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Motivation

Relativistic fermions in flatland have a rich class of fixed points.

Difficult to access them without Monte Carlo calculations

Monte Carlo calculations are difficult due to fermion sign problems

When sign problems can be solved, Monte Carlo methods scale 
poorly with system size!

We have been exploring a new method: “Fermion Bag” approach.

Meron-clusters are also fermion bags!

What can we learn from them?



Lattice Models for Fermion Bags
Unfortunately at the moment, fermion bag ideas are rather restrictive in 
the type of lattice Hamiltonians we can solve.

<latexit sha1_base64="Ainhxn5C7rklqdydydXiFgpWHMQ="></latexit>

Hij “bond” operator

A simple class of lattice models we can solve using them are given by
<latexit sha1_base64="FyxukfT1LCG5GbR46qoXjZxuYwQ="></latexit>

H = �
X

hiji

! e
2↵ ⌘ij

PNf
a=1 (c†i cj+c†j ci )

The model has one 
tunable parameter

<latexit sha1_base64="9I9meX8S6uRfpmMyOnn543cdr/U="></latexit>⌘ij
(pi-flux)

<latexit sha1_base64="ngNFs7TF7GIVbl7y/8UAyziXgqs="></latexit>

V = 2t fermion bags become meron clusters!When

<latexit sha1_base64="5CSISHWFH8M9yOcn8ILzA/r1Bnc="></latexit>

! = (t2/V )(1� (V /2t)2)
<latexit sha1_base64="x8v/awbyp4p3AwE75IVvUteCGR8="></latexit>

sinh(2↵) = (V /t)/(1� (V /2t)2)

<latexit sha1_base64="dP8VbvLtdbqu2gRoR2Yp6HK7fbQ="></latexit>

t,VIn terms of the familar scales



Why does this structure help for the “fermion bag” approach?

Let us write

<latexit sha1_base64="Sacci9fTlCysVkayr9UfyGOHnJ0="></latexit>

H0 = 0, Hint =
X

b

Hb
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Hb
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= H0 + Hint where

<latexit sha1_base64="SQvRfVPjn3+3q2em8LbYn8wBqls="></latexit>

Hb = �Hij

Z =

Z �

0
dt1

Z
t1

0
dt2 ...

Z
tk�1

0
dtk Tr

⇣
e�H0(��t1) (�Hint) e

�H0(t1�t2) (�Hint) ... e
�H0tk

⌘

We can write the partition function as

CT INT method, Rubtsov, Lichtenstein,…
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exponential of a free nearest 
neighbor hopping term
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⌘
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Z

We can now use the BSS formula

Every “B” matrix is associated 
with a bond and is a Ns x Ns unit 
matrix except for a 2 x 2 block 
that correspond to two nearest 
neighbor sites of a bond.

B =

0

BBBBBBBBBBBBBBBBBBBBBB@

1 0 ... 0 ... 0 ... 0
0 1 ... 0 ... 0 ... 0
. . ... . ... . ... .
. . ... . ... . ... .
. . ... . ... . ... .
0 0 ... cosh(2↵) ... sinh(2↵) ... 0
. . ... . ... . ... .
. . ... . ... . ... .
. . ... . ... . ... .
0 0 ... sinh(2↵) ... cosh(2↵) ... 0
. . ... . ... . ... .
. . ... . ... . ... .
. . ... . ... . ... .
0 0 ... 0 ... 0 ... 1

1

CCCCCCCCCCCCCCCCCCCCCCA

In traditional “auxiliary field” Monte Carlo approach B is more non-local. 
This slows the calculations.

Positive!

BSS formula
<latexit sha1_base64="/VO6WPl8B4+sxjUu4bfU3PXBtaE="></latexit>

!kDet(1 + B1B2....Bk)
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FIG. 1. An example configuration. The
horizontal axis labels the spatial sites, the
vertical axis is imaginary time.
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FIG. 3. Timeslices are added and MT and MB re-
gions defined. Fermion bags are highlighted in the
MT region, and the current update block is shaded.

efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e

��H
�
/Tr

�
e��H

�
. (4)

to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to
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efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e

��H
�
/Tr

�
e��H

�
. (4)

to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

Fermion Bags

The fermion bag idea

The determinant is block diagonal

<latexit sha1_base64="r0uyUxqT73GXqDbmj9GCHQ/caPw="></latexit>

Z =

Z
[dt]

X

[b]
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efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e

��H
�
/Tr

�
e��H

�
. (4)

to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to
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efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e

��H
�
/Tr

�
e��H

�
. (4)

to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

space-time regions 
to update



model, in the continuous-time formulation
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4096 
sites
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V/t L = 20 L = 24 L = 32 L = 48 L = 64
1.200 0.00298(3) 0.00184(3) 0.00080(1) � �
1.250 0.00545(6) 0.00380(5) 0.00204(2) 0.00074(2) �
1.270 0.00699(8) 0.00517(7) 0.00315(4) 0.00151(3) 0.00085(1)
1.280 0.00787(9) 0.00590(9) 0.00377(4) 0.00204(3) 0.00130(2)
1.296 0.00946(10) 0.00740(9) 0.00512(6) 0.00339(5) �
1.304 0.01022(8) 0.00844(9) 0.00611(6) 0.00423(5) �
1.350 0.01705(16)* 0.01522(16)* 0.01426(18)* � �
1.400 0.02707(20)* 0.02630(35)* 0.02637(38)* � �

TABLE I. Results for the correlation function hCi defined in Eq. (20), for the continuous-time model near the quantum critical point. A seven
parameter fit of the data (after removing those marked with a ”*”) to the form Eq. (43) yields ⌘ = .51(3), ⌫ = .89(1), Vc = 1.281(2)t,
f0 = 0.72(6), f1 = 0.29(2), f2 = 0.051(5), f3 = 0.0034(5), with a �2 = 0.90.

V/t L = 16 L = 20 L = 24 L = 32 L = 48 L = 64 L = 100
1.00 0.000217(6)* 0.000100(2)* 0.000048(1)* 0.0000150(5)* � � �
1.36 0.00237(3)* 0.00159(3) 0.00113(2) 0.000598(2) 0.000225(5) 0.000117(6) �
1.38 0.00276(4) 0.00188(3) 0.00134(2) 0.000767(2) 0.000318(6) 0.000172(7) �
1.40 0.00314(4) 0.00215(3) 0.00157(2) 0.00096(2) 0.000478(9) 0.000271(8) 0.000101(7)
1.42 0.00351(5) 0.00256(4) 0.00191(3) 0.00127(2) 0.00068(1) 0.00042(2) 0.00022(2)
1.44 0.00408(6) 0.00304(4) 0.00239(4) 0.00167(3) 0.00104(2) 0.00079(2) �
1.50 0.0061(1)* 0.00495(7)* 0.0042(1)* 0.00397(8)* 0.00404(8)* � �

TABLE II. Results for the correlation function hCi defined in Eq. (20), for the discrete-time model near the quantum critical point. A seven
parameter fit of the data (after removing those marked with a ”*”) gives us ⌘ = 0.49(4), ⌫ = 0.94(3), Vc = 1.420(2)t, f0 = 0.22(2),
f1 = 0.08(1), f2 = 0.013(3), f3 = 0.0010(3), with a �2 = 1.088.
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FIG. 6. The left plot shows hCi as a function of L (with � = L) for different values of V in the continuous-time model near the critical
coupling. The solid lines show how the larger lattice data rules out V = 1.296t and V = 1.304 as critical couplings, and both of these
couplings are in fact in the broken phase. The right plot shows that most of the data displayed in the left plot collapses to a single critical
scaling function.

<latexit sha1_base64="MtmcS9BS1Gx8p53KugG5VyO8mJw="></latexit>

� = L

<latexit sha1_base64="fmWUaK6tq0k24nekju2iG5ja41s="></latexit>

Vc = 1.281(2)
<latexit sha1_base64="bhVzsYDR8CEscmxgGJV+2ixkzEc="></latexit>

⌘ = 0.51(3)
<latexit sha1_base64="M64eXABrDahq6x/RE31RHu6Nga8="></latexit>

⌫ = 0.89(1)
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FIG. 7. The left plot shows hCi as a function of L (with �/" = L) for different values of V in the discrete-time model near the critical
coupling. The right plot shows that most of the data displayed in the left plot collapses to a single critical scaling function.

Our results for the correlation function in the continuous-
time model near the critical region are given in Table I and
plotted in Fig. 6. In these calculations we assume � = L
since the quantum critical point is expected to be relativistic.
Excluding the data for V/t = 1.350 and 1.400, we are able
to perform a seven parameter combined fit of the remaining
data. If we only include the smaller lattices (those L < 64
from Table I), we obtain ⌘ = 0.54(6) and ⌫ = 0.88(2) with
the critical coupling Vc = 1.279(3)t, as seen in [39]. By in-
cluding the larger lattices, we have been able to reduce the
error for the critical exponents but find that they still remain
in the same range as our smaller lattice calculations. The in-
clusion of larger lattices allows us to compute ⌘ = 0.51(3),
⌫ = 0.89(1), and Vc = 1.281(2)t. The results for L = 64,
obtained from XSEDE resources [83], help us to reduce the
error on the ⌘ exponent and rule out a particularly high value
for it. For example in Fig. 6, we note that at V = 1.270t
the data seems to be described by a single power of the form
L�(1+⌘) for lattice sizes from L = 20 up to L = 48. In fact a
fit of the data to this form (leaving out the L = 64 data), gives
us ⌘ = 0.74(2) with a reasonable �2/DOF . However, once
we include the L = 64 data we no longer get a good fit from
which we are able to conclude that V = 1.270t is below the
critical coupling.

Since the discrete time model with " = 1 is a microscopi-
cally different model, the critical value of V/t where the phase
transition occurs will be different. The results near this criti-
cal point are given in Table II and plotted in Fig. 7. Since the
computations are faster, using XSEDE resources we can now
compute correlation functions for lattices up to L = 100 (with
�/" = L). The seven parameter fit (where we drop the points
marked with an asterix in Table II) gives Vc = 1.420(2),
⌘ = .49(4) and ⌫ = .94(3). As expected the critical coupling

Method ⌫ ⌘ Ns

4� ✏ [22] 0.898(30) 0.487(12) –
FRG [24] 0.93(1) 0.55 –
Large-N [7, 84] 0.938 0.509 –
bootstrap [85] 1.32 0.544 –
LCT-INT QMC [37] 0.80(3) 0.30(2) 2⇥ 182

LCT-INT QMC [86] 0.74(4) 0.275(25) 2⇥ 212

MQMC [87] 0.77(3) 0.45(2) 2⇥ 242

SLAC QMC [88] 0.912(34) – 322

CT-FB QMC 0.89(1) 0.51(3) 642

DT-FB QMC 0.94(3) 0.49(4) 1002

TABLE III. Critical exponents ⌫ and ⌘ for the Nf = 1 chiral-Ising
Gross-Neveu universality class, obtained from various continuum-
analytic and lattice-QMC methods. The last column gives the maxi-
mum spatial lattice sizes Ns used in the QMC calculations. The last
two rows give results from our current work.

is different, but the critical exponents are consistent with those
for the continuous time model. Interestingly we do not get a
better precision.

Recently, there have been a significant number of QMC
studies of the quantum critical behavior in the lattice model
we consider Eq. (7) and other formulations [39, 86, 88–90].
Our studies add to this growing literature, and in particular
our results are among the largest lattices ever studied. Cal-
culations of critical exponents of the associated 2 + 1 dimen-
sional Nf = 1 Gross-Neveu chiral-Ising universality class
have also been performed over the years using continuum
methods like large N , ✏-expansion, functional renormaliza-
tion group (FRG) and bootstrap [7, 23, 24, 28, 84]. The most
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Importance of large lattice sizes in calculations
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FIG. 7. The left plot shows hCi as a function of L (with �/" = L) for different values of V in the discrete-time model near the critical
coupling. The right plot shows that most of the data displayed in the left plot collapses to a single critical scaling function.

Our results for the correlation function in the continuous-
time model near the critical region are given in Table I and
plotted in Fig. 6. In these calculations we assume � = L
since the quantum critical point is expected to be relativistic.
Excluding the data for V/t = 1.350 and 1.400, we are able
to perform a seven parameter combined fit of the remaining
data. If we only include the smaller lattices (those L < 64
from Table I), we obtain ⌘ = 0.54(6) and ⌫ = 0.88(2) with
the critical coupling Vc = 1.279(3)t, as seen in [39]. By in-
cluding the larger lattices, we have been able to reduce the
error for the critical exponents but find that they still remain
in the same range as our smaller lattice calculations. The in-
clusion of larger lattices allows us to compute ⌘ = 0.51(3),
⌫ = 0.89(1), and Vc = 1.281(2)t. The results for L = 64,
obtained from XSEDE resources [83], help us to reduce the
error on the ⌘ exponent and rule out a particularly high value
for it. For example in Fig. 6, we note that at V = 1.270t
the data seems to be described by a single power of the form
L�(1+⌘) for lattice sizes from L = 20 up to L = 48. In fact a
fit of the data to this form (leaving out the L = 64 data), gives
us ⌘ = 0.74(2) with a reasonable �2/DOF . However, once
we include the L = 64 data we no longer get a good fit from
which we are able to conclude that V = 1.270t is below the
critical coupling.

Since the discrete time model with " = 1 is a microscopi-
cally different model, the critical value of V/t where the phase
transition occurs will be different. The results near this criti-
cal point are given in Table II and plotted in Fig. 7. Since the
computations are faster, using XSEDE resources we can now
compute correlation functions for lattices up to L = 100 (with
�/" = L). The seven parameter fit (where we drop the points
marked with an asterix in Table II) gives Vc = 1.420(2),
⌘ = .49(4) and ⌫ = .94(3). As expected the critical coupling

Method ⌫ ⌘ Ns

4� ✏ [22] 0.898(30) 0.487(12) –
FRG [24] 0.93(1) 0.55 –
Large-N [7, 84] 0.938 0.509 –
bootstrap [85] 1.32 0.544 –
LCT-INT QMC [37] 0.80(3) 0.30(2) 2⇥ 182

LCT-INT QMC [86] 0.74(4) 0.275(25) 2⇥ 212

MQMC [87] 0.77(3) 0.45(2) 2⇥ 242

SLAC QMC [88] 0.912(34) – 322

CT-FB QMC 0.89(1) 0.51(3) 642

DT-FB QMC 0.94(3) 0.49(4) 1002

TABLE III. Critical exponents ⌫ and ⌘ for the Nf = 1 chiral-Ising
Gross-Neveu universality class, obtained from various continuum-
analytic and lattice-QMC methods. The last column gives the maxi-
mum spatial lattice sizes Ns used in the QMC calculations. The last
two rows give results from our current work.

is different, but the critical exponents are consistent with those
for the continuous time model. Interestingly we do not get a
better precision.

Recently, there have been a significant number of QMC
studies of the quantum critical behavior in the lattice model
we consider Eq. (7) and other formulations [39, 86, 88–90].
Our studies add to this growing literature, and in particular
our results are among the largest lattices ever studied. Cal-
culations of critical exponents of the associated 2 + 1 dimen-
sional Nf = 1 Gross-Neveu chiral-Ising universality class
have also been performed over the years using continuum
methods like large N , ✏-expansion, functional renormaliza-
tion group (FRG) and bootstrap [7, 23, 24, 28, 84]. The most

Gross-Neveu (Nf = 1, Z2 chiral universality)

We would like to extend this success to Nf = 2



Lattice Rotations
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Lattice Translations
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T 2,
Parity
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CCharge Conjugation

Symmetries of the lattice Hamiltonian are the same as those of 
the free lattice Hamiltonian 

Lattice Symmetries independent of Nf
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H = �
X

hiji

! e
2↵ ⌘ij

PNf
a=1 (c†i cj+c†j ci )

Symmetries: Lattice vs. Continuum



Spin-Charge Flip
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F

Symmetries for Nf=2

phase diagram (numerical evidence):

O(4) SU(2) x U(1)

massless massive

anti-ferromagnetism  
or  

superconductivity!

Spin Rotations
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~S

Charge Rotation
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~C

Internal Symmetry:
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SU(2)⇥ SU(2)

Z2
⇥ Z2
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⌘ O(4)



Comparing with the Hubbard Model

The Hubbard model does not have the spin-charge flip symmetry

Phase Diagrams

O(4) SU(2) x U(1)

massless massive
Our model:

AF or  SC

SO(4) SU(2) x U(1)

massless massive
Hubbard model:

AF

Internal Symmetry:

The Hubbard interaction breaks 
the spin-charge flip symmetry!
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SU(2)⇥ SU(2)

Z2
⇥ Z2
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⌘ SO(4)



Does the spin-charge flip symmetry 
change the critical behavior?

Symmetries and their breaking patterns determine the critical behavior



Embedding lattice symmetries in the Continuum

From the lattice theory we can choose to be purely imaginary.<latexit sha1_base64="f15UrnrWD4F0/hJ05yrh22FdF9Q="></latexit>�1, �2

The remaining three gamma matrices
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The free fermion lattice theory in the continuum limit is described 
by the Euclidean action
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S =

Z
d3x  a(x)�µ@µ a(x)
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µ = 1, 2, 3Here we will choose where 1, 2 are spatial and 3

is temporal (Euclidean), and
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a = 1, 2

The free theory has an O(8) internal symmetry not U(4)!



<latexit sha1_base64="jKZNNspKTX3B2QbZYZtONqEsXko="></latexit>

S =

Z
d3x

4X

i=1

⇠Ti (x)�3�µ@µ⇠i (x)

To see the O(8) symmetry we have to go to the Majorana representation:
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i = 1, 2, 3, 4
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�µ ⌦ I

We can now see the internal O(8) symmetry explicitly.

Lattice Symmetries are embedded in this internal O(8) symmetry 
and the usual space-time symmetries of the continuum.

In particular the lattice O(4) symmetry mixes the four Majorana fields
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⇠i ! Vij ⇠j
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V 2 O(4),
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P : i�5�1 (Px)
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R :  (x) ! e i⇡/4(i�1�2±i�4�5) (x)
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T1 :  (x) ! i�4 (x)
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T2 :  (x) ! i�5 (x)

The other discrete lattice symmetries are embedded as follows:

These involve mixing in the Dirac space.

There are 36 mass terms and 28 current terms that are allowed in 
the continuum based on the lattice symmetries and possible 
symmetry breaking patterns. Poster by Hanqing Liu (this workshop)

Ryu, Mudry, Hou and Chamon, PRB 80, 205319

There is a large “four-fermion” coupling constant space  
within which our lattice model lies.

Similar to Bitan Roy’s talk (this workshop)



Anti-ferromagnetism and superconductivity form due to mass terms
<latexit sha1_base64="PWt9Zwrs17mSqnt0PZo6BpVAeLA="></latexit>

SUs(2)
<latexit sha1_base64="cwH4UxZCb3ev/f8mlHrkhhtD8T4="></latexit>

SUc(2)that break or

To make some progress we focus on Gross-Neveu models.
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~Ms(x) =  (x) ~�  (x)Anti-ferromagnetic mass terms:
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1 (x)�3 2(x) +  2(x)�3 
T
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M2
c (x) = i

⇣
 T
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T
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⌘
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M3
c (x) =

⇣
 1(x) 1(x) +  2(x) 1(x)

⌘

Superconducting mass terms:



How does the free fermion behave, when perturbed by the two order 
parameter fluctuations through appropriate four-fermion couplings.

Continuum Analysis: Veff + RG + new FP

We begin with the Euclidean four-fermion action:
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S = S0 �
Gs

2

Z
d3x ~Ms(x) · ~Ms(x)�

Gc

2

Z
d3x ~Mc(x) · ~Mc(x)

We can perform a mean field analysis and compute the effective potential 
that arises due to the presence of the two couplings.

We find two phases:
massless fermions for small couplings

broken phase at large couplings

Our lattice model has spin-charge flip symmetry:
<latexit sha1_base64="PKuEXv3PWmJ3v38SlwPk0TvrUY8="></latexit>

Gs = Gc



Effective Potential in the broken phase
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Renormalization Group Analysis

We have performed a 
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2 + " calculations, and find that
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4� "and

when there is a new fixed point.
<latexit sha1_base64="PKuEXv3PWmJ3v38SlwPk0TvrUY8="></latexit>

Gs = Gc

The Hubbard model, where we expect , is described by

a different fixed point.
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Gs 6= Gc
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⇡
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Critical Exponents to leading order

These are different from those we get in the Hubbard model.

We have not seen this new FP discussed in the literature,  
but if we have missed the discussion please let us know.



Monte Carlo Results

is the z-component of the

<latexit sha1_base64="BxCYcoFkdJ7wdvVMK/dEyWYF6xg="></latexit>

hC i =
1

Z
Tr
⇣
e��H

OL/2 O0

⌘
Observable:

<latexit sha1_base64="8s81eTLb0swqVjw6HOE+H0xky04="></latexit>

Oj = (�1)j (nj ," � nj ,#)Here

Anti-ferromagnetic order parameter.

<latexit sha1_base64="SkqGRDCxqvBlfQAPVyCTOMRU90U="></latexit>

hC i ⇠ 1/L4
<latexit sha1_base64="/FHPO24UpAypS/ZyLD/Ue5Nv3y4="></latexit>

hC i ⇠ Const.

<latexit sha1_base64="xki4FfzSlUiVT0mDn48kxqB4aT0="></latexit>

hC i ⇠ 1

L1+⌘

massless massive

Expected Behavior
<latexit sha1_base64="9HIYTtK1WHKDoNnjKyDsm4/XpXI="></latexit>

lim
L!1in the



12 16 20 24 32 48
L

10-6

10-5

10-4

10-3

10-2

� C
 �

V = 1.00
V = 1.52
V = 1.60 p = 3.32

p=2.16

<latexit sha1_base64="oTzmg8CHdYJXrRJdGNJ3oxDzg94="></latexit>

hC i ⇠ 1

Lp

Evidence for two phases and a transition

<latexit sha1_base64="Lbor70FEtOczh0pzJVogcs5kVeM="></latexit>

Vc ⇡ 1.52?



Critical region

12 16 20 24 32 48
L

10-5

10-4

10-3

10-2
� C

 �

V = 1.48
V = 1.50
V = 1.52
V = 1.54
V = 1.56

p=2.16

p=1.99

<latexit sha1_base64="oTzmg8CHdYJXrRJdGNJ3oxDzg94="></latexit>

hC i ⇠ 1

Lp
<latexit sha1_base64="dxVu7JlxDWAbIPvtzoiL5MIbOlY="></latexit>

p = 1 + ⌘

<latexit sha1_base64="NUhffzIPJjAP322jZnhrPyZZuF0="></latexit>

⌘ = 0.99� 1.16



Critical Scaling

-10 -5 0 5 10
(V - Vc) L

1/i

0.2

0.4

0.6

0.8

1

� C
 � 

 L
1+

d

<latexit sha1_base64="m4CfdxOVpusqdOPZ08G0SUNuscg="></latexit>

⌘ = 1.1(1), ⌫ = 0.67(10)
<latexit sha1_base64="vn5Fs9iLK+GEoEeMH5sAo3VOjag="></latexit>

Vc = 1.53(1)

Computer time used: 400,000 CPU core hours



Evidence for SSB of spin-charge flip symmetry
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Conclusions
Lattice Model that is suitable for fermion bag calculations naturally 
contains a spin-charge flip symmetry.

This symmetry can lead to new fixed points different from that usually 
observed with the Hubbard interaction.  

Our model shows an interesting quantum critical point, governed by 
this new FP.

The phase transition is between a semi-metal and an anti-ferromagnet 
(or a superconductor) which is accompanied by the breaking of the 
spin-charge flip symmetry.

An analysis up to L = 48 lattices suggests
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