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many jets
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‣Need for precision ~ 1% EXP-TH accuracy (HIGGS very relevant)

SM

BSM

SM
BSM

Search for 
new states 
Resonances
“Descriptive TH”

Search for new
interactions 
Deviations from TH
“Precision TH”

There should be Physics BSM: search is DRIVEN BY EXPERIMENTS now
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perturbative partonic cross-section

non-perturbative parton distributions
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X
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dxa

Z
dxb fa(xa, µ
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F ) ⇥ d�̂ab(xa, xb, Q

2,↵s(µ
2
R)) +O
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Q
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‣  In the LHC era, QCD is everywhere!

a

b

H, �, Z,W

jet

‣  Require precision for perturbative and non-perturbative contribution
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PDF4LHC21

central values and uncertainties  ~ at the few percent level
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LO, NLO
NNLO, N3LO

PS

The perturbative toolkit for precision at colliders

EW Automation
LO, NLO

NNLO, N3LO…
Resummation



Soft-gluon effective coupling                                     Daniel de Florian 8

Resummation
๏ QCD based on convergence of perturbative expansion

� = C0 + ↵sC1 + ↵2
sC2 + ↵3

sC3 + ...

requires �s ⇥ 1 , Cn � O(1)

๏ Convergence spoiled when two scales are very different

In the boundaries of phase space

unbalance cancellation of infrared singularities
between real and virtual contributions

soft and collinear emission

low transverse momentum

threshold

high energy

L = | log E1

E2
| � 1

log
qT
Q

log

✓
1� Q2

ŝ

◆

log x

DY, Higgs

Higgs, HQ

DIS BFKL

Cm ⇠ Ln n ⇠ 2m

‣Need to be resumed to some logarithmic accuracy to improve
  convergence of perturbative expansion
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fixed order resummed

Higgs transverse momentum

‣Sum large log. corrections to all orders: restore convergence
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ŝ−
M

2
H
+ iM

H
ΓH

,
C!

=
1,

F!

→
2

3
,

F!
→

−
2

3
,

G!

→
0,

(15
)

with
the

tri
lin

ear
cou

pli
ng

λHHH
=

3M
2
H
/M

2
Z
.

(ii)
MSS

M:

The
cou

pli
ng

s for
the

pro
ces

ses
gg

→
φ1φ2

are
gen

eri
cal

ly
defi

ned
as

(φ,
φ i

=

h,
H,A

)
C
φ
!

=
λφ1

φ2
φ

M
2
Z

ŝ−
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pair production
in
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gluon collisions (φ,φ i =
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ŝ−
M

2
φ
+

iM
φΓφ

g
φ
t ,

C
!

=
g
φ1

t
g
φ2

t
,

(16)

where φ
denotes the Higgs particles of the s-channel contributions.

The trilinear

couplings λφ1φ2φ
and the normalized Yukawa couplings g

φ
t
can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized as:

7

φ 1

φ 2φ, Z

g

g
t, b

φ 1

φ 2

g

g
t, b

Figure 2:
Generic diagrams describing neutral Higgs-boson

pair production
in

gluon–

gluon collisions (φ,φ i =
h,H,A).

where θ is the scattering angle in the partonic c.m. system
with invariant mass Q, and

λ(x, y, z) =
(x−

y −
z)

2 −
4yz.

(13)

The integration limits

t̂±
= −

1
2

[
Q
2 −

m
2
1−

m
2
2∓
√ λ(Q

2 , m
2
1, m

2
2)
]

(14)

in Eq. (11) correspond to cos θ = ±1. The scale parameter µ is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F!, F
!, and

G
!. The full expressions of the form

factors F!, F
!, G

!, including the exact dependence

on the fermion masses, can be found in Ref. [10].

The couplings C!
and C

!

and the form
factors F!, F

!, G
!

in the heavy-quark limit

are given by:

(i) SM:
C!

=
λH

H
H

M
2
Z

ŝ−
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with the trilinear coupling λH
H
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=

3M
2
H
/M

2
Z.

(ii) MSSM:

The
couplings for the processes gg →
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are generically

defined
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,

(16)

where φ
denotes the Higgs particles of the s-channel contributions.

The trilinear

couplings λφ1φ2φ
and the normalized Yukawa couplings g

φ
t
can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized as:
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log N

log (1 −
M2

̂s ) ≡ log(1 − z)

∫
1

0
dz zN−1

• from virtual corrections and non-log soft
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Ai (αS) =
∞

∑
n=1

( αS

π )
n

A(n)
i

Di (αS) =
∞

∑
n=2

( αS

π )
n

D(n)
i

‣ Sudakov form factor (all Logs)

soft-collinear emission

soft non-collinear radiation

• process independent (and free of logs)

soft limit of 
splitting function
cusp anomalous
dimension

Pii (αS; z) =
1

1 − z
Ai (αS) + …

Δi,N (M2) = exp ∫
1

0
dz

zN−1 − 1
1 − z [2∫

(1−z)2M2

μ2
F

dq2

q2
Ai (αS (q2)) + Di (αS ((1 − z)2M2))]

factorization of 
collinear divergences
Scheme dependent

MS
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‣ qT resummation

Sc(Q, b) = exp {−∫
Q2

b2
0 /b2

dq2

q2 [Ac (αs (q2)) ln
Q2

q2
+ Bc (αs (q2))]}

• Production of a system with large invariant mass Q and qT

• Impact parameter b space (Fourier)

Ai (αS) =
∞

∑
n=1

( αS

π )
n

A(n)
i

Bi (αS) =
∞

∑
n=1

( αS

π )
n

B(n)
i

soft-collinear emission

collinear radiation (non-soft)

HF
i (αS) = 1 +

∞

∑
n=2

( αS

π )
n

HF(n)
i Hard contribution (process dependent)
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Δi,N (M2) = exp ∫
1

0
dz

zN−1 − 1
1 − z [2∫

(1−z)2M2

μ2
F

dq2

q2
Ai (αS (q2)) + Di (αS ((1 − z)2M2))]

Sc(Q, b) = exp {−∫
Q2

b2
0 /b2

dq2

q2 [Ac (αs (q2)) ln
Q2

q2
+ Bc (αs (q2))]}

‣ In both  drives soft-collinear emissionA
‣And they are the same up to second order But different origin!

 factorization (subtraction) of collinear singularities : scheme dependentMS

NO factorization of singularities : regularized by transverse momentum 

‣ Equality up to  not accidental: up to this order cut-off on  is 
  essentially equivalent to  factorization! Not true at higher orders

𝒪(α2
s ) q2

T
MS
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‣Another way to resum large logs (and more) Monte Carlo/PS

soft and collinear emission (DL accuracy) 

dwDL
i =

αS

2π
Pii(z) dz

dθ2

θ2
≃ Ci

αS

π
dz

1 − z
dq2

T

q2
T

collinear branching driven by splitting function 

‣ Intensity of soft-gluon radiation at LO given by  Ci
αS

π

z
✓

φ
1

φ
2

φ, Z

g

g

t, b

φ
1

φ
2

g

g

t, b

Figure 2:
Generic

diagrams describing neutral Higgs-boson
pair production

in
gluon–

gluon
collisions (φ,φ

i =
h,H,A).

where θ is the scattering angle in the partonic c.m. system
with invariant mass Q, and

λ(x, y, z) =
(x−

y −
z) 2

−
4yz.

(13)

The integration limits

t̂
± = − 1

2
[

Q 2
−

m 2
1 −

m 2
2 ∓ √

λ(Q 2, m 2
1 , m 2

2 )
]

(14)

in Eq. (11) correspond to cos θ = ±1. The scale parameter µ
is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F
! , F

! , and

G
! . The full expressions of the form

factors F
! , F

! , G
! , including the exact dependence

on the fermion masses, can be found in Ref. [10].

The couplings C
! and

C
! and

the form
factors F

! , F
! , G

! in
the heavy-quark

limit

are given
by:

(i) SM
:

C
!

=
λ
H

H
H

M 2
Z

ŝ−
M 2

H +
iM

H Γ
H ,

C
! =

1,

F
!

→
2

3 ,

F
! →

− 2
3 ,

G
!

→
0,

(15)

with the trilinear coupling λ
H

H
H =

3M 2
H /M 2

Z .

(ii) M
SSM

:The
couplings

for the
processes

gg →
φ
1φ

2 are
generically

defined
as

(φ,φ
i =

h,H,A)

C φ
! =

λ
φ
1φ

2φ

M 2
Z

ŝ−
M 2

φ +
iM

φΓ
φ g φ

t ,

C
! =

g φ
1t g φ

2t ,

(16)

where φ
denotes the Higgs particles of the s-channel contributions.

The trilinear

couplings λ
φ
1φ

2φ and the normalized Yukawa couplings g φ
t can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized
as:

7

φ
1

φ
2

φ, Z

g

g

t, b

φ
1

φ
2

g

g

t, b

Figure 2:
Generic

diagrams describing neutral Higgs-boson
pair production
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collisions (φ,φ
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in Eq. (11) correspond to cos θ = ±1. The scale parameter µ
is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F
! , F

! , and
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! . The full expressions of the form

factors F
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! , including the exact dependence
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! and
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for the
processes

gg →
φ
1φ

2 are
generically

defined
as

(φ,φ
i =

h,H,A)

C φ
! =

λ
φ
1φ

2φ

M 2
Z

ŝ−
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where φ
denotes the Higgs particles of the s-channel contributions.

The trilinear

couplings λ
φ
1φ

2φ and the normalized Yukawa couplings g φ
t can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized
as:

7

i

i

Ci = CF(q), CA(g)

Pii (αS; z) =
1

1 − z
Ai (αS) + …

intensity of
soft-gluon
radiation

double logarithmic
spectrum

lowest order soft-gluon effective coupling
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Ci
αS

π
→ Ci

αS (q2
T)

π

‣The resummation of soft-collinear terms at LL achieved by

coupling evaluated at  (resum)qT
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h,H,A).

where
θ is the scat
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ng angle

in the parto
nic c.m
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em

with
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rian
t mass

Q, and

λ(x, y,
z) = (x − y −

z)
2 − 4yz
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dependence on the ferm
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, and
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. The full exp
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, F!

, G!
, including the exa

ct dependence

on the ferm
ion

masse
s, can
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parti
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of the s-ch

annel con
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s. The trili

near

cou
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and the norm
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ed Yukaw
a cou
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φ
t
can
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.

The individ
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y-qu
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ŝ−M
2
H

+ iMH
ΓH

,
C!

= 1,

F!
→

2
3
,

F!
→ −

2
3
,

G!

→
0,

(15)

with
the trili

near
cou

pling λHHH
= 3M

2
H
/M

2
Z
.

(ii)
MSSM:

The cou
plings

for
the proce

sses
gg

→ φ1φ2
are

gen
eric

ally
defined

as
(φ,φi

=

h,H,A) C
φ
!

= λφ1φ2φ

M
2
Z
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A(1)
i = Ci, A(2)

i =
1
2

Ci [CA ( 67
18

−
1
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π2) −
5
9

Nf] ≡
1
2

CiK

‣Up to 2-loops, the soft-gluon effective coupling is still given by the 
  cusp anomalous dimension

• Higher orders of cusp known

‣ But, cusp=soft coupling beyond 2-loops?      Can no hold in general

• Need all order definition for soft effective coupling

‣Used in Monte Carlo parton shower (partial inclusion of NLL terms)
‣Dispersive approach to power corrections
‣Analytical resummation
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i
Moch, Ruijl, Ueda, Vermaseren, Vogt (2018)
Henn, Korchemsky, Mistlberger (2019)
von Manteuffel, Panzer, Schabinger (2020)

Moch, Vermaseren, Vogt (2004)
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Banfi, El-Menoufi, Monni (2018)‣ all-order definition provided in terms of a web
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The web is boost invariant: depends only on  and kT m2
T = k2

T + k2

‣ Probability of correlated emission of an arbitrary number of soft-collinear 
partons with total momentum  in  dimensionsk d = 4 − 2ϵ

It is finite, can be computed in 4 dimensions, but better keep d
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ŝ
−

M
2 H

+
iM

H
Γ

H,
C

!
=

1,

F
!

→
2

3,
F

!
→

−2
3,

G
!

→
0,

(1
5)

w
it
h

th
e

tr
ili

ne
ar

co
up

lin
g

λ
H

H
H

=
3M

2 H
/M

2 Z
.

(i
i)

M
SS

M
:

T
he

co
up

lin
gs

fo
r

th
e

pr
oc

es
se

s
gg

→
φ

1φ
2

ar
e

ge
ne

ri
ca

lly
de

fin
ed

as
(φ

,φ
i
=

h,
H

,A
)

Cφ !
=

λ
φ
1
φ
2
φ

M
2 Z

ŝ
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where
θ is the scat

teri
ng angle

in the parto
nic c.m

. syst
em

with
inva

rian
t mass

Q, and

λ(x, y,
z) = (x − y −

z)
2 − 4yz

.

(13)

The inte
grat

ion
limits

t̂± = −
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Q
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∓
√

λ(Q
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]

(14)

in Eq. (11)
corr
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θ = ±1. The scal
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eter
µ is the renorm

aliz
atio

n scal
e.

The com
plete

dependence on the ferm
ion

masse
s is con
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ed in the functio

ns F!
, F!

, and

G!
. The full exp

ress
ions of the form

fact
ors

F!
, F!

, G!
, including the exa

ct dependence

on the ferm
ion

masse
s, can

be found in Ref. [10]
.
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with
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cou
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Z
.

(ii)
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defined
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M
2
Z
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= g
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of the s-ch

annel con
trib

ution
s. The trili

near

cou
plings λφ1φ2φ

and the norm
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ed Yukaw
a cou

plings g
φ
t
can

be found in Ref. [10]
.

The individ
ual exp
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ions in the heav

y-qu
ark

limit can
be summariz
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ŝ
−

M
2 H
+

iM
H

Γ H
,

C
!

=
1,

F !
→

2
3

,
F !

→
−

2
3

,

G
!

→
0,

(1
5)

w
it
h

th
e

tr
ili

ne
ar

co
up

lin
g

λ H
H

H
=

3M
2 H
/M

2 Z
.

(i
i)

M
SS

M
:

T
he

co
up

lin
gs

fo
r

th
e

pr
oc

es
se

s
gg

→
φ 1

φ 2
ar

e
ge

ne
ri
ca

lly
de

fin
ed

as
(φ

,φ
i

=

h,
H

,A
)

C
φ

!
=

λ φ 1
φ 2

φ
M

2 Z
ŝ
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ŝ−
M

2
φ
+ iMφ

Γφ

g
φ
t
,

C!
= g

φ1

t
g
φ2

t
,

(16
)

wher
e φ den

ote
s the

Higg
s par

tic
les

of
the

s-c
han

nel
con

trib
uti

ons
. The

tril
ine

ar

cou
pli

ngs
λφ1

φ2
φ
and

the
nor

maliz
ed

Yuka
wa cou

pli
ngs

g
φ
t
can

be fou
nd

in
Ref.

[10
].

The
ind

ivid
ual

exp
res

sio
ns

in
the

hea
vy-

qua
rk

lim
it can

be sum
mari

zed
as:

7

φ1

φ2
φ, Z

g

g

t, b

φ1

φ2

g

g

t, b

Figu
re

2:
Gene

ric
dia

gra
ms des

cri
bin

g neu
tra

l Higg
s-b

oso
n pai

r pro
duc

tio
n in

glu
on–

glu
on

col
lisi

ons
(φ,φ i

= h,H
,A

).

wher
e θ is the

sca
tte

rin
g ang

le in
the

par
ton

ic c.m
. sys

tem
with

inv
ari

ant
mass

Q, and

λ(x,
y, z

) = (x
− y −

z)
2 − 4yz

.

(13
)

The
int

egr
ati

on
lim

its

t̂±
= −

1
2

[
Q
2 −m

2
1
−m

2
2
∓
√ λ(Q

2 , m
2
1
, m

2
2
)
]

(14
)

in
Eq.

(11
) cor

res
pond

to
cos

θ = ±1.
The

sca
le par

am
ete

r µ is the
ren

orm
aliz

ati
on

sca
le.

The
com

ple
te

dep
end

enc
e on

the
fer

mion
mass

es
is con

tai
ned

in the
fun

cti
ons

F!
, F!

, an
d

G!
. The

ful
l exp

res
sio

ns
of

the
for

m
fac

tor
s F!

, F!
, G!

, inc
lud

ing
the

exa
ct

dep
end

enc
e

on
the

fer
mion

mass
es,

can
be fou

nd
in

Ref.
[10

].

The
cou

pli
ngs

C!
and

C!

and
the

for
m

fac
tor

s F!
, F!

, G!

in
the

hea
vy-

qua
rk

lim
it

are
giv

en
by:

(i)
SM

:
C!

=
λHHH

M
2
Z

ŝ−
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Figure 2:
Generic diagrams describing neutral Higgs-boson

pair production
in

gluon–

gluon collisions (φ,φ i =
h,H,A).
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in Eq. (11) correspond to cos θ = ±1. The scale parameter µ is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F!, F
!, and

G
!. The full expressions of the form

factors F!, F
!, G

!, including the exact dependence

on the fermion masses, can be found in Ref. [10].
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where φ
denotes the Higgs particles of the s-channel contributions.

The trilinear

couplings λφ1φ2φ
and the normalized Yukawa couplings g

φ
t
can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized as:
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where
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with
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t mass

Q, and
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z) = (x − y −
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. The full exp

ress
ions of the form
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and the norm
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a cou
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can
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.

The individ
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ŝ−
M

2
H

+
iM

H
ΓH

,

C !
=

1,

F!

→
2

3
,

F !
→
−

2
3

,

G !

→
0,

(1
5)

wi
th

th
e
tr
ili
ne

ar
co

up
lin

g
λH

H
H

=
3M

2
H
/M

2
Z
.

(ii
)
M
SS

M
:

Th
e

co
up

lin
gs

fo
r
th

e
pr

oc
es
se
s
gg

→
φ 1

φ 2
ar
e

ge
ne

ric
al
ly

de
fin

ed
as

(φ
,φ

i
=

h,
H
,A

)

C
φ

!
=

λ φ 1
φ 2

φ

M
2

Z

ŝ−
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ŝ−
M

2
H

+
iM

H
ΓH

,

C !
=

1,

F!

→
2

3
,

F !
→
−

2
3

,

G !

→
0,

(1
5)

wi
th

th
e
tr
ili
ne

ar
co

up
lin

g
λH

H
H

=
3M

2
H
/M

2
Z
.

(ii
)
M
SS

M
:

Th
e

co
up

lin
gs

fo
r
th

e
pr

oc
es
se
s
gg

→
φ 1

φ 2
ar
e

ge
ne

ric
al
ly

de
fin

ed
as

(φ
,φ

i
=

h,
H
,A

)

C
φ

!
=

λ φ 1
φ 2

φ

M
2

Z

ŝ−
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k1 k1k2 k2Real contributions

Virtual contributions

∫ dPS2

∫ dPS1 trivial, all poles from 1 loop soft-current

all poles from integration
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‣we computed both couplings at  (all orders in )α2
s ϵ

‣web is the same, differences from “kinematic” integration
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�̃�(2)
T,i(ϵ) = A(2)

i + ϵCi CA ( 101
27

−
11π2

144
−

7ζ3

2 ) + nF ( π2

72
−

14
27 )

+ϵ2Ci CA ( 607
81

−
67π2

216
−

77ζ3

36
−

7π4

120 ) + nF ( 5π2

108
−

82
81

+
7ζ3

18 ) + 𝒪 (ϵ3)

�̃�(2)
0,i(ϵ) = A(2)

i + ϵCi [CA ( 101
27

−
55π2

144
−

7ζ3

2 ) + nF ( 5π2

72
−

14
27 )]

+ϵ2Ci [CA ( 607
81

−
67π2

72
−

143ζ3

36
−

π4

36 ) + nF ( 5π2

36
−

82
81

+
13ζ3

18 )] + 𝒪 (ϵ3)

‣ agree with cusp anomalous dimension in 4 dimensions

•  terms different (phase space integration)ϵ
Δ =

π2

3
πβ0ϵ + . . .

‣ Expanding to 𝒪(ϵ2)

• dominated by  and equal at first orderk2 ≃ 0
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�̃�T,i (αS; ϵ = β (αS)) = �̃�0,i (αS; ϵ = β (αS)) = Ai (αS)

‣Why interested in D-dimensional expression?

conformal point ϵ = β(αs)

d ln αs(μ2)
d ln μ2

= − ϵ + β(αs(μ2))

Ai (αS (μ2
F)) =

d
d ln μ2

F
𝒫ϵ {∫

μ2
F

0

dq2
T

q2
T

�̃� i (αS (q2
T); ϵ)}

• Compute Sudakov (threshold resummation) using soft-coupling

• Use dimensional regularisation (collinear divergences)

• Perform factorisation in  scheme : identify cusp

• Compare to usual Sudakov from factor
MS

=
d

d ln μ2
F

𝒫ϵ {∫
αs(μ2

F)

0

dα
α

�̃� i (α; ϵ)
−ϵ + β(α) }

‣  ‘D-dimensional’ β = 0

in QCD β = − (β0αs + β1α2
s + . . . )



Soft-gluon effective coupling                                     Daniel de Florian 25

‣ Explicit check for  leading terms to all ordersnF

(renormalized) bubble insertions

Conformal relation

+ LO Renormalization φ1

φ2

φ, Z

g

g

t, b

φ1

φ2g

g

t, b

Figure 2: Generic diagrams describing neutral Higgs-boson pair production in gluon–

gluon collisions (φ, φi = h, H, A).

where θ is the scattering angle in the partonic c.m. system with invariant mass Q, and

λ(x, y, z) = (x − y − z)2 − 4yz. (13)

The integration limits

t̂± = −
1

2

[
Q2 − m2

1 − m2
2 ∓

√
λ(Q2, m2

1, m
2
2)
]

(14)

in Eq. (11) correspond to cos θ = ±1. The scale parameter µ is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F!, F!, and

G!. The full expressions of the form factors F!, F!, G!, including the exact dependence

on the fermion masses, can be found in Ref. [10].

The couplings C! and C! and the form factors F!, F!, G! in the heavy-quark limit

are given by:

(i) SM:

C! = λHHH

M2
Z

ŝ − M2
H + iMHΓH

, C! = 1,

F! →
2

3
, F! → −

2

3
,

G! → 0,
(15)

with the trilinear coupling λHHH = 3M2
H/M2

Z.

(ii) MSSM:

The couplings for the processes gg → φ1φ2 are generically defined as (φ, φi =

h, H, A)

Cφ
! = λφ1φ2φ

M2
Z

ŝ − M2
φ + iMφΓφ

gφ
t , C! = gφ1

t gφ2

t , (16)

where φ denotes the Higgs particles of the s-channel contributions. The trilinear

couplings λφ1φ2φ and the normalized Yukawa couplings gφ
t can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized as:
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(14)

in Eq. (11) correspond to cos θ = ±1. The scale parameter µ is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F!, F!, and

G!. The full expressions of the form factors F!, F!, G!, including the exact dependence

on the fermion masses, can be found in Ref. [10].

The couplings C! and C! and the form factors F!, F!, G! in the heavy-quark limit

are given by:
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C! = λHHH
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Z
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,
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t , (16)

where φ denotes the Higgs particles of the s-channel contributions. The trilinear

couplings λφ1φ2φ and the normalized Yukawa couplings gφ
t can be found in Ref. [10].

The individual expressions in the heavy-quark limit can be summarized as:

7

×
1

1 + β0

ϵ αs

web: Both can be rearranged as geometric series (keep only  in beta)nF

‣  terms can appear from:nF

Catani, deF, Devoto, Grazzini, 
Mazzitelli (to appear)

‣ find all-order expression and sum the series Beneke, Braun (1995)

�̃�T,i (αS; ϵ = − β0αS) = �̃�0,i (αS; ϵ = − β0αS) =
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‣ Exploit conformal relation to higher orders

�̃�T,i (αS; ϵ = β (αS)) = �̃�0,i (αS; ϵ = β (αS)) = Ai (αS)

A(2)
i = �̃�(2;0)

i − (β0π) �̃�(1;1)
i

‣Reason why for 1st and 2nd order they agree to cusp anomalous dimension

β = − (β0αs + β1α2
s + . . . )

�̃�(1)
T,i(ϵ) = �̃�(1)

0,i(ϵ) = Cic(ϵ) c(ϵ) ≡
eϵγE

Γ(1 − ϵ)
= 1 −

π2

12
ϵ2 −

1
3

ζ3ϵ3 + 𝒪 (ϵ4)

no  termϵ �̃�(1;1)
i = 0

‣ First and second order…

�̃� i(αs; ϵ) = ( αs

π ) (A(1)
i + ϵ�̃�(1;1)

i ) + ( αs

π )
2

�̃�(2;0)
i + . . .

‣ set ϵ = − β0 αs
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‣ Exploit conformal relation to higher orders

�̃�T,i (αS; ϵ = β (αS)) = �̃�0,i (αS; ϵ = β (αS)) = Ai (αS)

𝒜(3)
i = A(3)

i − (β0π)2 �̃�(1;2)
i + (β0π) �̃�(2;1)

i

‣ But, expanding conformal equation to third order one directly obtains

3-loop soft effective coupling (4-D) is simply given by the cusp anomalous
+  terms to (D-dimensional) second order (different for each definition) ϵn
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ŝ−
M

2
H

+
iM

H
ΓH

,

C !
=

1,

F!

→
2

3
,

F !
→
−

2
3

,

G !

→
0,

(1
5)

wi
th

th
e
tr
ili
ne

ar
co

up
lin

g
λH

H
H

=
3M

2
H
/M

2
Z
.

(ii
)
M
SS

M
:

Th
e

co
up

lin
gs

fo
r
th

e
pr

oc
es
se
s
gg

→
φ 1

φ 2
ar
e

ge
ne

ric
al
ly

de
fin

ed
as

(φ
,φ

i
=

h,
H
,A

)

C
φ

!
=

λ φ 1
φ 2

φ

M
2

Z

ŝ−
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ŝ
−

M
2 φ

+
iM

φΓ
φgφ t,

C
!
=

gφ
1 t
gφ

2 t
,

(1
6)

w
he

re
φ

de
no

te
s

th
e

H
ig

gs
pa

rt
ic
le
s

of
th

e
s-

ch
an

ne
l
co

nt
ri
bu

ti
on

s.
T
he

tr
ili

ne
ar

co
up

lin
gs

λ
φ
1
φ
2
φ
an

d
th

e
no

rm
al

iz
ed

Y
uk

aw
a

co
up

lin
gs

gφ t
ca

n
be

fo
un

d
in

R
ef
.[

10
].

T
he

in
di

vi
du

al
ex

pr
es

si
on

s
in

th
e

he
av

y-
qu

ar
k

lim
it

ca
n

be
su

m
m

ar
iz
ed

as
:

7

φ
1

φ
2

φ,
Z

g

g

t,
b

φ
1

φ
2

g

g

t,
b

F
ig

ur
e

2:
G
en

er
ic

di
ag

ra
m
s

de
sc

ri
bi
ng

ne
ut

ra
l
H
ig
gs

-b
os

on
pa

ir
pr

od
uc

ti
on

in
gl
uo

n–

gl
uo

n
co

lli
si
on

s
(φ

,φ
i
=

h,
H

,A
).

w
he

re
θ

is
th

e
sc

at
te

ri
ng

an
gl

e
in

th
e

pa
rt

on
ic

c.
m

.s
ys

te
m

w
it
h

in
va

ri
an

t
m

as
s
Q

,a
nd

λ(
x,

y,
z)

=
(x

−
y
−

z)
2
−

4y
z.

(1
3)

T
he

in
te

gr
at

io
n

lim
it
s

t̂±
=
−1

2[
Q2

−
m2 1

−
m2 2

∓√
λ(

Q2
,m

2 1,
m

2 2)]

(1
4)

in
E
q.

(1
1)

co
rr

es
po

nd
to

co
sθ

=
±1

.
T
he

sc
al

e
pa

ra
m

et
er

µ
is

th
e
re

no
rm

al
iz
at

io
n

sc
al

e.

T
he

co
m

pl
et

e
de

pe
nd

en
ce

on
th

e
fe
rm

io
n

m
as

se
s
is

co
nt

ai
ne

d
in

th
e
fu

nc
ti
on

s
F
!
,F

!
,a

nd

G
!
.
T
he

fu
ll

ex
pr

es
si
on

s
of

th
e
fo

rm
fa

ct
or

s
F
!
,F

!
,G

!
,i

nc
lu

di
ng

th
e
ex

ac
t
de

pe
nd

en
ce

on
th

e
fe
rm

io
n

m
as

se
s,

ca
n

be
fo

un
d

in
R
ef
.[

10
].

T
he

co
up

lin
gs

C
!

an
d

C
!

an
d

th
e

fo
rm

fa
ct

or
s
F
!
,F

!
,G

!

in
th

e
he

av
y-

qu
ar

k
lim

it

ar
e

gi
ve

n
by

:

(i
)

SM
:

C
!

=
λ

H
H

H

M
2 Z

ŝ
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‣An explicit third order computation would demand evaluation of

• triple soft current (Born)
• double soft current (one loop)
• single soft current (two loops)
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prod
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n coll
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ns (φ,φi =

h,H,A).

where
θ is the scat

teri
ng angle

in the parto
nic c.m

. syst
em

with
inva

rian
t mass

Q, and

λ(x, y,
z) = (x − y −

z)
2 − 4yz

.

(13)

The inte
grat

ion
limits

t̂± = −
1
2
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Q

2 −m
2
1
−m

2
2
∓
√

λ(Q
2 , m

2
1
, m

2
2
)
]

(14)

in Eq. (11)
corr

esp
ond to cos

θ = ±1. The scal
e param

eter
µ is the renorm

aliz
atio

n scal
e.

The com
plete

dependence on the ferm
ion

masse
s is con

tain
ed in the functio

ns F!
, F!

, and

G!
. The full exp

ress
ions of the form

fact
ors

F!
, F!

, G!
, including the exa

ct dependence

on the ferm
ion

masse
s, can

be found in Ref. [10]
.

The cou
plings C!

and C!
and the form

fact
ors

F!
, F!

, G!
in the heav

y-qu
ark

limit

are
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ŝ−M
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+ iMH
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= 1,
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2
3
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→ −
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3
,
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→
0,

(15)

with
the trili

near
cou

pling λHHH
= 3M

2
H
/M

2
Z
.

(ii)
MSSM:

The cou
plings

for
the proce

sses
gg

→ φ1φ2
are

gen
eric

ally
defined

as
(φ,φi

=

h,H,A) C
φ
!

= λφ1φ2φ

M
2
Z

ŝ−M
2
φ
+ iMφΓφ

g
φ
t
,

C!
= g

φ1

t
g
φ2

t
,

(16)

where
φ denotes

the Higgs
parti

cles
of the s-ch

annel con
trib

ution
s. The trili

near

cou
plings λφ1φ2φ

and the norm
aliz

ed Yukaw
a cou

plings g
φ
t
can

be found in Ref. [10]
.

The individ
ual exp

ress
ions in the heav

y-qu
ark

limit can
be summariz

ed as:
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ThecompletedependenceonthefermionmassesiscontainedinthefunctionsF!,F!,and

G!.Thefullexpression
softheformfactor

sF!,F!,G!,includingtheexactdependence

onthefermionmasses,
canbefoundinRef.[10].

ThecouplingsC!andC!andtheformfactor
sF!,F!,G!intheheavy-quarklimit

aregiven
by:

(i)SM:

C!=λHHHM2
Z ŝ−M2

H+iMHΓH
,C!=1,

F!→2

3
,F!→−2

3
,

G!→0,

(15)

withthetrilinearcouplingλHHH=3M2
H/M2

Z.

(ii)MSSM:
Thecouplingsfortheprocesses

gg→φ1φ2aregenericall
ydefinedas(φ,φi=

h,H,A)
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!=λφ1φ2φM2

Z ŝ−M2
φ+iMφΓφ

gφ
t,C!=gφ1

tgφ2
t,

(16)

whereφdenotestheHiggsparticle
softhes-channelcontributions.Thetrilinear

couplingsλφ1φ2φandthenormalized
Yukawacouplingsgφ

tcanbefoundinRef.[10].

Theindividualexpression
sintheheavy-quarklimitcanbesummarized

as:
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𝒜(3)
T,i = A(3)

i + Ci (β0π)2 π2

12
+ Ci (β0π) [CA ( 101

27
−

11π2

144
−

7ζ3

2 ) + nF ( π2

72
−

14
27 )]

𝒜(3)
0,i = A(3)

i + Ci (β0π)2 π2

12
+ Ci (β0π) [CA ( 101

27
−

55π2

144
−

7ζ3

2 ) + nF ( 5π2

72
−

14
27 )]

‣Agrees with previous result and 3rd order coefficient for  resummation qT
Banfi, El-Menoufi, Monni (2018) Becher, Neubert (2011)

‣ Provides soft-gluon effective coupling for threshold resummation at 3rd order 
‣ Full Soft-collinear contributions (DY-like)

Δ = Ci
π2

3
(πβ0)2

‣  resummationqT

‣Threshold resummation (new!)
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𝒜(4)
0,i = A(4)

i + Ci C3
A ( 121π2ζ3

288
−

21755ζ3

864
+

33ζ5

4
+

33ζ5

17280
−

41525π2

15552
+

3761815
186624 )

+C2
AnF (−

11π2ζ3

144
+

6407ζ3

864
−

3ζ5

2
−

11π4

432
+

9605π2

7776
−

15593
1944 )

+CACFnF ( 17ζ3

9
+

11π4

1440
+

55π2

576
−

7351
2304 ) + CAn2

F (−
179ζ3

432
+

13π4

4320
−

695π2

3888 )
+CFn2

F (−
19ζ3

72
−

π4

720
−

5π2

288
+

215
384 ) + n3

F (−
ζ3

108
+

5π2

648
−

29
1458 )}

‣ Extra term satisfies Casimir scaling and dominates numerically over cusp

 knownA(4)
i

only possible for  𝒜0

‣Comparing to Sudakov form factor at 4th order (threshold resummation)

Moch, Ruijl, Ueda, Vermaseren, Vogt (2018)
Henn, Korchemsky, Mistlberger (2019)
von Manteuffel, Panzer, Schabinger (2020)

𝒜0,i (αS) = Ci
αS

π [1 + 0.54973αS − 1.7157α2
S − (5.980 δiq + 6.236 δig) α3

S + 𝒪 (α4
S)]

‣ 4th order soft effective coupling (threshold related)

Full Soft-collinear radiation from hard partons

• violates Casimir scaling 
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‣Processes involving several hard partons more complicated (MC)

• need to account for (extra) soft wide-angle emission 
  and collinear radiation

‣But soft coupling  not affected𝒜i

• intensity of soft-collinear radiation from parton i
• exactly known to 4th order (for threshold related)

‣All information for (threshold) resummation is contained in the
  d-dimensional version of the soft-coupling 
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Conclusions
 Definition(s) of Soft-gluon effective coupling at higher orders

 Explicit results for NNLO 

 N3LO soft-coupling for threshold related observables

 Conformal relation (all orders)

�̃�T,i (αS; ϵ = β (αS)) = �̃�0,i (αS; ϵ = β (αS)) = Ai (αS)

 Towards improving the precision of PS : precision QCD
     for LHC and future colliders
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