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The microscopic model of nuclear theory
In the low-energy regime, quark and gluons are confined within hadrons and the relevant 
degrees of freedoms are protons, neutrons, and pions
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Effective field theories are the link between QCD and nuclear observables. They exploit the 
separation between the “hard” (nucleon mass) and “soft” (exchanged momentum) scales

Nucleons can treated as point-like particles interacting through the Hamiltonian 



“Conventional” continuum nuclear 
quantum Monte Carlo methods

H| ni = En| ni
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Jmn = h m|J | ni
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Variational Monte Carlo
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The long-range antisymmetric is typically a Slater determinant of single-particle orbitals

12C

In variational Monte Carlo, one assumes a suitable form for the trial wave function

ET = h T |H| T i � E0
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The best variational parameters are found by optimizing the variational energy 
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Variational Monte Carlo

The correlation operator reflects the spin-isospin dependence of the nuclear interaction
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In variational Monte Carlo, one assumes a suitable form for the trial wave function
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The best variational parameters are found by optimizing the variational energy 
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GFMC overcomes the limitations of the variational wave-function by using an imaginary-
time  projection technique

Any trial wave function can be expanded in the complete set of eigenstates of the the 
Hamiltonian according to

| T i =
X

n

cn| ni H| ni = En| ni

GFMC projects out the exact lowest-energy state, provided the trial wave function it is not 
orthogonal to the ground state.
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Green’s function Monte Carlo

0.000 0.002 0.004 0.006 0.008 0.010
−28.4

−28.2

−28.0

−27.8

−27.6

−27.4

−27.2

−27.0

−26.8

E 
(M

eV
)

Fig. 4 (Pudliner, et al.)

4He

0.00 0.02 0.04 0.06 0.08 0.10
τ (MeV−1)

−28.5

−28.4

−28.3

−28.2

−28.1

−28.0

E 
(M

eV
)

0.000 0.002 0.004 0.006 0.008 0.010
−28.4

−28.2

−28.0

−27.8

−27.6

−27.4

−27.2

−27.0

−26.8

E 
(M

eV
)

Fig. 4 (Pudliner, et al.)

4He

0.00 0.02 0.04 0.06 0.08 0.10
τ (MeV−1)

−28.5

−28.4

−28.3

−28.2

−28.1

−28.0

E 
(M

eV
)

B. Pudliner et al., PRC 56, 1720 (1997)



Green’s function Monte Carlo
In the GFMC, a sum over all the many-body spin-isospin states is performed
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Many-body spin-isospin states are utilized              unfavorable exponential scaling
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GFMC is extremely accurate but limited to A≲12 nuclei and small (A ≤14) neutron systems 

The size of the spin state alone 
grows like 2A



Auxiliary-field diffusion Monte Carlo
The AFDMC method uses a spin-isospin basis given by the outer product of single-nucleon spinors

|Si = |s1i ⌦ |s2i · · ·⌦ |sAi
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To preserve the single-particle representation, the short-time propagator is linearized utilizing the 
Hubbard-Stratonovich transformation
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In purely neutron systems                and the spin-dependent part of the potential reads 
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At each imaginary-time step the single particle spinors are rotated 

e�V �⌧ [|s1i ⌦ |s2i · · ·⌦ |sAi] = |s01i ⌦ |s02i · · ·⌦ |s0Ai
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AFDMC scales polynomially with the number of nucleons but is limited to simplified potentials 

K. E. Schmidt et al., PLB 446, 99 (1999)



Exponential complexity
An exponential in the particle number operations is required to evaluate the correlation operator

Consider simple spin-pair correlation (no tensor)

Let us apply the correlation operator to a three-body spin state

Fij = f c(rij) + f�(rij)�ij
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Exponential complexity
An exponential in the particle number operations is required to evaluate the correlation operator

Consider simple spin-pair correlation (no tensor)

Let us apply the correlation operator to a three-body spin state

Fij = f c(rij) + f�(rij)�ij
<latexit sha1_base64="0TbDdEnW/8Fg+7zE+zzS+Rk2yN8=">AAACHXicdVBJS8NAFJ641rpFPXoZLEJFCElbsD0IBUE8VrALtDFMppN27GRhZiKU0D/ixb/ixYMiHryI/8ZJWsX1wcC3vMeb97kRo0Ka5ps2N7+wuLScW8mvrq1vbOpb2y0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdkcnqd++JlzQMLiQ44jYPhoE1KMYSSU5euXUSejVBB5D7xIXeUYO4KFiPUEHPvqUpjQjeUcvmEapVjXLNfgbWIaZVQHMquHoL71+iGOfBBIzJETXMiNpJ4hLihmZ5HuxIBHCIzQgXQUD5BNhJ9l1E7ivlD70Qq5eIGGmfp1IkC/E2HdVp4/kUPz0UvEvrxtLr2onNIhiSQI8XeTFDMoQplHBPuUESzZWAGFO1V8hHiKOsFSBpiF8XAr/B62SYZWN0nmlUK/O4siBXbAHisACR6AOzkADNAEGN+AOPIBH7Va7156052nrnDab2QHfSnt9BxnuoVU=</latexit>

�ij = 2P�
ij � 1

<latexit sha1_base64="JQret7YR60LZH1cYuj5SrTw91vw=">AAACCnicdVDLSsNAFJ34rPUVdelmtAhuLEkq2C6EghuXFewD2hgm00k7diYJMxOhhK7d+CtuXCji1i9w5984SSv4PHDhcM693HuPHzMqlWW9G3PzC4tLy4WV4ura+samubXdklEiMGniiEWi4yNJGA1JU1HFSCcWBHGfkbY/Osv89g0RkkbhpRrHxOVoENKAYqS05Jl7PUkHHHkpvZ7AU+g0cnY1VeERtIueWbLKTq1qVWrwN7HLVo4SmKHhmW+9foQTTkKFGZKya1uxclMkFMWMTIq9RJIY4REakK6mIeJEumn+ygQeaKUPg0joChXM1a8TKeJSjrmvOzlSQ/nTy8S/vG6igqqb0jBOFAnxdFGQMKgimOUC+1QQrNhYE4QF1bdCPEQCYaXTy0L4/BT+T1pO2a6UnYvjUr06i6MAdsE+OAQ2OAF1cA4aoAkwuAX34BE8GXfGg/FsvExb54zZzA74BuP1A43UmX8=</latexit>

⇣
S
Y

i<j

Fij

⌘
|�i

<latexit sha1_base64="7dch6+WPzfZsam1iiTcejI+Lfk4="></latexit>

(f c
12 + f�

12�12)(f
c
13 + f�

13�13)(f
c
23 + f�

23�23)|s1, s2, s3i

=(f c
12 + f�

12�12)(f
c
13 + f�

13�13)[(f
c
23 � f�

23)|s1, s2, s3i+ 2f�
23|s1, s3, s2i]

=(f c
12 + f�

12�12)[(f
c
13 � f�

13)(f
c
23 � f�

23)|s1, s2, s3i+ 2(f c
13 � f�

13)f
�
23|s1, s3, s2i

+ 2f�
13(f

c
23 � f�

23)|s3, s2, s1i+ 4f�
13f

�
23|s2, s3, s1i]

=(f c
12 � f�

12)(f
c
13 � f�

13)(f
c
23 � f�

23)|s1, s2, s3i+ 2(f c
12 � f�

12)(f
c
13 � f�

13)f
�
23|s1, s3, s2i

+ 2(f c
12 � f�

12)f
�
13(f

c
23 � f�

23)|s3, s2, s1i+ 4(f c
12 � f�

12)f
�
13f

�
23|s2, s3, s1i

+ 2f�
12(f

c
13 � f�

13)(f
c
23 � f�

23)|s2, s1, s3i+ 4f�
12(f

c
13 � f�

13)f
�
23|s3, s1, s2i

+ 4f�
12f

�
13(f

c
23 � f�

23)|s2, s3, s1i+ 8f�
12f

�
13f

�
23|s3, s2, s1i

<latexit sha1_base64="TZoaQreQcwKDJpe4PK7jtQKMWU4="></latexit>



Exponential complexity
An exponential in the particle number operations is required to evaluate the correlation operator

Consider simple spin-pair correlation (no tensor)

Let us apply the correlation operator to a three-body spin state

Fij = f c(rij) + f�(rij)�ij
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Sampling the spin-isospin state and evaluating the trial wave function’s amplitude for that sampled 
state still requires a number of operations exponential in the particle number
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Figure 1. Ground-state energies per nucleon for 3  A 
16 up to N2LO (E⌧) with the R0 = 1.0 fm cutoff. Smaller
error bars (indistinguishable from the symbols up to A = 6)
indicate the statistical Monte Carlo uncertainty, while larger
error bars are the uncertainties from the truncation of the
chiral expansion.

The error bars are estimated by including the statisti-
cal uncertainties given by the AFDMC calculations as
well as the error given by the truncation of the chiral
expansion. The ground-state energies per nucleon are in
agreement with experimental data up to A = 6, while for
12
C and 16

O the energies are somewhat underpredicted.
The uncertainties are reasonably small, dominated by the
truncation error.

In Fig. 2 we compare the charge radii calculated at
LO, NLO, and N2LO (E⌧) with the R0 = 1.0 fm cutoff
to experimental data. These results show that a qual-
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Figure 2. Charge radii for 3  A  16 up to N2LO (E⌧) with
the R0 = 1.0 fm cutoff. Error bars are as in Fig. 1.

itative description of binding energies and charge radii
is possible starting from Hamiltonians constructed using
only few-body data. We note, however, that the radius
of 6

Li is slightly smaller than the experimental measure-
ment. It is interesting to note that the charge radius
of 6

Li calculated with the GFMC method employing the
AV18 and Illinois VII (IL7) three-body interactions is
also underestimated [5].

We show in Fig. 3 the charge form factors of 12
C and

16
O compared to experimental data. The 12

C form factor
is also compared to previous GFMC calculations with the
AV18+IL7 potentials. Our form factor calculations have
been performed using one-body charge operators only.
Two-body operators are expected to give small contribu-
tions only at momenta larger than ⇡ 500MeV [46, 47],
as they basically include relativistic corrections. It is
interesting to compare the curves given by the two dif-
ferent cutoffs. In the figure, the result obtained using
R0 = 1.0 fm at N2LO (E⌧) (solid blue line) includes the
uncertainty from the truncation of the chiral expansion
(shaded blue area). The agreement with experimental
data is very good. For R0 = 1.2 fm at N2LO (E⌧) (dot-
ted red line), the radius is too small and the first diffrac-
tion minimum occurs at a significantly higher momen-
tum than experimentally observed, consistent with the
overbinding obtained for this interaction.

Finally, in Fig. 4 we present the Coulomb sum rules for
12
C and 16

O. The AFDMC result for 12
C is compatible

both with the available experimental data as extracted in
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R0 = 1.0 fm, both E⌧ and E three-body operators give
consistent results. The shaded area indicates the statistical
Monte Carlo uncertainty combined with the (dominant) un-
certainty from the truncation of the chiral expansion. For 12C,
AFDMC results are shown in the inset for R0 = 1.0 fm ver-
sus experimental data from Ref. [50] and the GFMC results
employing the AV18+IL7 potentials [46].
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tion minimum occurs at a significantly higher momen-
tum than experimentally observed, consistent with the
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D. Lonardoni et al., PRL 120, 122502 (2018)

Recent AFDMC calculations employ a linear approximation to spin-isospin dependent correlations. 
Simple but it violates the factorization theorem. 

S. Gandolfi, AL et al., PRC 90, 061306 (2014)
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final state
��Y f

↵
with momentum Pµ

f = (E f ,P f ), and momentum conservation implies qµ =

pµ
e � pe

0µ = Pµ
f �Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for which q2

µ = w2 �q2 < 0†. In electron-induced reactions w and q can
vary independently (provided that |q| > w), as opposed to reactions induced by real photons
where |q|= w . In elastic reactions w = 0 (neglecting the recoil of the nucleus), which implies
|Yii =

��Y f
↵
. Reactions in which w 6= 0 are instead called inelastic. To different values of

w = E f �Ei, correspond different excitation energies of the nucleus. As w increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of ⇠ 10� 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of wq.e. ⇠ q2/(2m) quasi-elastic effects dominate, in
which the reaction is in first approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
fixed value of momentum transfer q is provided in Figure 7.

Because in inelastic electron scattering w and q can vary independently, for each value
of excitation energy w , one can study the matrix elements’ behavior as a function of the
momentum transfer. In particular, by varying q one changes the spatial resolution of the
electron probe, which is µ 1/|q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
fixed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy w is fixed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

† The four-vector squared qµ qµ is here denoted with q2
µ .

The inclusive cross section is characterized by a variety 
of reaction mechanisms 

Lepton-nucleus scattering 
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The response functions contain all information on the structure and dynamics of the target

R↵�(!,q) =
X

f

h 0|J†
↵(q)| f ih f |J�(q)| 0i�(! � Ef + E0)
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At finite imaginary time the contributions from 
large energy transfer are quickly suppressed

On type of integral transform is the Laplace 
transform

The system is first heated up by the transition operator.

Its cooling determines the Euclidean response of the system

Quantum Monte Carlo

Zero Temperature

 0 = exp [�H⌧ ]  T

H =
X

i

p
2
i

2m
+

X

i<j

V0 �(rij)

Diffusion Branching
In nuclear physics, we have a!
set of amplitudes for each spin !
and isospin

Brownian motion

 =
X

�(�)

X

�(⌧)

a(�(�),�(⌧)) |��i |�⌧ i

E↵�(⌧,q) ⌘
Z
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E↵�(⌧,q) = h 0|J†
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(q)e�(H�E0)⌧J�(q)| 0i

Analogous techniques are used in Lattice QCD 
and condensed matter Physics
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Lepton-nucleus scattering 



The Euclidean response formalism allows one to extract dynamical properties of the system 
from ground-state calculations

Inverting the Euclidean response is an ill posed problem: any set of observations is limited and 
noisy and the situation is even worse since the kernel is a smoothing operator.

E↵�(⌧,q) R↵�(!,q)

Maximum-entropy techniques:
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• Reliable enough for quasi-elastic responses;

• Fail to reproduce the low-energy structure of the response functions;

Lepton-nucleus scattering 



MiniBoone cross sections AL et al., Phys. Rev. X 10, 031068 (2020)
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FIG. 4. MiniBooNE flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for different ranges of cos θµ. The experimental data and their shape uncertainties
are from Ref. [46]. The additional 10.7% normalization uncertainty is not shown here. Calculated cross sections are obtained
with ΛA =1.0 GeV.

E ≈ 20 MeV). The remaining terms in the δ-function
are the final energies of the struck nucleon and recoiling
(A–1) system of mass mA−1. From these RPWIA

αβ we ob-
tain the corresponding flux-folded cross sections shown
in Figs. 4 and 5 by the short-dashed (black) line labeled
PWIA. Also shown in this figure by the dot-dashed (pur-
ple) line (labeled PWIA-R) are PWIA cross sections ob-
tained by first fixing the nucleon electroweak form factor
entering xαβ(p,q,ω) at Q2

qe, and then rescaling the vari-
ous response functions by ratios of these form factors, as
indicated in Sec. II B.

A couple of comments are in order. First, the cross
sections in PWIA are to be compared to those obtained
with the GFMC method by including only one-body cur-
rents (curves labeled GFMC 1b): they are found to be
systematically larger than the GFMC predictions, par-
ticularly at forward angles. Furthermore, it appears that
the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-

crease produced by two-body currents in the GFMC cal-
culations (difference between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ν case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as θµ changes from 0◦ to about 90◦, the ν cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.
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FIG. 4. MiniBooNE flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for different ranges of cos θµ. The experimental data and their shape uncertainties
are from Ref. [46]. The additional 10.7% normalization uncertainty is not shown here. Calculated cross sections are obtained
with ΛA =1.0 GeV.

E ≈ 20 MeV). The remaining terms in the δ-function
are the final energies of the struck nucleon and recoiling
(A–1) system of mass mA−1. From these RPWIA

αβ we ob-
tain the corresponding flux-folded cross sections shown
in Figs. 4 and 5 by the short-dashed (black) line labeled
PWIA. Also shown in this figure by the dot-dashed (pur-
ple) line (labeled PWIA-R) are PWIA cross sections ob-
tained by first fixing the nucleon electroweak form factor
entering xαβ(p,q,ω) at Q2

qe, and then rescaling the vari-
ous response functions by ratios of these form factors, as
indicated in Sec. II B.

A couple of comments are in order. First, the cross
sections in PWIA are to be compared to those obtained
with the GFMC method by including only one-body cur-
rents (curves labeled GFMC 1b): they are found to be
systematically larger than the GFMC predictions, par-
ticularly at forward angles. Furthermore, it appears that
the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-

crease produced by two-body currents in the GFMC cal-
culations (difference between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ν case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as θµ changes from 0◦ to about 90◦, the ν cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.
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FIG. 6. T2K flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for different ranges of cos θµ. The experimental data and their shape uncertainties are
from Ref. [48]. Calculated cross sections are obtained with ΛA =1.0 GeV.

vector form factors in agreement with experimental data
which are of course quite accurate. These calculations
suggest a larger value of ΛA may be appropriate. We
investigate the implications of this finding by presenting
in Fig. 7 the flux-folded cross sections (for MiniBooNE
and selected bins in cos θµ), obtained by replacing in the
dipole parametrization the cutoff ΛA ≈ 1 GeV with the
value Λ̃A ≈ 1.15 GeV. As expected, this leads generally
to an increase of the GFMC predictions over the whole
kinematical range. Since the dominant terms in the cross
section proportional to the transverse and interference re-
sponse functions tend to cancel for νµ, the magnitude of
the increase turns out to be more pronounced for νµ than
for νµ—as a matter of fact, the νµ cross sections are re-
duced at backward angles (0.1 ≤ cos θµ ≤ 0.2). Overall,
it appears that the harder cutoff implied by the LQCD
calculation of GA(Q2) improves the accord of theory with
experiment, marginally for νµ and more substantially for
νµ. In view of the large errors and large normalization un-
certainties of the MiniBooNE and T2K data, however, we

caution the reader from drawing too definite conclusions
from the present analysis. Indeed more precise nucleon
form factors can be obtained through further lattice QCD
calculations or experiments on the nucleon and deuteron,
respectively.

Of course, many challenges remain ahead, to mention
just three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [71], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the ∆-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal effectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [28, 72] or on

T2K

MEC enhancement

First microscopic calculation of neutrino-12C cross section
⌧

d�

dTµ d cos ✓µ

�
=
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Treating larger nuclei, including 16O and 40Ar:

• Higher noise level in the Euclidean responses;

• Non-negligible low-energy transitions; 

Need to go beyond Maximum Entropy



 H. Yoo et al., Phys. Rev. B 98, 245101 (2018)

Several works have demonstrated that ML approaches are suitable for tackling inverse problems in 
condensed-matter physics

Lepton-nucleus scattering 

 R. Fournier et al., Phys. Rev. Lett. 124, 056401 (2020)

We propose a Physics-inspired ANN to approximate the inverse of the Laplace transform of 
nuclear electromagnetic response functions  8

FIG. 6: Comparison between the Phys-NN and MaxEnt reconstructions for the one-peak dataset. The top row
displays the response functions and the bottom row the corresponding Euclidean responses.

FIG. 7: Same as Fig. 6 for the two-peaks dataset.

possible to the original ones, we observe a much smaller
spread of 1�R

2
R

and SR values compared with MaxEnt.
This behavior, which is exhibited across the one-peak,
two-peak, and combined datasets, provides additional
support for Phys-NN’s reconstruction performance.

Because the historic MaxEnt algorithm is based on �
2
E

minimization, the resulting distributions of �
2
E

for both
the one-peak dataset and the two-peak dataset are nar-
row and centered on one. The spread associated with
the Phys-NN results is larger. To investigate correlations
between �

2
E

and SR, in Fig. 5 we show scatter plots for
the one-peak and two-peak datasets. Some correlation is
visible in the Phys-NN results, displayed in the top two
panels, especially for the two-peak dataset. Conversely,

the MaxEnt scatter plots show no correlation between
�

2
E

and SR, since the �
2
E

values are relatively constant
around one, even for widely di↵erent SR. The correla-
tions between �

2
E

and 1�R
2
R

exhibit an almost identical
pattern and are thus not included here.

Direct comparison of Phys-NN and MaxEnt outputs
is presented in Fig. 6, where we display the Phys-NN
best (left panels), average (central panels), and worst
(right panels) reconstructed response functions, accord-
ing to the SR values of the Phys-NN results, and the
corresponding Euclidean responses from the one-peak
dataset. Here, the training is performed on the com-
bined dataset, to better test whether Phys-NN is able
to learn how to simultaneously reconstruct one-peak and
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Neural Network Quantum 
States for Atomic Nuclei



Neural-network quantum states
• Artificial neural networks (ANNs) can compactly represent complex high-dimensional functions;

• Variational representations of spin-systems quantum 
states based on ANNs have been found to outperform 
conventional variational ansatz;

G. Carleo et al. Science 355, 602 (2017)

G. Carleo et al. Nat. Commun. 9, 532 (2018)

• Applications to the continuum to few-body systems and quantum chemistry problems have 
followed shortly thereafter;

Pfau et al., arXiv:1909.02487 (2019)

 Hermann et al., arXiv:1909.08423 (2019)

input !ðXÞ ¼ ð!1ðXÞ; !2ðXÞ; . . . ; !Nin ðXÞÞ into the neural net-
work, where !iðXÞ are functions of the particle positions. The
functions !iðXÞ are chosen to facilitate the representation of
many-body states in the neural network and depend on the
problem, which will be specified later. The many-body wave
function is given by the output unit as

 ðXÞ ¼ expðuoutÞ: ð3Þ

This wave function is not normalized. Our aim is to optimize
the network parameters in such a way that if we input
!ðXÞ into the neural network, the output  ðXÞ ¼ expðuoutÞ
provides an approximate ground-state wave function. In
other words, we use neural networks as variational wave
functions. Since the ground-state wave functions of bosons
can be taken to be positive everywhere, we only use a single
output unit that gives a positive wave function  ðXÞ ¼
expðuoutÞ. If we use a network with two output units,
complex-valued wave functions can be represented.9,12)

The expectation value of a quantity Â is calculated as
follows. To deal with a large Hilbert space, we calculate
the integral

R
dX using the Monte Carlo method. Through

Metropolis sampling, we obtain a series of samples ðX1;
X2; . . . ;XNsampleÞ, where the probability PðXÞ of X being
sampled is proportional to  2ðXÞ. Using these samples, the
expectation value is calculated as

hÂi ¼

Z
 ðXÞÂ ðXÞ dX
Z
 2ðXÞ dX

¼
Z
PðXÞ $1ðXÞÂ ðXÞ dX

’ 1

Nsample

XNsample

i¼1
 $1ðXiÞÂ ðXiÞ

% h $1Â is: ð4Þ
To minimize the energy E of the system, we need to calculate
the derivative of energy with respect to the network
parameters as

@E

@W
¼ @

@W

Z
 ðXÞĤ ðXÞ dX
Z
 2ðXÞ dX

’ 2h $1OWĤ is $ 2h $1Ĥ ishOWis; ð5Þ

where W is one of the network parameters (W ð1Þ
ji , bð1Þi , and

W ð2Þ
i ), Ĥ is the Hamiltonian of the system, and OW ¼

 $1@ =@W. Using the gradient in Eq. (5), the network
parameters are updated using the Adam scheme,26) by which
energy converges faster than the steepest descent method.12)

Typically, 104–105 updates are needed for energy con-
vergence with Nsample & 104 samples taken in each update.

It is important to choose initial values of the network
parameters because if we use random numbers for this
purpose and start the update procedure, the network state
strongly fluctuates and the calculation breaks down in most
cases. This is different from previous cases focusing on lattice
systems,9,12) in which random numbers in the initial network
parameters worked well. To prepare appropriate initial
network parameters, we train the network so that it represents
a wave function !train. We train the network to maximize the
overlap integral K given by

K ¼

Z
!trainðXÞ ðXÞ dX

! "2

Z
!2

trainðXÞ dX
Z
 2ðXÞ dX

’ hAi2s
hA2is

; ð6Þ

where A ¼ !train= . This is accomplished by using the
gradient of K with respect to network parameters as

@K

@W
’ 2K

hAOWis
hAis

$ hOWis
# $

: ð7Þ

Using the Adam scheme with Eq. (7), K is maximized and ψ
converges toward !train. The initial values of the network
parameters in this training process can be random numbers
with an appropriate magnitude.27) For example, !train is
chosen to be a noninteracting ground state, and the
interaction is introduced adiabatically.

We demonstrate that the above procedure increases K, and
hence a wave function ψ that is close to !train can be
prepared. We take the target wave function as

!trainðXÞ ¼
YN

i¼1
e$x

2
i =2; ð8Þ

which is the ground state of N bosons in a one-dimensional
harmonic potential. The neural network inputs are simply the
positions of the particles,

!ðXÞ ¼ ðx1; x2; . . . ; xNÞ; ð9Þ

and therefore, the number of input units is Nin ¼ N.
Figure 2(a) shows how K changes in the process of
optimizing the network parameters. The value of K
approaches unity as the update steps proceed, and the wave
function represented by the neural network approaches the
target wave function !train. The finally obtained overlap K
decreases with increasing number of atoms N, and increases
with the number of hidden units Nhid. Figure 2(b) shows the
Nhid dependence of 1 $ K after 20000 updates, indicating that
precision improves with an increase in Nhid.

3. Results

3.1 Interacting bosons in one dimension
First, we apply our method to one-dimensional problems

that have exact solutions to evaluate the precision of our
proposed method. We consider the Calogero–Sutherland
model,28,29) in which bosons are confined in a harmonic

Fig. 1. (Color online) Schematic illustration of the fully connected
feedforward neural network to obtain the few-body ground states. The
positions of particles X or their functions are input into the network. Units in
the hidden layer are connected to all input units and the output unit. The
output uout of the network gives the wave function as  ðXÞ ¼ expðuoutÞ.

J. Phys. Soc. Jpn. 87, 074002 (2018) H. Saito
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Machine-learning the deuteron
•  ANN were recently applied to solve the deuteron in momentum space using the sophisticated N3LO 
Entem-Machleidt chiral-EFT nucleon-nucleon force

Keeble, Rios, PLB 809, 135743 (2020) Figure 2: Deuteron binding energy as a function of iteration number
for a network with Nhid = 10 and a softplus activation function. The
energy cost function is minimised using RMSprop (see Appendix A
for details).

no bearing to physical ones. In a second step, we therefore
follow Ref. [19] and train the ANN to reproduce physically
inspired, but arbitrary, target wavefunctions for each of the

two states. We use a functional form  
L
targ(q) / q

L
e
� ⇠2q2

2

with ⇠ = 1.5 fm, which provides target wavefunctions with
momentum space widths which are similar to the exact so-
lutions.

We train the ANN wavefunction to match the target
wavefunction in a supervised manner. The cost function,
C = CS + CD, is the sum of the individual contributions
for each state, CL = (KL � 1)2, where we introduce the
overlap

KL =

⌦
 
L
targ

��  L
ANN

↵2
⌦
 
L
targ

��  L
targ

↵ ⌦
 
L
ANN

��  L
ANN

↵ (3)

=
[
R1
0 dq q

2
 
L
targ(q) 

L
ANN(q)]

2

R1
0 dq q2  L

targ(q) 
L
targ(q)

R1
0 dq q2  L

ANN(q) 
L
ANN(q)

.

The RMSprop scheme is used to minimise C for 105 itera-
tions [14, 35]. We provide more details about this scheme
in Appendix A, and list here only the relevant hyperpa-
rameters: ↵ = 10�2, � = 0.9 and ✏ = 10�8. The network
calculates an unnormalised wavefunction for each partial
wave. In the minimisation algorithm, the wavefunction
normalization constants divide the learning rates. Be-
cause these normalization constants are typically larger
than one, unnormalized wavefunctions e↵ectively reduce
the learning rate during the minimisation process, allow-
ing for a relatively large value of ↵. After this initial train-
ing step, the resulting overlap is within 1� 5% of the de-
sired value of KL = 1. The admixture of the S� and the
D�states is deliberately chosen to have an unphysically
large value of 50%.

The third and final step is the actual variational en-
ergy minimisation. We let the network evolve to readjust
the wavefunctions while minimising the energy. The initial
large admixture between the two states does not hinder the
convergence of the VANN. We use RMSprop again to min-
imise the energy cost function in Eq. (2), with the same hy-
perparameter set discussed above. A typical energy min-

Figure 3: Binding energy of the deuteron (top panel), fidelities
FL (central) and D�state probability (bottom) as a function of the
number of hidden layer nodes, Nhid. Lines (bands) are obtained
from the average (standard deviation) of 50 independent VANN runs.
Horizontal (dashed) lines show the benchmark result.

imisation curve for the case with Nhid = 10 and a softplus
activation function is shown in Fig. 2. Within the first few
thousands of iterations (not shown in the Figure for clar-
ity), the descent is fast and smooth and the network is able
to bind the deuteron. After about 10, 000 iterations, fluc-
tuations appear. This allows for the energy to be overshot
at times, but the minimisation algorithm eventually cor-
rects for that. At 50, 000 iterations, the binding energy is
already within 10% of the benchmark value (dashed line).
We stop our runs at 250, 000 iterations, where the binding
energy is converged within fluctuations of the order of 2�3
keV.

3. Results

We explore the bias and variance of our minimal VANN
model, particularly the out-of-sample error, in two di↵er-
ent ways. First, we change the number of hidden layer
nodes from Nhid = 2 to 20, in steps of 2. An extended dis-
cussion up to Nhid = 100 is presented in Appendix B. This
provides an idea of how model predictions change with an
increase in the number of variational parameters. Second,
we initialise the model, train it to target wavefunctions
and minimise the energy with 50 di↵erent random seed
configurations. The results shown here are obtained as
the means and standard deviations of these 50 individual
runs. This helps identify weight initialisation e↵ects.

3

• The parameters of the ANN are optimized minimizing the variational energy using RMSprop

q

b

| S
ANN i

| D
ANN i

W(1) W(2)

Hidden
layer

Input
layer

Output
layer

Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
⌦
 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2

James Keeble talk



• We consider a the leading-order pionless-EFT Hamiltonian, which includes a three-body force

Light nuclei with an ANN Jastrow ansatz
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• We introduce an ANN representation of the variational wave function of the form

| ANN
V i = eU(r1,...,rA)|�i
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• For the s-shell nuclei that we consider, we assume the mean-field part to only depend upon the 
spin and isospin degrees of freedom 
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• More general Ansatz than standard product of two- and three-body Jastrow terms
<latexit sha1_base64="A6PqLIheVM8RkJ3mrXASpe2hcZw="></latexit>

| J
V i =

Y

i<j<k

⇣
1�

X

cyc

u(rij)u(rjk)
⌘Y

i<j

f(rij)|�i ,



 The correlation factor is parameterized with an ANN comprised of four fully connected layers

Light nuclei with an ANN Jastrow ansatz

<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..
.

<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..
.

<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..
.

<latexit sha1_base64="m/uhbHp63nLBLw5BFfm22nAFmaU="></latexit>

U

<latexit sha1_base64="i77p6fttPz46tpf6drgywMSwYXg="></latexit>

x̄1

<latexit sha1_base64="qvtAEVsTvNN3yUm5jW7fMq84C1o="></latexit>

ȳ1
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• The center of mass contributions to the kinetic energy are removed by
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• The kinetic energy requires the derivatives of    . We use differentiable softplus activation functions.
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culations.
Hamiltonian.- We employ nuclear Hamiltonians de-

rived within pionless EFT, which is based on the tenet
that the typical momentum of nucleons in nuclei is much
smaller than the pion mass m⇡ [3, 35]. Under this as-
sumption, largely justified for studying the structure and
long-range properties of A  4 nuclei, pion exchanges
are unresolved contact interactions and nucleons are the
only relevant degrees of freedom. The singularities of
the contact terms are controlled introducing a Gaussian
regulator that suppresses transferred momenta above the
ultraviolet cuto↵ ⇤. This regulator choice directly leads
to a Gaussian radial dependence of the potential, which
is local in coordinate [36, 37]. The leading-order (LO)
Hamiltonian reads

HLO = �
X

i

~r2

i

2mN

+
X

i<j

(C1 + C2 ~�i · ~�j) e
�r

2
ij⇤

2
/4

+D0

X

i<j<k

X

cyc

e
�(r2ik+r

2
ij)⇤2

/4
, (1)

where mN is the mass of the nucleon, ~�i is the Pauli
matrix acting on nucleon i, and

P
cyc

stands for the cyclic
permutation of i, j, and k.

Following Ref. [38], the low-energy constants C1 and
C2 are fit to the deuteron binding energy and to the
neutron-neutron scattering length. In Eq. (1) we picked
the operator basis 1 and ~�i · ~�j , but this choice can be
replaced by any other form equivalent under Fierz trans-
formations in SU(2). Solving A � 3 nuclei with purely
attractive two-nucleon potentials leads to the “Thomas
collapse” [39], which can be avoided promoting a contact
three-nucleon force to LO [40]. The values of the LECs
adopted in this work can be found in Ref. [38]; since
C1(⇤) is much larger than C2(⇤), the LO Hamiltonian
has an approximate SU(4) symmetry.

Variational wave function.- A fundamental ingredi-
ent of the VMC method is the choice of a suitable vari-
ational wave function  V , whose parameters are found
exploiting the variational principle

h V |H| V i
h V | V i

= EV � E0 (2)

where E0 is exact the ground-state energy: H| 0i =
E0| 0i. Metropolis Monte Carlo sampling is used to eval-
uate ET through a 3A-dimensional integral in coordinate
space. The vast majority of nuclear correlations induced
by the LO pionless nuclear Hamiltonian of Eq. (1), which
is approximately SU(4) symmetric, are spin-isospin inde-
pendent. To accurately model them, we introduce an
ANN representation of the variational wave function

| ANN

V
i = e

U(r1,...,rA)|�i (3)

where |�i is a suitable mean-field state, and U(r1, . . . , rA)
is a real-valued function. For the s-shell nuclei consid-
ered in this work, the mean-field part can be taken to be

|�2Hi = A| "p"ni, |�3Hei = A| "p#p"ni, and |�4Hei =
A| "p#p"n#ni, with A being the anti-symmetrization op-
erator [41].
The correlating factor U(r1, . . . , rA) is parameterized

with an ANN comprised of four fully connected layers.
The input layer has 3A nodes, corresponding to the
intrinsic spatial coordinates of the nucleon, defined as
r̄i = ri � RCM, where RCM is the center of mass coor-
dinate. This procedure automatically removes spurious
center of mass contributions from all observables [42].
The two intermediate layers have 128 nodes each, while
the output layer is one-dimensional. The network has
a total of 18304 trainable parameters. Since the kinetic
energy requires evaluating the derivatives of  T with re-
spect to ri, we use the di↵erentiable softplus activation
functions [43]. The parameters of the network are ran-
domly initialized, hence during the Metropolis walk the
nucleons can in principle drift away from RCM. To con-
trol this pathological behavior, a Gaussian function is
added to e↵ectively confine the nucleons within a finite
volume U(r1, . . . , rA) ! U(r1, . . . , rA) � ↵

P
i
r̄2
i
where

we take ↵ = 0.05.
The choice of correcting a mean-field state |�i with a

flexible ANN correlator factor U(r1, . . . , rA) is similar in
spirit to neural-network correlators introduced recently
in condensed-matter [19, 27] and chemistry applications
[29]. An appealing feature of the ANN ansatz is that it
is more general than the more conventional product of
two- and three-body spin-independent Jastrow functions

| J

V
i =

Y

i<j<k

⇣
1�

X

cyc

u(rij)u(rjk)
⌘Y

i<j

f(rij)|�i , (4)

which is commonly used for nuclear Hamiltonians that
do not contain tensor and spin-orbit terms [37].
Analogously to standard VMC calculations, as well as

ML applications, the optimal set of weights and biases
of the ANN is found minimizing a suitable cost function.
Specifically, we exploit the variational principle of Eq. (2)

FIG. 1. Convergence pattern of the 2H variational energy for
⇤ = 4 fm�1 and ⇤ = 6 fm�1 as a function of the number
of optimization steps of the SR algorithm. The dashed line
denotes the asymptotic value.

The optimal values of the 18304 trainable parameters are found minimizing

Light nuclei with an ANN Jastrow ansatz
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Using a pre-conditioner based on the quantum Fisher information (analogous to the stochastic 
reconfiguration method) is more efficient than stochastic gradient descent
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and minimize the expectation value of the energy. The
gradient components Gi = @iE(p) of the energy with
respect to the variational parameters pi read

Gi = 2

✓
h@i V |H| V i

h V | V i
� EV

h@i V | V i
h V | V i

◆
(5)

and can be e�ciently estimated through Monte Carlo
sampling. While stochastic gradient descent can be read-
ily used to compute parameters updates, for VMC ap-
plications it has been found that using a preconditioner
based on the Quantum Fisher Information

Sij =
h@i V |@j V i
h V | V i

� h@i V | V ih V |@j V i
h V | V ih V | V i

, (6)

is significantly more e�cient. During the optimization,
then parameters at step s are updated as p

s+1 = p
s �

⌘(S + ⇤)�1
G, where ⌘ is the learning rate and ⇤ is a

small positive diagonal matrix that is added to stabilize
the method. This approach, known as the stochastic-
reconfiguration (SR) algorithm [32, 42] is equivalent to
performing imaginary-time evolution in the variational
manifold and it is in turn related to the Natural Gradient
descent method [43] in unsupervised learning.

In Fig. 1 we show the convergence pattern as function
of the optimization step of the 2H energy for the LO
pionless EFT Hamiltonians with ⇤ = 4 fm�1 and ⇤ = 6
fm�1. Here we need to comment the figure.

The general ML framework Pytorch [44] is adopted to
construct the network and e�ciently compute the deriva-
tives with respect to both the network parameters and
the position of the nucleons. We note that the automatic
di↵erentiation capabilities and GPU-native framework of
Pytorch imply e�cient scaling of this technique, though
the imperative nature of operations limit the scalability
of Jacobian calculations in Pytorch. A just-in-time (JIT)
compiled (Jax [45]) or graph-optimized framework (Ten-
sorflow [46]) shows much better preliminary performance
on state-of-the-art computing hardware.

Results and discussion. - We analyze the accuracy of
the ANN wave function ansatz by computing the ground-
state energies of 2H, 3H, and 4He as they emerge from
the LO pionless EFT Hamiltonians with regulators ⇤ = 4

⇤ VMC-ANN VMC-JS GFMC GFMCc

2H
4 fm�1 �2.224(1) �2.223(1) �2.224(1) -
6 fm�1 �2.224(4) �2.220(1) �2.225(1) -

3H
4 fm�1 �7.81(1) �7.80(1) �8.38(2) �7.82(1)
6 fm�1 �7.79(3) �7.74(1) �8.38(2) �7.81(1)

4He
4 fm�1 �22.76(3) �22.54(1) �23.62(3) �22.77(2)
6 fm�1 �23.99(6) �23.44(2) �25.06(3) �24.10(2)

TABLE I. Ground-state energy of the 2H, 3H, and 4He for
the LO pionless-EFT Hamiltonian for ⇤ = 4 fm�1 and ⇤ = 6
fm�1. Numbers in parentheses indicate the statistical errors
on the last digit.

fm�1 and ⇤ = 6 fm�1. In Table I we benchmark the
ANN representation of  T (VMC-ANN) against con-
ventional VMC calculations carried out using a spline
parametrization for the Jastrow functions [35] (VMC-
JS), and virtually-exact GFMC results.
As far as 2H is concerned, the three methods provide

fully compatible energies, within statistical errors, show-
ing the flexibility of the ANN to accurately represent the
ground-state wave function of the deuteron, consistently
with the findings of Ref. [31]. The fact that the three the-
oretical calculations coincide with the experimental value
is not entirely surprising, as the potential has been fit
to the deuteron binding energy using numerically-exact
few-body methods [34].
The 3H energies obtained within VMC-ANN and

VMC-JS essentially coincide, as the variational wave
function of Eq. (4), containing two- and three-body corre-
lations, is flexible enough to model the spin-independent
correlations relevant for systems with up to A = 3 nu-
cleons. On the other hand, the GFMC results are mod-
erately more bound, by about 0.5 MeV, for both ⇤ = 4
fm�1 and ⇤ = 6 fm�1. This di↵erence is due to spin-
dependent correlations that are automatically generated
by the GFMC imaginary-time propagation, but are ne-
glected in both the VMC-JS and VMC-ANN calcula-
tions. In the latter cases, the expectation value of ~�i · ~�j

is exactly equal to -1, and the NN potential of Eq. (1) is
equivalent to using ṽc(rij) = vc(rij) � v�(rij). To bet-
ter quantify the amount of spin-independent correlations
entailed in the ANN, we have carried out GFMC calcu-
lations using this purely central interaction. The corre-
sponding GFMCc energies are compatible with the ANN
results within statistical uncertainties, proving the high-
accuracy of the ANN wave-function ansatz. A similar
pattern emerges for the 4He nucleus, although in this
case the ANN wave functions outperform the JS ones
– the energy is improved by about 0.2 MeV and 0.5
MeV for ⇤ = 4 fm�1 and ⇤ = 6 fm�1, respectively.
Spin-dependent correlations lower the GFMC energies by
about 0.9 MeV with respect to the VMC-ANN ones for
both values of the regulator. On the other hand, VMC-
ANN and GFMCc results agree for ⇤ = 4 fm�1, while for
⇤ = 6 fm�1 GFMCc provides ' 0.1 MeV of additional
biding. We ascribe this small di↵erence to the di�cul-
ties inherent in optimizing the wave function when sti↵
regulators are employed.
To further elucidate the quality of the ANN wave func-

tion we consider the point-nucleon density

⇢N (r) =
1

4⇡r2
⌦
 V

��
X

i

�(r � |rint
i

|)
�� V

↵
, (7)

which is of interest in a variety of experimental set-
tings [47, 48]. In the upper, medium, and lower panels of
Fig. 2 we display ⇢N (r) of 2H, 3H, and 4He as obtained
from VMC-ANN and GFMC calculations that use as in-
put the LO pionless-EFT Hamiltonian with ⇤ = 4 fm�1.
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FIG. 2. Point-nucleon densities of 2H (upper panel), 3H (mid-
dle panel), and 4He (lower panel) for the LO pionless-EFT
Hamiltonian with ⇤ = 4 fm�1. The solid points and the
shaded area represent the VMC-ANN and GFMC results, re-
spectively.

There is an excellent agreement between the two meth-
ods, which further corroborates the representative power
of the ANN ansatz for the wave functions of A  4 nu-
clei. The VMC-ANN and GFMC densities do not only
overlap at short distances, but also in slowly-decaying
asymptotic exponential tails, highlighted in the insets of
Fig. 2. It has to be emphasised that the ANN learns how
to compensate for the original Gaussian confining func-
tion and reproduce the correct exponential falls o↵ of the
nuclear wave function, which is notoriously delicate to
obtain within nuclear methods that rely on harmonic-
oscillator basis expansions [49].

In this work we have carried out proof-of-principle cal-
culations that demonstrate the capability of ANNs to

represent the wave-function of A  4 nuclei. Capitalizing
on the stochastic-reconfiguration algorithm, we trained
the network to solve the Schrödinger equation of a LO
Pionless-EFT Hamiltonian that contains two- and three-
nucleon potentials. The ANN variational wave func-
tion outperforms the routinely employed two- and three-
body Jastrow parametrization of the correlation func-
tion, while the di↵erences with respect to virtually-exact
GFMC calculations are due to missing spin-dependent
correlations. For the s-shell nuclei that we considered,
and with our analysis limited to spin-isospin indepen-
dent correlations, the training converges to permutation-
invariant wave functions. The extension to spin-isospin
dependent correlation requires developing complex repre-
sentations of the variational wave function that are anti-
symmetric under the simultaneous exchange of the po-
sition and spin-isospin coordinates of any two nucleons.
A promising avenue in this regard is the use of the Deep
Set architecture [50, 51] to first construct permutation
invariant functions and use them in generalized backflow
coordinate transformations [28, 29]. Work in this direc-
tion is in ongoing. †
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with the convergence pattern of the 2H energy displayed
in Fig. 1.

To further elucidate the quality of the ANN wave func-
tion we consider the point-nucleon density
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which is of interest in a variety of experimental set-
tings [50, 51]. In the upper, medium, and lower panels of
Fig. 2 we display ⇢N (r) of 2H, 3H, and 4He as obtained
from VMC-ANN and GFMC calculations that use as in-
put the LO pionless-EFT Hamiltonian with ⇤ = 4 fm�1.
There is an excellent agreement between the two meth-
ods, which further corroborates the representative power

FIG. 2. Point-nucleon densities of 2H (upper panel), 3H (mid-
dle panel), and 4He (lower panel) for the LO pionless-EFT
Hamiltonian with ⇤ = 4 fm�1. The solid points and the
shaded area represent the VMC-ANN and GFMC results, re-
spectively.

of the ANN ansatz for the wave functions of A  4 nu-
clei. The VMC-ANN and GFMC densities overlap both
at short distances and in the slowly-decaying asymptotic
exponential tails, highlighted in the insets of Fig. 2. It
has to be emphasised that the ANN learns how to com-
pensate for the original Gaussian confining function and
reproduce the correct exponential falls o↵ of the nuclear
wave function, which is notoriously delicate to obtain
within nuclear methods that rely on harmonic-oscillator
basis expansions [52, 53].

Conclusions – In this work we have carried out
proof-of-principle calculations that demonstrate the ca-
pability of ANNs to represent the variational state
of A  4 nuclei. Capitalizing on the stochastic-
reconfiguration algorithm, we trained the network to
solve the Schrödinger equation of a LO pionless-EFT
Hamiltonian that contains two- and three-nucleon po-
tentials characterized by highly non-perturbative short-
range components. Our variational Monte Carlo calcula-
tions demonstrate that the ANN variational wave func-
tion outperforms the routinely employed two- and three-
body Jastrow parametrization of the correlation func-
tion. The small di↵erences with respect to virtually-exact
GFMC results are due to missing spin-dependent correla-
tions, as shown by GFMC calculations carried out using
spin-independent interactions. The single-particle densi-
ties obtained with ANN wave functions are also in ex-
cellent agreement with GFMC results, both at short dis-
tances and in the slowly-decaying exponential tails, which
are notoriously di�cult to reproduce. For the s-shell nu-
clei that we have considered in this work, and with our
analysis limited to spin-isospin independent correlations,
the training naturally converges to permutation-invariant
wave functions. The extension to spin-isospin dependent
correlation requires developing complex-valued represen-
tations of the variational wave function that are anti-
symmetric under the simultaneous exchange of the po-
sition and spin-isospin coordinates of any two nucleons.
While this aspect is left for future research activity, we
anticipate that the adoption of strategies already success-
fully adopted in fermionic many-body problems [28–30]
will be beneficial also for applications in nuclear systems.
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Some perspectives
We are improving the convergence of the training combining SR with state-of-the-art optimization  
methods developed in ML applications;

As a first example, we considered the “Momentum” method, which helps accelerate SGD in the 
relevant direction and dampens oscillations;
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With momentum we already achieved a tenfold speedup in the convergence. We plan to test 
RMSprop and Adam, two of the most popular optimization methods.  
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Some perspectives

 ̂(X) = det

0
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...
... . . .

...
�A(x1;xj 6=1) �A(x2; {xj 6=2}) . . . �A(xA; {xj 6=A})
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Pfau et al., arXiv:1909.02487 (2019) Hermann et al., arXiv:1909.08423 (2019)

Including spin-dependent correlations requires encoding the anti-symmetry of the wave function. 
We are investigating the use of a generalized back-flow ansatz

• The functions                       must be invariant under the exchange of the order of         : need to 
Generalization of the Deep Set architecture to the complex case   
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xi = {ri, szi , tzi }• We introduced the generalized coordinate 
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Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain fixed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).
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Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. � and ⇢ can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cluding Ravanbakhsh et al. (2016), Zaheer et al. (2017) and
Qi et al. (2017a), have considered enforcing this property
using a technique which we term sum-decomposition, illus-
trated in Figure 1. Mathematically speaking, we say that a
function f defined on sets of size M is sum-decomposable

via Z if there are functions � : R ! Z and ⇢ : Z ! R such
that2

f(X) = ⇢
�
⌃x2X�(x)

�
(1)

We refer to Z here as the latent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant. Ravanbakhsh et al. (2016), Zaheer
et al. (2017) and Qi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g. max(·). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply when max(·) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We use R here for brevity – see Definition 2.2 for the fully

general definition.
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Some perspectives
Our primary goal is to devise accurate wave functions for medium-mass nuclei otherwise 
inaccessible by conventional nuclear QMC methods;

ANN allows study properties of excited states, a central task and nontrivial challenge for several 
nuclear many-body quantum approaches;

K. Choo et al. Phys. Rev. Lett. 121, 167204 (2018)

ANN can be extended to solve the time-dependent Schrödinger equation, similarly to the time-
dependent variational Monte Carlo method. The distance to be minimized is 

Compact representations useful to both theory and experimental communities
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Response function calculations; interplay with quantum-computing methods



• The ANN correlation outperforms existing two- and three-body Jastrow ansatz;

Summary and outlook

• More accurate than Maximum Entropy, especially in the low energy-transfer region;

• We have developed a noise-resilient ML-based protocol for inverting the Laplace transform

• Resilient to noise in the input Euclidean response, see Krishnan’s talk;

• Applicable to other integral-transform, including the Lorentz and the Gauss;

• Encouraging results with ANN representation of nuclear variational states

• Using the SR method enables relatively fast training, further improved when used in 
combination with state-of-the-art ML optimization methods;

• Correct behavior of single-particle densities, including the slowly decaying tail;

• Extension to spin-isospin dependent correlation (and to larger nuclei) requires 
encoding permutation-invariant symmetry;

• Access to excited states and nuclear response functions;


