat [fm]

<latexit sha1_base64="SExy+c6dpDQhZrGmtovkWz4+njU=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4kDJTSq27ghuXFewDOkPJpJk2NJkZkjtCGeYn3Pgrblwo4lZw59+YPgRtPRA4nHMuuff4seAabPvLyq2tb2xu5bcLO7t7+wfFw6O2jhJFWYtGIlJdn2gmeMhawEGwbqwYkb5gHX98PfU790xpHoV3MImZJ8kw5AGnBIzUL17Y5Vr1yo2lXbadSj91JYGRkqkGAlnm4t6PEMjM6xdLJjYDXiXOgpTQAs1+8dMdRDSRLAQqiNY9x47BS4kCTgXLCm6iWUzomAxZz9CQSKa9dHZVhs+MMsBBpMwLAc/U3xMpkVpPpG+S0x31sjcV//N6CQR1L+VhnAAL6fyjIBEYIjytCA+4YhTExBBCFTe7YjoiilAwRRZMCc7yyaukXSk7tbJ9Wy016os68ugEnaJz5KBL1EA3qIlaiKIH9IRe0Kv1aD1bb9b7PJqzFjPH6A+sj29Z+Z5d</latexit>

0.649± 0.012stat [fm]

<latexit sha1_base64="SaDNU7efVBnjLjsa9EIJAFaVj2k=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4ChOpte4KblxWsA9oQplMJ+3QmSTMTIQSunHjr7hxoYhb/8Gdf+OkzUJbD1w4nHMv994TJJwpjdC3tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QTjm9zvPFCpWBzd60lCfYGHEQsZwdpIffsEObXLay8RyEGo6sGeJ7AeSZGFYur37Uou54DLxC1IBRRo9u0vbxCTVNBIE46V6rko0X6GpWaE02nZSxVNMBnjIe0ZGmFBlZ/NvpjCM6MMYBhLU5GGM/X3RIaFUhMRmM78RrXo5eJ/Xi/VYd3PWJSkmkZkvihMOdQxzCOBAyYp0XxiCCaSmVshGWGJiTbBlU0I7uLLy6R94bg1B91VK416EUcJHINTcA5ccAUa4BY0QQsQ8AiewSt4s56sF+vd+pi3rljFzBH4A+vzB7bjls8=</latexit>

0.659± 0.004 [fm]



Deuteron 
SPM RADIUS

1 No LOW-Q2 DATA YET
projected DRad measurements 

<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

bin-to-bin uncertainties: 0.02%—0.07% (statistical) 
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Parker (c.1)
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SOG (d.1)
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Monopole (f.1)

Dipole (f.2)

Gaussian (f.3)
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Quadratic (g.1)

Cubic (g.2)
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𝛿 rD [fm]

DRad combined

Proton 
SPM RADIUS

1 PRad DATA
<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

Pion 
SPM RADIUS

NA7 DATA1
<latexit sha1_base64="CKNd6EeQz4RWVNqnXOx/ime7Ubo=">AAACLXicjVBNS8NAFNz4WetX1KOXxSJ4MSQitR6Eih48SQVrC00Mm+1Gl+4mYfdFKCF/yIt/RQQPFfHq3zCtVVQUHFgYZubx3k6QCK7BtgfGxOTU9Mxsaa48v7C4tGyurF7oOFWUNWksYtUOiGaCR6wJHARrJ4oRGQjWCnpHQ791w5TmcXQO/YR5klxFPOSUQCH55rG6zFxJ4FrJ7PRwb7tWzXPfTfiBbVV3991E2pbt7PifGQ0E8tzFnQ8hlLnnmxXHskfAf5MKGqPhmw9uN6apZBFQQbTuOHYCXkYUcCpYXnZTzRJCe+SKdQoaEcm0l41+m+PNQuniMFbFiwCP1K8TGZFa92VQJIc36p/eUPzN66QQ1ryMR0kKLKLvi8JUYIjxsDrc5YpREP2CEKp4cSum10QRCkXB5f+VcLFjOVXLPtut1GvjOkpoHW2gLeSgPVRHJ6iBmoiiW3SPBujJuDMejWfj5T06YYxn1tA3GK9vNwSoJw==</latexit>

rNA7�86
⇡ = 0.649± 0.012stat [fm]

<latexit sha1_base64="muFpQVi5YhjioJ7uLJju2pz+vgA=">AAACLXicjVBNS8NAFNz4WetX1aOXxSJ4saQqth6Eih48SQVrC00Mm+1GF3eTsPsilJA/5MW/IoKHinj1b7ipVVQUHFgYZubx3o4fC67BtgfW2PjE5NR0YaY4Oze/sFhaWj7XUaIoa9FIRKrjE80ED1kLOAjWiRUj0hes7V8f5n77hinNo/AM+jFzJbkMecApASN5pSN1kTqSwJWS6clBbbO+k2WeE/N9u7K7XXdiaVdse8/7zGggkGUO7n4Igcxcr1SumlgO/DcpoxGaXunB6UU0kSwEKojW3aodg5sSBZwKlhWdRLOY0GtyybqGhkQy7abD32Z43Sg9HETKvBDwUP06kRKpdV/6JpnfqH96ufib100gqLspD+MEWEjfFwWJwBDhvDrc44pREH1DCFXc3IrpFVGEgim4+L8Szrcq1d2KfbpTbtRHdRTQKlpDG6iKaqiBjlETtRBFt+geDdCTdWc9Ws/Wy3t0zBrNrKBvsF7fADoQqCk=</latexit>

rNA7�84
⇡ = 0.638± 0.009stat [fm]

Deuteron 
SPM RADIUS

1
projected DRad measurements 

<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

bin-to-bin uncertainties: 0.02%—0.07% (statistical) 
and 0.06%—0.16% (systematic)

rπ [fm]


