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Outlook

1. Motivation: why superfluidity in neutron stars? 

2.Some previous results 

3.Nambu-Covariant Perturbation Theory  

4.Nambu-Covariant Self-Consistent Green’s Functions



3

Stellar corpse CSI
Atmosphere (1-10 m) 
Ionized gas, x-ray emission

Outer crust (0.3-0.5km) 
Ions, electrons

Inner crust (1-2 km) 
Nuclear lattice/pasta

Outer core (~9 km) 
Neutron liquid, % of protons and e-

Inner core (~0-3 km) 
Unknown - quark gluon plasma?

R « 10 km

M ≈ (1 − 2)M⊙
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How important is our job?
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How important is our job?
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NICER Collaboration 
Miller et al. arXiv:2105.06979 
Riley et al. arXiv:2105.06981 

Raaijmakers et al. arXiv:2105.06981 
https://heasarc.gsfc.nasa.gov/docs/nicer/

NICER
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Nuclear error quantification
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Nuclear error quantification
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Self-Consistent Green’s Functions
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Self-Consistent Green’s Functions
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Self-Consistent Green’s Functions
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Self-Consistent Green’s Functions
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Self-Consistent Green’s Functions
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EoS at finite temperature
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•Relevant & necessary for astro simulations
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Zero temperature extrapolation
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Cooling curve of neutron stars

Vela

• Observational data available for a handful of NS 
• Sensitive to interior physics (mostly pairing)

Yakovlev & Pethick,ARAA 42 169 (2004)
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Cooling of CasA

Ho, et al., PRC 91 015806 (2015)

Cas A data

Page, et al., PRL 106 081101 (2011)

Ingredients 
(a) Mass of pulsar 
(b) EoS (determines radius) 
(c) Internal composition 
(d) Pairing gaps (1S0 & 3PF2 channels) 
(e) Atmosphere composition
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BCS+HF gaps in neutron matter

Drischler, Kruger, Hebeler, Schwenk, Phys Rev C 95 024302 (2017) [arXiv:1610.05213]

Singlet gaps with 3NF Triplet gaps with 3NF

• Error estimates from nuclear force (chiral expansion) ✓ 
• Many-body uncertainty? ✗

"k =
k2

2m
+ U(k)� µ+

BCS equation
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Beyond-BCS in neutron matter: SRC
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https://arxiv.org/abs/1707.04140
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Beyond-BCS pairing: overview
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How to go beyond BCS?
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๏Existing frameworks difficult to generalise 
๏Nambu-covariant SCGF technique 

•Symmetry breaking ✔ 
•Finite temperature ✔ 
•Systematic expansion w diagrams ✔ 
•3 nucleon forces ✔

M. Drissi
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Nambu-Covariant Perturbation Theory
Operators 

๏Operators as polynomial of Nambu fields 
 
 

 

O ≡ ∑
μ1…μ2k

oμ1…μkμk+1…μ2k A†
μ1

…A†
μk

Aμk+1…Aμ2k

O ≡ ∑
μ1…μ2k

oμ1…μ2k
Aμ1…Aμ2k

O ≡ ∑
μ1…μ2k

oμ1…μ2k A†
μ1

…A†
μ2k

Metric tensor 
๏Definition: (0,2)-, (1,1)-, (2,0)-tensors 

+ transform like a tensor 

๏Raising/lowering indices of a tensor:

gμν ≡ δμν̄

gμ
ν ≡ δμν

gμν ≡ δμν̄

oμ1…μ2k
= ∑

α1…αk

gμ1α1
…gμkαk

oα1…αkμk+1…μ2k

Tensor definitions 
๏Let  a unitary Bogoliubov transformation 

 

๏Definition: (p,q)-tensor is multi-dim array s.t. 

 

๏p contravariant & q covariant indices

𝒲
Bμ = ∑

ν
(𝒲†)μ

ν
Aν

B†
μ = ∑

ν

𝒲ν
μ A†

ν

t′ μ1…μpν1…νq ≡ ∑
κ1…κp

∑
λ1…λq

(𝒲†)μ1

κ1
…(𝒲†)μp

κp

tκ1…κpλ1…λq (𝒲)λ1

ν1
…(𝒲)λq

νq

Nambu fields 
๏  and   orthonormal bases  
๏Let    be the involution ( ) 
๏Define  and  where  

๏Then Nambu fields are defined as 
 
 
 

๏Canonical anticommutation relation 

ℬ ℬ̄ ≡ |b⟩ → | b̄⟩
.̄ 1̄ = 2, 2̄ = 1

μ ≡ (b, g) μ̄ ≡ (b̄, ḡ) g ∈ {1,2}

{Aμ, Aν} = δμν̄ , {A†
μ, A†

ν} = δμν̄ , {Aμ, A†
ν} = δμν

Aµ © A(b,g) ©
3

ab

a†
b̄

4

g

A†
µ © A†

(b,g) ©
!
a†

b ab̄

"
g

<latexit sha1_base64="Pxupbboy83XqAfylUxYxjZqxdOw="></latexit>

[Anderson, 1958] [Nambu, 1960]
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๏Co(contra-)variance under Bogoliubov transforms 
provide invariant expressions in any basis 

๏Potential to optimise the extended basis 

๏Tensor-network structure becomes transparent 

๏Leads to diagrammatic expansion (à la de 
Dominicis-Martin or Haussmann) 

๏Other formalisms through specific basis or metric

Why Bogoliubov tensor algebra?

Tensor product:   

Tensor contraction: 

rμ1ν1
μ2μ3 = sμ1ν1 tμ2μ3

rμ
ν = ∑

α

sμ
α tα

ν
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Perturbative expansion
Hamiltonian partitioning 

 

Ω = Ω0 + Ω1

Ω0 =
1
2 ∑

μν

UμνAμAν

Ω1 =
n

∑
k=1

1
(2k)! ∑

μ1…μ2k

v(k)
μ1…μ2k

Aμ1…Aμ2k

Expansion 
๏Interaction picture expression 

 

๏Perturbative expansions 
 

 

๏Statistical Wick theorem + Linked-cluster 
theorem 

 Feynman diagrammatics almost as usual 

๏We provide a set of Feynman rules 

๏Also rules to evaluate Matsubara sums 

๏Simpler expressions than in other approaches 
(Gorkov Green’s functions or BMPT

(−1)k 𝒢μ1…μ2k(τ1, …, τ2k) =
⟨T [e− ∫β

0 ds Ω1(s) Aμ1(τ1) … Aμ2k(τ2k)]⟩0

⟨Te− ∫τ
0 ds Ω1(s)⟩0

⟨T [e− ∫β
0 ds Ω1(s) Aμ1(τ1) … Aμ2k(τ2k)]⟩0

=

+∞

∑
n=0

(−1)n

n! ∫
β

0
dτ′ 1…∫

β

0
dτ′ n ⟨T [Ω1(τ′ 1)…Ω1(τ′ n) Aμ1(τ1) … Aμ2k(τ2k)]⟩0

⇒

Green’s functions 
๏Contravariant k-body Green’s function 

  

with and  

๏Unperturbed case:    

(−1)k 𝒢μ1…μ2k(τ1, …, τ2k) ≡ ⟨T [Aμ1(τ1) … Aμ2k(τ2k)]⟩

⟨ . ⟩ = Tr ( . ρ) ρ ≡
e−βΩ

Tr (e−βΩ)
Ω ⟷ Ω0

Covariant k-body vertices

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx
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Feynman diagram building blocks
Formulations 

๏Time-independent partitioning 
‣ Time representation 
‣ Energy representation 

๏Matsubara frequencies 

 

๏Time-dependent partitioning (not today!)

𝒢μν(ωp) ≡ ∫
β

0
dτ eiωpτ 𝒢μν(τ)

𝒢μν(τ) =
1
β ∑

p

e−iωpτ 𝒢μν(ωp)

Propagators 

Fully antisymmetric vertex 
๏Definition 

 

๏Antisymmetrisation defines a new (0,2k)-
tensor  
๏Not the case in a mixed representation

v(k)
[μ1 μ2 … μ2k−1 μ2k] ≡

1
(2k)! ∑

σ∈S2k

ϵ(σ) v(k)
μσ(1) μσ(2) … μσ(2k−1) μσ(2k)

k-body vertex 

µ

‹

ø Êp

<latexit sha1_base64="lIQQNIETwLd+G0WfH1aUWJs7np0="></latexit>

µ

‹

ø Êp

<latexit sha1_base64="icoW6I23392Ft9l7T3aYZC+v/1A="></latexit>

µ2k
µ2k≠1

µ1
µ2

<latexit sha1_base64="fs16tteevojPNOsReBSGLTHcXhI="></latexit>

v(k)
[μ1 μ2 … μ2k−1 μ2k] =

Fourier Transform

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx

−(𝒢(0))μν(ωp) =

−𝒢μν(ωp) =
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Formulations 

๏Time-independent partitioning 
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๏Antisymmetrisation defines a new (0,2k)-
tensor  
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<latexit sha1_base64="icoW6I23392Ft9l7T3aYZC+v/1A="></latexit>
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<latexit sha1_base64="fs16tteevojPNOsReBSGLTHcXhI="></latexit>

v(k)
[μ1 μ2 … μ2k−1 μ2k] =

Fourier Transform

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx

−(𝒢(0))μν(ωp) =

−𝒢μν(ωp) =
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Why antisymmetric vertices?

Antisymmetrized 
vertex 

µ2k
µ2k≠1

µ1
µ2

<latexit sha1_base64="fs16tteevojPNOsReBSGLTHcXhI="> wgM9VYmpYjF4MtMgdye2Ow0UcO5SGm8k1ZaaEZcQBdNayRHfb0mKcIazXCkIZAswyI+aUvneEW39TiXKM7xz6g6yu3DkdBCZKrswYEOdo/v9cnLcBiMh9/+GB49flIf7TveF96XXt8LvEfeY++Z98K78EjnTefPzl+dv7us+2v3t+6bLXpwq/a577VG949/AW5chqU=</latexit>

v(k)
[μ1 μ2 … μ2k−1 μ2k] =

Un-symmetrised 
vertex 

v(k)
μ1 μ2 … μ2k−1 μ2k

=

µ2k
µ2k≠1

µ1
µ2

<latexit sha1_base64="sz0DXHsAQi/5vYMt3CQ11wTlboc="></latexit>

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx
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<latexit sha1_base64="sz0DXHsAQi/5vYMt3CQ11wTlboc="></latexit>

µ4 µ3

µ1 µ2

<latexit sha1_base64="hIgDfn4DNE8GFTP9DOnSCGC0FBA="></latexit>

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx
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µ4 µ3

µ1 µ2

<latexit sha1_base64="hIgDfn4DNE8GFTP9DOnSCGC0FBA="></latexit>

+
µ4 µ3

µ2 µ1

<latexit sha1_base64="XaDIRadCX0a4Up+Hqbr4AU3KMVY="></latexit>

+

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx
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<latexit sha1_base64="XaDIRadCX0a4Up+Hqbr4AU3KMVY="></latexit>
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µ4 µ1

µ3 µ2

<latexit sha1_base64="llM6RsuMOuL/zFSCJY9glYf2mCA="></latexit>

+…

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx
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+…

µ4 µ3

µ1 µ2

<latexit sha1_base64="wlKRPEE8iF350orLayT6pIIgngM="></latexit>

Diagram factorisation 
๏Derivations rely on 
‣Wick theorem  sum over pairing 
‣Sum over single-particle and Nambu indices 

➡ Extends Hugenholtz antisymmetrisation 

๏Antisym is a one-off pre-computing cost

⇒

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx



Tadpoles are exceptional 

๏Partially antisymmetrized vertices needed: 

๏p internal lines are fixed 
๏k-body generalisation works
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Perturbative expansion
Order n graphical rules 

๏Draw all topologically distinct connected unlabelled 
diagrams 

๏with 2k external legs 
๏with n vertices (for order n contributions)

Feynman rules 
1. Label vertices from 1 to n 

‣S is the number of vertex labels permutations 
leaving the diagram invariant 

2. For each line multiply by  

3. For each k-body vertex multiply by   

4. Sum over each internal  index and each 
independent  frequency 

5. Multiply by 

−(𝒢(0))μν(ωe)

v(k)
[μ1 μ2 … μ2k−1 μ2k]

μ
ωe

(−1)n+L

S × 2T ∏lmax
l=2 (l!)m

Gaudin rules 
๏ These simplify Matsubara sums 
๏ Require spanning trees

Iμν = ∑
μ2…μ2k−1

(−1)k

2k−1(k − 1)!
v(k=2)

[μ ·μ2
·μ3 ν]

×
1
β ∑

ωe

− 𝒢μ2μ3(ωe)e−iωeηp

µ
µ2

µ3
‹

<latexit sha1_base64="L7+uOgZRMxEueed/3MZ4Mxup/8E="></latexit>

v(k)
[μ1… ·μx… ·μy…μ2k] ≡

2pp!
(2k)! ∑

σ∈S2k /Sp
2 ×Sp

ϵ(σ) v(k)
μσ(1)… ·μx… ·μy…μσ(2k)

HFB partitioning 3rd order 
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Connection with Gorkov

Fixed external 
Nambu indices

๏Changes of single-particle basis bring admixtures in normal 
& anomalous components…  

๏but leave Nambu-convariant diagrams invariant!

Drissi, Rios & Barbieri, Paper I, arxiv:2107xx

Contribution to 
a normal 

component of 
the 2-body GF

)

<latexit sha1_base64="vwMCIC15hJ56wAHmC2Bhzlj8R4Q=">AAAB8HicdVDLSgMxFM3UV62vqks3wSq4Gmba0seu6MZlBfuQzlAyaWYammSGJCOUoV/hxoUibv0cd/6N6UNQ0QMXDufcy733BAmjSjvOh5VbW9/Y3MpvF3Z29/YPiodHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCydXc790TqWgsbvU0IT5HkaAhxUgb6c67pFEkoTcbFkuO7VRq9WYNOrZba9SbDUOqbtl1KtC1nQVKYIX2sPjujWKcciI0Zkipgesk2s+Q1BQzMit4qSIJwhMUkYGhAnGi/Gxx8AyeG2UEw1iaEhou1O8TGeJKTXlgOjnSY/Xbm4t/eYNUhw0/oyJJNRF4uShMGdQxnH8PR1QSrNnUEIQlNbdCPEYSYW0yKpgQvj6F/5Nu2XardvOmWmqdreLIgxNwCi6AC+qgBa5BG3QABhw8gCfwbEnr0XqxXpetOWs1cwx+wHr7BMJfkFM=</latexit>
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Basic example

<latexit sha1_base64="LsOjs82lsRQx9lgacB4zM2f3NOA="></latexit>

1 ↑ ↓ 12 ↑ ↓ 2

λ1

λ2λ3

λ4

λ′ 1

λ′ 2λ′ 3

λ′ 4

<latexit sha1_base64="vyldqXFf7otapJeJdjt0c9efO/Q="></latexit> <latexit sha1_base64="fQZRpPTf37wYNEvCe+AI+P4K97g="></latexit> <latexit sha1_base64="IvtTv38PIlMfrp6XOxPd26VKgm4="></latexit><latexit sha1_base64="ruDZoyOvw4DjCNgv6MmgADpGZfA="></latexit>

𝒜4 𝒜3 𝒜2 𝒜1
−f (ϵ3) f (−ϵ2) f (−ϵ1)

ϵ4 + ϵ3 − ϵ2 − ϵ1

f (−ϵ4) f (−ϵ2) f (−ϵ1)
ϵ4 + ϵ3 − ϵ2 − ϵ1

f (−ϵ4) f (−ϵ3) f (−ϵ1)
−ϵ4 − ϵ3 + ϵ2 + ϵ1

f (−ϵ4) f (−ϵ3)(−f (ϵ2))
−ϵ4 − ϵ3 + ϵ2 + ϵ1

I =
1

48 ∑
λ1λ2λ3λ4

λ′ 1λ′ 2λ′ 3λ′ 4

v(2)
[λ1λ2λ3λ4]

v(2)
[λ′ 4λ′ 3λ′ 2λ′ 1] ∫

+∞

−∞

dϵ1

2π
dϵ2

2π
dϵ3

2π
dϵ4

2π
Sλ′ 1λ1(ϵ1) Sλ′ 2λ2(ϵ2) Sλ3λ′ 3(ϵ3) Sλ4λ′ 4(ϵ4)

×
f(ϵ1) f(ϵ2) f(−ϵ3) f(−ϵ4) − f(−ϵ1) f(−ϵ2) f(ϵ3) f(ϵ4)

ϵ1 + ϵ2 − ϵ3 − ϵ4

Spectral function 
 

๏Lehmann representation 

𝒢μν(ωp) = ∫
+∞

−∞

dω′ 
2π

Sμν(ω′ )
iωp − ω′ 

Sμν(ω) ≡
1
Z ∑

m,n
⟨Ψm |Aμ |Ψn⟩ ⟨Ψn |Aν |Ψm⟩

× e−βΩm (1 + e−βω) (2π) δ (Ωn − Ωm − ω)

Properties 
๏Symmetries 
‣Hermiticity:       
‣Antisymmetry:    

๏Positive bounds 
‣ each principal minor is strictly positive

(Sμ
ν(ω))* = Sν

μ(ω)
Sμ

ν(ω) = Sν
μ(−ω)( ≠ Sν

μ(−ω) )
S(ω) ≻ 0 ⟺
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Self-consistent Green’s function resummation
Dyson equation 

๏Partitioning considered 

 

๏Dyson equation 

Ω =
1
2! ∑

μν

Uμν AμAν

Ω0

+
1
4! ∑

αβγδ

v(2)
αβγδ AαAβAγAδ

Ω1

𝒢μν(ωn) = 𝒢(0)μν(ωn) + ∑
λ1λ2

𝒢(0)μλ1(ωn) Σλ1λ2
(ωn) 𝒢λ2ν(ωn)

Diagrammatic expansion of 
 

๏with unperturbed propagators 

 

๏with self-consistent propagators 

Σμν(ωn)

Σμν(ωn) =
ℐμν(ωn) − ℐνμ(−ωn)

2
ℐμν(ωn) = ∑ 1PI diagrams with 𝒢(0)

Σμν(ωn) =
𝒥μν(ωn) − 𝒥νμ(−ωn)

2

𝒥μν(ωn) = ∑ 2PI diagrams with 𝒢 ( = ℐμν(ωn))

= + �

<latexit sha1_base64="UTmAJMMg7H62IU22fiPoXuEhye8="></latexit>

Diagrammatic  
representation

𝒢[Σ] Σ[𝒢]

SCGF cycle

� = + + . . .

<latexit sha1_base64="+xp0XG941wfIQ25hQVhATi0moxA="></latexit>

Self-energy expression

Drissi, Rios & Barbieri, Paper II, arxiv:2107xx
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T-matrix: ladder’s rung

Approximations on  
๏ Sum of all possible rungs

Γ(2)
2PFI

�(2)
2PFI = + + . . .

<latexit sha1_base64="xrMYgY6wuq3rCNlIgkdtd0Hqqbw="></latexit>

)
<latexit sha1_base64="vwMCIC15hJ56wAHmC2Bhzlj8R4Q=">AAAB8HicdVDLSgMxFM3UV62vqks3wSq4Gmba0seu6MZlBfuQzlAyaWYammSGJCOUoV/hxoUibv0cd/6N6UNQ0QMXDufcy733BAmjSjvOh5VbW9/Y3MpvF3Z29/YPiodHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCydXc790TqWgsbvU0IT5HkaAhxUgb6c67pFEkoTcbFkuO7VRq9WYNOrZba9SbDUOqbtl1KtC1nQVKYIX2sPjujWKcciI0Zkipgesk2s+Q1BQzMit4qSIJwhMUkYGhAnGi/Gxx8AyeG2UEw1iaEhou1O8TGeJKTXlgOjnSY/Xbm4t/eYNUhw0/oyJJNRF4uShMGdQxnH8PR1QSrNnUEIQlNbdCPEYSYW0yKpgQvj6F/5Nu2XardvOmWmqdreLIgxNwCi6AC+qgBa5BG3QABhw8gCfwbEnr0XqxXpetOWs1cwx+wHr7BMJfkFM=</latexit>

Ladder approximation

Ladder approximation 
๏Analytic/Retarded/Advanced/Sp function  
as usual 
๏T-matrix equation

 

where  ,    & 

⇒

TMN(Z ) = V (2)
MN +

1
2 ∑

LL′ 

V (2)
ML ΠLL′ (Z ) TL′ N(Z )

V (2)
MN ≡ v(2)

[μ1μ2ν1ν2] M ≡ (μ1, μ2)

N ≡ (ν1, ν2)

Solving the ladder 
๏Spectral representation 

 

๏Solution 

TMN(Z ) ≡ V (2)
MN + ∫

+∞

−∞

dΩ
2π

𝒯MN(Ω)
Z − Ω

𝒯(Ω) = iV (2) {(gg −
1
2

ΠR(Ω)V (2))
−1

− (gg −
1
2

ΠA(Ω)V (2))
−1

}

T = +
T

T = + + + . . .

<latexit sha1_base64="qwS+TzJXdT6s5U85kiHsaWtcHaU="></latexit>

T-matrix   in ladder 
approximation

≡ Γ(2)

Instantaneous partI<latexit sha1_base64="MoDxfhwqjfkMjq+cQLLkO4VOrSw="></latexit>

  
continuous 
part

TC(Z ) ≡I

<latexit sha1_base64="MoDxfhwqjfkMjq+cQLLkO4VOrSw="></latexit>
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Nambu-Covariant Ladders

Initial 
guess 

Bubble  
  

 

Π

<latexit sha1_base64="Q77J5RJBq+ci1dW9iqCEA88Ov6o="></latexit>

λ1 λ2

λ′ 2λ′ 1

or

<latexit sha1_base64="KMk8lDhiGYhykYSz8RQqh/oJEsc="></latexit>

(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107xx
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<latexit sha1_base64="KMk8lDhiGYhykYSz8RQqh/oJEsc="></latexit>

T-matrix 

 
T = +

T

<latexit sha1_base64="bO9wqvGCPKyhvoWVXAbA+TMAFSk="></latexit>

(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107xx
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T-matrix 

 
T = +

T

<latexit sha1_base64="bO9wqvGCPKyhvoWVXAbA+TMAFSk="></latexit>

Self-energy Σ

� = + T C

<latexit sha1_base64="DEaV2aFett3dPV0SRatWxbd0DQY="></latexit>

(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107xx
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(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107xx
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Nambu-Covariant Ladders

Initial 
guess 

Unperturbed 
 

/ 
Refined 

initial  

S(0)(ω)

S(ω)

Bubble  
  

Π
PMN(Ω) =

1
b (Ω) ∫

+∞

−∞

dω
2π

Sμ1ν1(ω) f (ω)

× Sμ2ν2 (Ω − ω) f (Ω − ω)

T-matrix 

      

𝒯(Ω) = iV (2){(gg −
1
2

ΠR(Ω)V (2))
−1

−(gg −
1
2

ΠA(Ω)V (2))
−1

}

Self-energy  

 

Σ
Γμν(ω) = −

1
3 ∑

λ1λ2
∫

+∞

−∞

dω′ 
2π [f (ω′ ) + b(ω′ − ω)]

× 𝒯μλ1λ2ν(ω − ω′ ) Sλ1λ2(ω′ )

Σ∞
μν =

1
2 ∑

μ2μ3

v(2)
[μ ·μ2

·μ3ν] ∫
+∞

−∞

dϵ
2π

f (−ϵ) Sμ2μ3(ϵ)

Propagator  𝒢

S(ω) = i (ω g − (U + ΣR(ω)))−1

−i (ω g − (U + ΣA(ω)))−1

(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107xx
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1) Normal-phase SCGF 
๏Spectral strength is available 
๏EoS & thermodynamics too!

Conclusions

Next:  
Numerical implementation 
Uncertainties in predictions?

2) Nambu-covariant SCGFs 
๏ Formally relevant 
๏ Perturbative expansion simplified 
๏Allows for different approximation schemes
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