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Claim of this talk

There is huge untapped potential in algebra automation for 
quantum many-body theory, in particular at finite temperature. 
 
I will show you results that just a few years ago were  
(at least I thought!) impossible to obtain.



Context



Nuclear astrophysics

Ultracold atoms



Studied with dynamical simulations;  
require thermodynamic input from nuclear physics:  
 
- Pressure-density EoS  
- Quasiparticle spectrum 
- Density and spin response  
- Hydrodynamic response  
 
… this is needed, in particular, at finite temperature.  
(see Mark Alford’s talk yesterday)

Nuclear astrophysics

Neutron star mergers  
 
Core-collapse supernovae
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Nucleons Quarks

Density

Nuclear astrophysics



Dilute neutron matter Dilute atoms

as = 104 Bohr

r0 = 20 Bohr
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as = �18.5 fm

r0 = 2.7 fm
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Idealized regime:
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Dilute Fermi gases in universal regimes

No small 
parameters!

“Unitary limit”
(see also Joe Carlson’s talk yesterday)



Two species of fermions with a contact two-body force 

Renormalize by solving the two-body problem and  
relating bare coupling to scattering length
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           Solve for  
energies

           Plug in to determine 
scattering parametersE =

p2

2m̄
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Dilute Fermi gases in universal regimes

= 0 at unitarity



?
�h

<latexit sha1_base64="382/GFggVbaZzHfv+bj+UVUBcNE=">AAAB7XicjVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF20kmGzM4uM71CWPIRXjyoePV/vPk3Th4HFQULGoqqbrq7olRJS77/4RWWlldW14rrpY3Nre2d8u7enU0yIzAQiUpMK+IWldQYkCSFrdQgjyOFzWh0NfWb92isTPQtjVMMYz7Qsi8FJyc1OxESZ8NuuVKr+jOwv0kFFmh0y++dXiKyGDUJxa1t1/yUwpwbkkLhpNTJLKZcjPgA245qHqMN89m5E3bklB7rJ8aVJjZTv07kPLZ2HEeuM+Y0tD+9qfib186ofx7mUqcZoRbzRf1MMUrY9HfWkwYFqbEjXBjpbmViyA0X5BIq/S+E4KR6UfVvTiv1y0UaRTiAQziGGpxBHa6hAQEIGMEDPMGzl3qP3ov3Om8teIuZffgG7+0TUFePFg==</latexit><latexit sha1_base64="382/GFggVbaZzHfv+bj+UVUBcNE=">AAAB7XicjVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF20kmGzM4uM71CWPIRXjyoePV/vPk3Th4HFQULGoqqbrq7olRJS77/4RWWlldW14rrpY3Nre2d8u7enU0yIzAQiUpMK+IWldQYkCSFrdQgjyOFzWh0NfWb92isTPQtjVMMYz7Qsi8FJyc1OxESZ8NuuVKr+jOwv0kFFmh0y++dXiKyGDUJxa1t1/yUwpwbkkLhpNTJLKZcjPgA245qHqMN89m5E3bklB7rJ8aVJjZTv07kPLZ2HEeuM+Y0tD+9qfib186ofx7mUqcZoRbzRf1MMUrY9HfWkwYFqbEjXBjpbmViyA0X5BIq/S+E4KR6UfVvTiv1y0UaRTiAQziGGpxBHa6hAQEIGMEDPMGzl3qP3ov3Om8teIuZffgG7+0TUFePFg==</latexit><latexit sha1_base64="382/GFggVbaZzHfv+bj+UVUBcNE=">AAAB7XicjVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF20kmGzM4uM71CWPIRXjyoePV/vPk3Th4HFQULGoqqbrq7olRJS77/4RWWlldW14rrpY3Nre2d8u7enU0yIzAQiUpMK+IWldQYkCSFrdQgjyOFzWh0NfWb92isTPQtjVMMYz7Qsi8FJyc1OxESZ8NuuVKr+jOwv0kFFmh0y++dXiKyGDUJxa1t1/yUwpwbkkLhpNTJLKZcjPgA245qHqMN89m5E3bklB7rJ8aVJjZTv07kPLZ2HEeuM+Y0tD+9qfib186ofx7mUqcZoRbzRf1MMUrY9HfWkwYFqbEjXBjpbmViyA0X5BIq/S+E4KR6UfVvTiv1y0UaRTiAQziGGpxBHa6hAQEIGMEDPMGzl3qP3ov3Om8teIuZffgG7+0TUFePFg==</latexit>

h = (µ" � µ#)/2
<latexit sha1_base64="uMgqEqPn2kzUm1t1OjTHVS3q5Qg=">AAACDXicjVBLSwMxGMzWV62vVY9egqVQD9ZtEdSDUPTisYJrhXZZsmm2Dc0mSx6WUvoLvPhXvHhQ8erdm//GdNuDioIDgcnMN3zJRCmjSnveh5Obm19YXMovF1ZW19Y33M2tayWMxMTHggl5EyFFGOXE11QzcpNKgpKIkWbUP5/4zVsiFRX8Sg9TEiSoy2lMMdJWCt1SD57CcjsxYdukSEoxgPswu3bEgGfC3kEtdIvVipcB/k2KYIZG6L7bPDYJ4RozpFSr6qU6GCGpKWZkXGgbRVKE+6hLWpZylBAVjLLvjGHJKh0YC2kP1zBTvyZGKFFqmER2MkG6p356E/E3r2V0fByMKE+NJhxPF8WGQS3gpBvYoZJgzYaWICypfSvEPSQR1rbBwv9K8GuVk4p3eVisn83ayIMdsAvKoAqOQB1cgAbwAQZ34AE8gWfn3nl0XpzX6WjOmWW2wTc4b5+6r5rc</latexit><latexit sha1_base64="uMgqEqPn2kzUm1t1OjTHVS3q5Qg=">AAACDXicjVBLSwMxGMzWV62vVY9egqVQD9ZtEdSDUPTisYJrhXZZsmm2Dc0mSx6WUvoLvPhXvHhQ8erdm//GdNuDioIDgcnMN3zJRCmjSnveh5Obm19YXMovF1ZW19Y33M2tayWMxMTHggl5EyFFGOXE11QzcpNKgpKIkWbUP5/4zVsiFRX8Sg9TEiSoy2lMMdJWCt1SD57CcjsxYdukSEoxgPswu3bEgGfC3kEtdIvVipcB/k2KYIZG6L7bPDYJ4RozpFSr6qU6GCGpKWZkXGgbRVKE+6hLWpZylBAVjLLvjGHJKh0YC2kP1zBTvyZGKFFqmER2MkG6p356E/E3r2V0fByMKE+NJhxPF8WGQS3gpBvYoZJgzYaWICypfSvEPSQR1rbBwv9K8GuVk4p3eVisn83ayIMdsAvKoAqOQB1cgAbwAQZ34AE8gWfn3nl0XpzX6WjOmWW2wTc4b5+6r5rc</latexit><latexit sha1_base64="uMgqEqPn2kzUm1t1OjTHVS3q5Qg=">AAACDXicjVBLSwMxGMzWV62vVY9egqVQD9ZtEdSDUPTisYJrhXZZsmm2Dc0mSx6WUvoLvPhXvHhQ8erdm//GdNuDioIDgcnMN3zJRCmjSnveh5Obm19YXMovF1ZW19Y33M2tayWMxMTHggl5EyFFGOXE11QzcpNKgpKIkWbUP5/4zVsiFRX8Sg9TEiSoy2lMMdJWCt1SD57CcjsxYdukSEoxgPswu3bEgGfC3kEtdIvVipcB/k2KYIZG6L7bPDYJ4RozpFSr6qU6GCGpKWZkXGgbRVKE+6hLWpZylBAVjLLvjGHJKh0YC2kP1zBTvyZGKFFqmER2MkG6p356E/E3r2V0fByMKE+NJhxPF8WGQS3gpBvYoZJgzYaWICypfSvEPSQR1rbBwv9K8GuVk4p3eVisn83ayIMdsAvKoAqOQB1cgAbwAQZ34AE8gWfn3nl0XpzX6WjOmWW2wTc4b5+6r5rc</latexit>

?
 Exotic

Superfluid

Normal

Normal

T

 BEC
Superfluid BCS

Superfluid

Tc

Tc

1/kFa

Non-Fermi liquid  
non-ordered

Unitarity
1 ⌧ kF |a|

The many-body problem: BCS-BEC crossover
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The many-body problem: BCS-BEC crossover



Technical details



The task and the challenge

Two species of fermions with a contact two-body force 
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Objective: Calculate the thermodynamics of this model  
                  in an ab initio, non-perturbative fashion. 



obtained from n-body problem�bn = bn � b(0)n
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��⌦ = PV = lnZ

���⌦ = ln(Z/Z0) = Q1
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Thermodynamics and the virial expansion

Virial coefficients

Interaction effects

Thermodynamics 

“Small-fugacity” expansion: virial expansion
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Grand-canonical partition function 

z = e�µ
Fugacity
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Canonical partition functions 

    The thermodynamics and static response are encoded in these numbers! 



<latexit sha1_base64="ISdKgIxxGazWeRaHJ2a/nOp9fow="></latexit>

QN = TrN
h
e
��Ĥ
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⇠ O(V N ) Delicate volume cancellations required at each order! 

Very challenging to accomplish with Monte Carlo 
We proceed analytically, but still aided by computers.

Thermodynamics and the virial expansion
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Beth-Uhlenbeck formula (1937)

Precise calculations only in 21st century 
and in very specific cases

Precise only in last decade 
also in very specific cases
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Access to the           gives us access to the virial coefficients, but…
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Phys. Rev. A 100, 063627 (2019) 
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Phys. Rev. A 101, 063630 (2020) 
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Phys. Rev. A 102, 033319 (2020) 
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K. Morrell, C. E. Berger, J. E. Drut 
Phys. Rev. A 102, 023309 (2020) extrapolate to 

large k

Temporal lattice approximation (a.k.a. Suzuki-Trotter factorization) 
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Our approach to calculating virial coefficients



What goes into the “automation” step? 

More complicated interaction? Write the above matrix element in a Gaussian basis.  

Gaussian integrals!
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Contact interaction  constant in momentum space  
 
                                         E.g. N=2                                         

                                only Gaussian integrals in momentum space

⟺

⟺
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Our approach to calculating virial coefficients



Results



Yan and Blume

Phys. Rev. Lett. 116, 230401 (2016) 
Monte Carlo method
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Exp Exp QMC Diagrams Conjecture

Results: virial coefficients

Y. Hou, J. E. Drut 
Phys. Rev. Lett. 125, 050403 (2020)  
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Large-k extrapolated results for 3D fermions in the BCS-BEC crossover 

Y. Hou, J. E. Drut 
Phys. Rev. Lett. 125, 050403 (2020)  
Editor’s suggestion 

Other results shown: 

          : Leyronas (exact) 

          : Endo & Castin (conjecture), 
            Yan & Blume (QMC), 
            Ngampruetikorn et al  
            (diagrammatic approx).
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Results: virial coefficients
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Large-k extrapolated results for 3D fermions in the BCS-BEC crossover 

Results: virial coefficients

Y. Hou, J. E. Drut 
Phys. Rev. Lett. 125, 050403 (2020)  
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The future: Harmonically trapped case
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The future: Harmonically trapped case
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The future: Harmonically trapped case

Compared with PIMC

Yan and Blume
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Summary

- Nuclear astrophysics and ultracold atoms need finite-temperature  
quantum many-body theory; 

- We are exploring a computational idea to bridge between entirely  
numerical and entirely analytic approaches to quantum many-body  
physics, namely automated algebra; 

- That idea has allowed us to push the virial expansion to new limits, 
also shedding light where previous methods came short; 

- We used the results, complemented with resummation techniques, to  
access the thermodynamics of strongly coupled matter. 



- We are generalizing automated-algebra methods to other 
physical situations (attractive Bose gases, harmonically trapped 
systems, nuclear matter) and observables beyond thermodynamics; 

- Calculations at higher orders in the VE are possible and desirable to 
apply resummation methods.

The future



Thank you!


