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Universal behaviour 

Universal critical behaviour guides our thinking on the QCD phase diagram. 
Often considered in the vicinity of the chiral critical point.
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Pseudocritical Temperature

The order parameter: RG invariant combination of light and strange chiral condensate
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Pseudocritical Temperature
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Figure 1: Left: Chiral order parameter C⌃
0 (T ) = ⌃(T, µB,Q,S = 0). The inset shows derivative of C⌃

0 with respect to temperature T . Middle:
Disconnected chiral susceptibility C�

0 (T ) ⌘ �(T, µB,Q,S = 0). Right: Susceptibility, �⌃(T, µB,Q,S = 0), of the chiral order parameter.

150

155

160

165

170

N
⌧ =

1

N
⌧ =

16

N
⌧ =

12

N
⌧ =

8

N
⌧ =

6

Tc(0) [MeV]

1/N2
⌧

�⌃

C�

0

C⌃
0

C⌃
2

C�

2

(156.5± 1.5) MeV

Figure 2: Continuum extrapolations of pseudo-critical temperatures
Tc(0) ⌘ Tc(µB,Q,S = 0), defined using criteria listed in Eq. (7). The
solid gray band depicts the continuum-extrapolated result Tc(0) =
(156.5± 1.5) MeV (see text for details).

each case, the gauge field configurations were separated by
10 rational hybrid Monte-Carlo trajectories of unit length.
The fermionic operators were calculated using the stan-
dard stochastic estimator technique; more details about
these computations can be found in Ref. [10].

As discussed in Sec. 2.3, determinations of Tc(0), X
2

and 
X
4 involve computing derivatives of the basic chiral

observables and their Taylor coe�cients with respect to
the temperature. To compute these derivatives, we in-
terpolated the basic observables in T between the com-
puted data via the following procedure. For each observ-
able several [m,n] Padé approximants were used for N

(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Padé approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1� statistical error of that data. The
final T -interpolation for each observable was obtained by
weighted averaging over all the Padé approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the required T -derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-

cretization errors are of the type a
2
/ 1/N2

⌧ . Extrapola-
tions to the continuum limit a ! 0 were carried out by
fitting data at di↵erent N⌧ to a function linear in 1/N2

⌧

and extrapolating it to N⌧ ! 1 limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N2

⌧ -fits were satisfactory. To check the
systematics of our continuum extrapolations, we used fits
including higher order 1/N4

⌧ corrections, as well as car-
ried out the extrapolation procedure using an alternative
T -scale determined using the Sommer parameter r1; all
results were found to be consistent within our errors [10].

4. Results

4.1. Zero chemical potential: Tc(0)

In Figs. 1 and 3, we show all observables used for the
determination of pseudo-critical temperatures as defined
in Eq. (7) for lattices with N⌧=6, 8, 12, and 16. The re-
sults of the temperature interpolations, obtained following
the procedure described in Sec. 3, are shown by the cor-
responding solid bands. Using the interpolated results,
and applying the definitions in Eq. (7), we obtained 5
values of Tc(0) for N⌧=6, 8, and 12. These results are
shown in Fig. 2. Since we have not computed C

⌃
2 and

C
�
2 for N⌧=16, we only show results for the other 3 def-

initions of Tc(0). On coarser lattices, di↵erent definitions
resulted in di↵erent values of Tc(0). These di↵erences pro-
gressively reduce with increasingly finer lattice spacing.
Results of Tc(0) for each of the definitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 definitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our final result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156.5 ± 1.5) MeV. It is an interesting fact
that continuum results for di↵erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T 0

c [12] is significantly di↵erent from Tc(0),
then, based on the scaling properties of TG,�

c (0), it is nat-
ural to expect more dispersion among the values of Tc(0).
Coincidence of di↵erent pseudo-critical temperatures for
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each case, the gauge field configurations were separated by
10 rational hybrid Monte-Carlo trajectories of unit length.
The fermionic operators were calculated using the stan-
dard stochastic estimator technique; more details about
these computations can be found in Ref. [10].

As discussed in Sec. 2.3, determinations of Tc(0), X
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and 
X
4 involve computing derivatives of the basic chiral

observables and their Taylor coe�cients with respect to
the temperature. To compute these derivatives, we in-
terpolated the basic observables in T between the com-
puted data via the following procedure. For each observ-
able several [m,n] Padé approximants were used for N

(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Padé approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1� statistical error of that data. The
final T -interpolation for each observable was obtained by
weighted averaging over all the Padé approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the required T -derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-

cretization errors are of the type a
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⌧ . Extrapola-
tions to the continuum limit a ! 0 were carried out by
fitting data at di↵erent N⌧ to a function linear in 1/N2

⌧

and extrapolating it to N⌧ ! 1 limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N2

⌧ -fits were satisfactory. To check the
systematics of our continuum extrapolations, we used fits
including higher order 1/N4

⌧ corrections, as well as car-
ried out the extrapolation procedure using an alternative
T -scale determined using the Sommer parameter r1; all
results were found to be consistent within our errors [10].

4. Results
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sults of the temperature interpolations, obtained following
the procedure described in Sec. 3, are shown by the cor-
responding solid bands. Using the interpolated results,
and applying the definitions in Eq. (7), we obtained 5
values of Tc(0) for N⌧=6, 8, and 12. These results are
shown in Fig. 2. Since we have not computed C

⌃
2 and

C
�
2 for N⌧=16, we only show results for the other 3 def-

initions of Tc(0). On coarser lattices, di↵erent definitions
resulted in di↵erent values of Tc(0). These di↵erences pro-
gressively reduce with increasingly finer lattice spacing.
Results of Tc(0) for each of the definitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 definitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our final result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156.5 ± 1.5) MeV. It is an interesting fact
that continuum results for di↵erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T 0

c [12] is significantly di↵erent from Tc(0),
then, based on the scaling properties of TG,�

c (0), it is nat-
ural to expect more dispersion among the values of Tc(0).
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each case, the gauge field configurations were separated by
10 rational hybrid Monte-Carlo trajectories of unit length.
The fermionic operators were calculated using the stan-
dard stochastic estimator technique; more details about
these computations can be found in Ref. [10].

As discussed in Sec. 2.3, determinations of Tc(0), X
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and 
X
4 involve computing derivatives of the basic chiral

observables and their Taylor coe�cients with respect to
the temperature. To compute these derivatives, we in-
terpolated the basic observables in T between the com-
puted data via the following procedure. For each observ-
able several [m,n] Padé approximants were used for N

(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Padé approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1� statistical error of that data. The
final T -interpolation for each observable was obtained by
weighted averaging over all the Padé approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the required T -derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-

cretization errors are of the type a
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/ 1/N2

⌧ . Extrapola-
tions to the continuum limit a ! 0 were carried out by
fitting data at di↵erent N⌧ to a function linear in 1/N2

⌧

and extrapolating it to N⌧ ! 1 limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N2

⌧ -fits were satisfactory. To check the
systematics of our continuum extrapolations, we used fits
including higher order 1/N4

⌧ corrections, as well as car-
ried out the extrapolation procedure using an alternative
T -scale determined using the Sommer parameter r1; all
results were found to be consistent within our errors [10].

4. Results

4.1. Zero chemical potential: Tc(0)

In Figs. 1 and 3, we show all observables used for the
determination of pseudo-critical temperatures as defined
in Eq. (7) for lattices with N⌧=6, 8, 12, and 16. The re-
sults of the temperature interpolations, obtained following
the procedure described in Sec. 3, are shown by the cor-
responding solid bands. Using the interpolated results,
and applying the definitions in Eq. (7), we obtained 5
values of Tc(0) for N⌧=6, 8, and 12. These results are
shown in Fig. 2. Since we have not computed C

⌃
2 and

C
�
2 for N⌧=16, we only show results for the other 3 def-

initions of Tc(0). On coarser lattices, di↵erent definitions
resulted in di↵erent values of Tc(0). These di↵erences pro-
gressively reduce with increasingly finer lattice spacing.
Results of Tc(0) for each of the definitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 definitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our final result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156.5 ± 1.5) MeV. It is an interesting fact
that continuum results for di↵erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T 0

c [12] is significantly di↵erent from Tc(0),
then, based on the scaling properties of TG,�

c (0), it is nat-
ural to expect more dispersion among the values of Tc(0).
Coincidence of di↵erent pseudo-critical temperatures for
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Critical Temperature (chiral limit)
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Critical Temperature
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Pseudocritical Temperature at nonzero μB
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Pseudocritical Temperature at nonzero μB

Universal scaling relates derivatives of M
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Curvature of the pseudo critical line depends only mildly on H 
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Freeze-out line
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A. Andronic et al., Nature 
561 (2018) 321 

A. Bazavov et al 
[HotQCD], Phys. Lett. 
B795, 15 (2019), 
arXiv:1812.08235

S. Borsanyi et al, 
arXiv: 2002.02821

<latexit sha1_base64="7rxUzhpxjBbRD8vFjWIqIvfjkKo="></latexit>

Tpc156.5 (1.5) MeV
<latexit sha1_base64="yfIJyFnuUs/xAMgmQqDNSv66dIs="></latexit>

2 = 0.012(4)
<latexit sha1_base64="Z3YXqXQwPad9F9hgU8M2+WI6jG4="></latexit>

4 = 0.00(4)

<latexit sha1_base64="oj134NthaEmEuEh30ZfaTkUIdjc="></latexit>

Tpc158.0 (0.6) MeV
<latexit sha1_base64="McSOoRN6NDfYEZcdWvJ66c95WLA="></latexit>

2 = 0.0153(18)
<latexit sha1_base64="4k3B0m6BfjArsE+iS8HpEBOenKo="></latexit>

4 = 0.00032(67)

Tpc(µB) = T 0
pc

0

@1 � B,f
2

 
µB

T 0
pc

!2

� B,f
4

 
µB

T 0
pc

!4
1

A

<latexit sha1_base64="VSoodaEfp0NKtFB1UJMdExt0SEM="></latexit>



EXPLORING HIGH-MUB MATTER WITH RARE PROBESChristian Schmidt 16

The Taylor expansion method

Cumulants of conserved charge fluctuations, can also be measured 
as event-by-event fluctuations in heavy ion collisions
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Net baryon number fluctuations diverge at the critical point
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A comparison with experimental data constrain freeze-out 
parameter
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Search for the critical point
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Cumulant ratios of conserved charge fluctuations

Christian Schmidt

Combine quark number fluctuations (        ) to obtain hadronic fluctuations (         ). �uds
ijk
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Determine strangeness (         )  and electric charge chemical (         ) potentials by 
imposing strangeness neutrality              and                        (order by order in the 
expansion).
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From the pressure expansion we readily obtain the expansions for the nth-order 
cumulants:
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Define ratios to eliminate the leading order volume dependence
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In terms of the shape parameters of the distribution we find
R12 = M/�2, R31 = S�3/M, R32 = S�, R42 = �2, . . .
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Eventually we want calculate observables along the crossover (and freeze-out) line, we 
thus need spline interpolations of our data at discrete temperature values.

Criticality in QCD and the HRG
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The expansion coefficients of the pressure 
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Results: The net baryon-number density 

Cut-off effects are negligible for                        
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Results: The net baryon-number density 

Cut-off effects are negligible for                        

RB
12
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.  

Temperature dependence is very mild. 
The curvature of the freeze-out line 
varies the temperature by less than 3 
MeV.          
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Results: The net baryon-number density 

Cut-off effects are negligible for                        

RB
12
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 the statistical error at                 for                           N⌧ = 12
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.  

Continuum extrapolation along the 
freeze-out line: good agreement with 
HRG (PDG+QM) up to                         µB  120 MeV
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Temperature dependence is very mild. 
The curvature of the freeze-out line 
varies the temperature by less than 3 
MeV.          
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Results: Skewness and kurtosis 

Skewness and kurtosis ratios        and        on (            )-lattices              RB
42
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Convergence gets worth with increasing order of the cumulant and with decreasing 
temperature.             

NLO and NNLO corrections are negative.            
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Results: Skewness and kurtosis 

Continuum estimates of         and        as function of            for various temperatures.RB
42
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Ratios drop with increasing            and with increasing temperature. 
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Results: Skewness and kurtosis 

Continuum estimates of         
and        as function of        on 
the crossover line.
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favors a freeze-out temperature 
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Results: Fifth and sixth order cumulant ratios       and  RB
51
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What about the critical point?

STAR: indication for non-monotonic 
behaviour in        for                         
with 3.0𝝈 significance [2001.02852].
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Figure 4: Ss (left panel) and ks2 (right panel) as a function of collision energy for net-proton

distributions measured in Au+Au collisions. The results are shown for central (0-5%) and periph-

eral (70-80%) collisions within 0.4 < pT (GeV/c) < 2.0 and |y| < 0.5. The error bars and caps

show statistical and systematic uncertainties, respectively. The vertical-dashed (0-5%) and dash-

dotted (70-80%) lines correspond to results from a hadron resonance gas (HRG) model 26. The

orange (0-5%) and black (70-80%) shaded bands are the results from a transport model calcula-

tion (UrQMD 33). These model calculations utilize the experimental acceptance, and incorporate

conservation laws for strong interactions, but do not include a phase transition or a critical point.

The large values of C3 and C4 for central Au+Au collisions show that the distributions have

non-Gaussian shapes, a first possible indication of enhanced fluctuations arising from a possible

critical point 15, 17. The corresponding values for peripheral collisions are small and close to zero.

For central collisions, the C1 and C3 monotonically decrease with
p

sNN, while the C2 and C4 show
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STAR, arXiv:2001.02852

Lattice: would need a reliable10th-

order calculation to see non-
monotonic behavior in       . RB

42
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Hint at the critical point?
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Resumming the Taylor series: single point Padé

Perform analytic continuation by a multi-point Padé
<latexit sha1_base64="0nPD6w6H1IbgpQ9M9tZAnLJgwD0="></latexit>
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The motivation

I It is no surprise that for some classes of functions - given
the same information - a rational function approximates better
than a polynomial. This can be seen very easily for functions
with poles, branch cuts etc.

I But an even more important motivation is the recovery of

singularities of a function using rational functions.

Padé approx [10/10]

Exact function : 2. μ+1.
μ+6.

O(40) Taylor Series

-1 0 1 2 3 4
-0.5

0.0

0.5

1.0

1.5

2.0

Re[μ]

Taylor vs Padé

◆ ◆ ◆ ◆ ◆ ◆◆◆◆● ● ● ● ● ● ●●●

◆ Zeroes of Padé
● Poles of Padé

-4 -2 0 2 4

-5

0

5

Re[μ]

Im [μ]
[10,10] Padé

Figure: Failure of Taylor series for a function with a branch cut.

S. Singh et al (Bi-Parma Collaboration), Lattice 2021

No surprise: rational functions can go beyond the radius of convergence, can be used 
to identify cuts. 

Problem: need a large number of Taylor expansion coefficients to high precision
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Analytic continuation via multi-point Padé

We can consider multiple Lattice QCD results at purely imaginary chemical potential
<latexit sha1_base64="0djfh1TnLikJvGZdMa2MUARFPbg="></latexit>

xi = iµI
B/T

<latexit sha1_base64="HMBsvA8FqEGEw7GGZxwaq+4inpM="></latexit>
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P 0
m(xi) � f 0(x)Qn(xi) � f(xi)Q

0
n(xi) = f 0(xi)

Possible Method: solve a linear system 
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Pm(xi) ≠ f (xi)Qn(xi) = f (xi)
P

Õ

m(xi) ≠ f
Õ(xi)Qn(xi) ≠ f (xi)QÕ

n(xi) = f
Õ(xi)

. . .

An example where Multi-point Padé works better than
Single point - 1D Thirring :

[15/15]Single Pade about 0

[10/10]Multi pt Padé ,μ∈[0,4]
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Figure: Left: multi-point vs single Padé approximating the function. (Middle) :
Reconstruction of the analytic poles by the multi-point Padé and Bottom (Right) :
and by the single point Padé

[FdR,KZ,SS, Phys. Rev. D 103, 034513] and [FdR,KZ : arXiv:2109.02511]

Example where the multi-point Padé works well: 1D-Thirring 

S. Singh (Bi-Parma Collaboration), MIT-Lattice colloquium, Oct. 7, 2021
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Calculations at imaginary chemical potential

Christian Schmidt

The fermion determinant stays real at imaginary chemical potential, the imaginary 
chemical potential is implemented as phases to the time linke link variables

Criticality in QCD and the HRG

Results can be analytically continued to real chemical potential

The QCD partition function is periodic in              due to the Roberge-Weiss (RW) 
symmetry, with a periodicity 

Im[µB]
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[Bonati et al, Phys. Rev. D 99, 014502 (2019)]
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FIG. 1: Sketch of the phase diagram of QCD in the T − µB,I

plane. The vertical lines are the RW transitions, the dashed
lines are the analytic continuation of the pseudo-critical line.

fermions, have shown interesting features for the RW
endpoint transition for both Nf = 2 and Nf = 3 de-
generate flavors: the transition is first order for small
quark masses, likely down to the chiral limit, second or-
der for intermediate masses, and first order again for
large quark masses; the three regions are separated by
tricritical points [38–40]; for Nf = 2 the tricritical point
delimiting the first order chiral region takes place for
mπ ! 400 MeV [40]. These results, which suggest a strict
relation of the RW endpoint transition to the chiral prop-
erties of the theory, have been confirmed by simulations
employing standard Wilson fermions, even if with indi-
cations of a strong cut-off dependence for the location of
the tricritical points: indeed, the chiral tricritical light
pion mass has been located at mπ ! 910 MeV for Nt = 4
and at mπ ! 670 MeV for Nt = 6 [49].
A systematic study adopting stout improved staggered

fermions has been reported in Ref. [46] for Nf = 2 + 1
QCD with physical quark masses, employing lattices
with Nt = 4, 6, 8 and 10, i.e. going down to lattice
spacings of the order of 0.1 fm. This has permitted
to obtain a reliable continuum extrapolation for the
endpoint transition temperature, TRW ! 208(5) MeV,
corresponding to TRW /Tc ! 1.34(7) where Tc is the
pseudo-critical chiral crossover temperature at zero
baryon chemical potential. A finite size scaling (FSS)
analysis has been performed only for Nt = 4 and 6 and
has provided evidence for a second order transition,
meaning that the chiral tricritical pion mass, if any, is
lower than the physical pion mass, mπ ! 135 MeV.

In this study we extend the analysis of the RW end-
point adopting the same improved discretization already
used in Ref. [46], exploring lower than physical quark
masses, going down to a pseudo-Goldstone pion mass of
the order of 50 MeV. Our purpose is twofold. First, in
view of the apparent strong reduction of the chiral first
order region, we would like to understand if a chiral tri-

critical pion mass can still be located. The exploration of
the QCD phase diagram at zero chemical potential, usu-
ally summarized in the so-called Columbia plot, has pro-
vided evidence for a general shrinking of the first order re-
gions as the continuum limit is approached, and presently
it is not even clear if a first order survives in the chiral
limit for the Nf = 4 or Nf = 3 case [63], where standard
universality arguments would predict it [64]. Therefore,
the fact that a first order RW endpoint transition is still
found in the chiral and continuum limit of Nf = 2 + 1
QCD is not guaranteed.

Let us say right from the beginning that the task itself
is highly non-trivial. Indeed, due to well known problems
in the lattice discretization of fermion degrees of freedom,
a reliable approach to the chiral limit is only possible if
the continuum limit is approached first [65], while keep-
ing finite size effects under control. In other words, for
a reliable investigation one should guarantee at the same
time that: i) one gets close enough to the chiral limit;
ii) one stays close enough to the continuum limit so that
the chiral properties of dynamical fermions are effective
(in the present context of staggered fermions, that means
that taste symmetry breaking is negligible and all pions
becomes effectively light); iii) the physical volume of the
system is still large enough, in particular Lmπ " 1 as
mπ → 0. Satisfying all these criteria is still an unbear-
able task, even for present computational resources.

The present study is limited to Nt = 4 lattices and
therefore represents just a small step. We anticipate
that we have not been able to detect any signal of a first
order transition down to mπ ! 50 MeV. On one hand,
one might consider this result as inconclusive for the
reasons exposed above: as we will show, our approach to
the chiral limit on Nt = 4 actually means that just one
pion mass goes to zero, while the others stay finite and
quite heavy (larger than 400 MeV), so that it is not clear
which kind of “chiral” theory one is really approaching.
Nevertheless, on the other hand, it is a striking fact that
results change so drastically with respect to earlier results
on Nt = 4 lattices [38–40] (a tricritical pion mass de-
creasing by at least one order of magnitude or vanishing
at all), by just improving the discretization of the theory.

The second purpose of our investigation is an improved
understanding of the relation between chiral and cen-
ter symmetry and the RW transition. In the massless
limit, one could expect two different transitions tem-
peratures, Tχ and TRW , along the RW chemical po-
tentials (µB = ikπT with k odd), one corresponding
to the restoration of chiral symmetry and the other to
the breaking of the remnant center symmetry. Exam-
ples where the chiral restoration transition is well decou-
pled from the center symmetry breaking transition are
well known in the literature, like for instance QCD with
fermions in the adjoint representation [66]. In this case,
results obtained at finite quark mass show that the two
transitions are generically close to each other; however
what happens in the chiral limit, where both symmetries



EXPLORING HIGH-MUB MATTER WITH RARE PROBESChristian Schmidt 30

Calculations at imaginary chemical potential

Use again (2+1) flavour of HISQ fermions at physical masses. Lattice is still course: 
. For simplicity we chose Nτ = 4,6 μq = μs = μB/3

Expected symmetries are observed 
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Free energy and analytic continuation 

Free energy develops a non-
analyticity close to the Roberge-
Weiss transition

Analytic continuation of the baryon 
number density. Without enforcing 
symmetries, the imaginary part 
states zero for μB/T < 2
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Lee-Yang Edge Singularities

From Lee-Yang (1952) and Fisher (1978) we know How zeros of the partition functions 
(poles of susceptibilities)  are expected to behave in the vicinity of a critical point. 

The can be found at a universal value of the scaling variable . They indicate the 
edge of a branch cat in the universal scaling functions.

The universal value as recently been determined from RG-study, in particular for Z(2), 
O(2) and O(4)  

z = zc

Consider universal critical 
behaviour in the vicinity of the 
Roberge-Weiss (RW), the chiral 
transition or even in the vicinity of 
the QCD critical end-point.
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Re[µB/T]
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Data points indicate our 
preliminary results on the Lee-
Yang Edge singularities

A. Connelly, G. Johnson, F. Rennecke, and V. Skokov, 
Phys. Rev. Lett. 125, 191602 (2020), arXiv:2006.12541

[cond-mat.stat-mech].
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Scaling analysis

RW-transition Z(2) Chiral transition O(4)

0.1 0.2

0.5

1.0

1.5

2.0

2.5
scaling-fit
LYE: Nø = 4

Scaling of the LYE is in accordance 
with the expected universal behaviour
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Re[µB/T ] = ±⇡

✓
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◆�� ✓TRW � T
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, (1)

Im[µB/T ] = ±⇡ , (2)

<latexit sha1_base64="Bif+OdFrUbPh8xFPEb7XsWXGbdo="></latexit>

Re[µB/T ] ⇠ Im[h]
<latexit sha1_base64="hVlOX53iL4IMTZfrCPZrKQEGpoU="></latexit>

T = 145 MeV

LEY is at  MeV is in good 
agreement with the expected 
position determined by the non-
universal parameter previously 
found by HotQCD: 

T = 145

Tc, k2, z0
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Summary and outlook

Lattice QCD calculations show a significant increase in precision for cumulant 
ratios along the crossover line in the QCD phase diagram for                      due to 
increase in the statistics and thus also the order of the expansion.            

µB/T  1.2
<latexit sha1_base64="aBCgbDMT4ebtA8XvmSddxkuCeKA="></latexit>

Presented first calculations of        and        along the crossover line.    RB
51

<latexit sha1_base64="OCW/t0W2MVKdazfqioSSCy8Ac9g="></latexit>

RB
62

<latexit sha1_base64="0Pq4ltLk+SA6UF6uIoPcYaMUibU="></latexit>

Outlook: 

‣ Need to increase statistics for (              )- and (              )-lattices further. 

‣ Investigate resummation schemes to push Taylor expansion results to larger          .    

‣ Try to follow LYE to even lower temperature. 

N⌧ = 12
<latexit sha1_base64="y4RRb9QU5+dSTIJOopNRcweODjE="></latexit>

N⌧ = 16
<latexit sha1_base64="RtLGb1mDSkFQRInQovu4w7v7w2E="></latexit>

From preliminary data at imaginary chemical potential we could identify LYE 
singularities, wich behave also in accordance with the expected universal 
behaviour

µB/T

<latexit sha1_base64="gB+nSYeOuicDLBA7T0HGWbelWlY="></latexit>

Universal critical behaviour is observed in lattice QCD data and guided our 
thinking on the QCD phase diagram

Pseudocritical and critical temperatures as well as some non-universal constants 
are known to quite some precision. 

The calculation for high order cumulants is numerical very challenging    
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Backup



EXPLORING HIGH-MUB MATTER WITH RARE PROBESChristian Schmidt

The Taylor expansion method

Compute expansion coefficients of the pressure

p

T 4
=

lnZ

T 3V
=

1X

i,j,k=0

1

i!j!k!
�BQS

ijk,0

✓
µB

T

◆i ✓µQ

T

◆j ✓µS

T

◆k
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Gavai, Gupta (2001) 
Bielefeld-Swansea (2002)

up to 4th-order in 𝝁:

⇒ much less operators to measure!

from 6th-order in 𝝁 onwards:

Notation: relevant operators are derivatives of the determinant

exponential dependence: linear dependence:

all                      for  k>1

Gavai, Sharma 2015
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Lattice setup and statistics

Use (2+1)-flavor of HISQ-fermions, with physical strange and light quark masses.

Lattices sizes are                                               , at 9 different temperature values. 323 ⇥ 8, 483 ⇥ 12, 643 ⇥ 16
<latexit sha1_base64="gZshP/yO3K08HH85efafVocv1BA="></latexit>

Statistics: Compared to our previous analysis of skewness and kurtosis [HotQCD, PRD 
96 (2017) 074510] we increased the statistics on (            )-lattices by a factor 3-4 and on 
(              )-lattices by a factor 6-8. I.e. we have now  

N⌧ = 8
<latexit sha1_base64="ur2wbv6EXVQEtld2men/XMwmwsI="></latexit>

N⌧ = 12
<latexit sha1_base64="y4RRb9QU5+dSTIJOopNRcweODjE="></latexit>

N⌧
<latexit sha1_base64="s+FKU2TngmfpA4KhXoV98gHanAQ="></latexit>

#conf.
<latexit sha1_base64="3Uctv1uilcHEaeeQSS19zmE+YNs="></latexit>

1.2 · 106
<latexit sha1_base64="B46TCvHJPBYrsAtnfYHH/wkcXIo="></latexit>

(2 � 3) · 105
<latexit sha1_base64="Y5aRxoBSgBjpVjmv99T6aLq4gz4="></latexit>

104
<latexit sha1_base64="PSKXXfFMehCsz0YjXV70VKR2cuc="></latexit>

8
<latexit sha1_base64="KC96XFvGlM7veMorouLAkp0PHH4="></latexit>

12
<latexit sha1_base64="g0Z/+6+4xxQXmD00gJhEda2hyw0="></latexit>

16
<latexit sha1_base64="bUPE8j4DQJR04oONe/8xfFke92I="></latexit>

Order of the expansion: We can now go to N3LO, compared to NLO in our previous 
study. I.e., we include 8-th order expansion coefficients of the pressure. 

Recent Calculations were performed on 
Summit, using Nvidia’s V100 GPU’s.
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Results: Fifth and sixth order cumulant ratios       and  RB
51
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RB
62
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        and        on (            )-lattices              N⌧ = 8
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Not consistent with STAR data:          

p
sNN = 200 GeV: RP

62 < 0
<latexit sha1_base64="rwVLfwaUJMAj3Jr98zGTR+ledKs="></latexit>

➡ A. Pandav@SQM19

p
sNN = 54.4 GeV: RP

62 > 0
<latexit sha1_base64="Fsz5/Tvl+fGIrSr5GLQ+Z7Yc7mQ="></latexit>

➡ Lattice QCD predictions
p
sNN
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Singularities in the complex plane

Bielefeld-Parma (preliminary)

Im
[µ

B
/
T
]
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Obtain zeros of the numerator and 
denominator

Some zeros match to high precision, 
for others its not so clear…

Zeros of the numerator
Zeros of the denominator

Zeros of the numerator
Zeros of the denominator

Re[µB/T ]
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Re[µB/T ]
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The RW-singularity seems to be 
stable

Other singularities need further 
investigations…work in progress. 

Singularities may also be understood 
in terms of the Fourier coefficients of 
the  Im[�B

1 ]
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T = TRW
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T ⇡ Tpc

<latexit sha1_base64="PPYq/ia8GQZvTmdhJjKl7UgAB98="></latexit>

[Almási et al, PRD 100, 016016 (2019)]

[Vovchenko et al, PRD 97, 114030 (2018)]

[Almási et al, PLB 793 (2019)]


