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Fermion QMC

Multidimensional integral
à Monte Carlo

One body problem in external 
field à Polynomial complexity

:   Hubbard-Stratonovich
(or  arbitrary field with 
predefined dynamics)
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Fermion QMC
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HMC:  Get rid  of  fermion determinant          à Not memory intensive   CPU time                       provided that  M is well conditioned.

<latexit sha1_base64="dUaVM6lKrK3hlvkJf4wBkUQb7vA="></latexit>

det(M)2 = det(MM†) /
Z

D
�
⌘, ⌘†

 
e�⌘†(MM†)�1

⌘

(i.e. far from GN critical point)

<latexit sha1_base64="RQ3jQCWd+Py+huyBqj2SChCySPs="></latexit>

= e�S0{�(i,⌧)} [detM(�)]2

<latexit sha1_base64="JdhFqarqSbi3oyI71/+86DoJRBQ="></latexit>

(LdL⌧ )
1.5



Algorithms for Lattice fermions @ http://alf.physik.uni-wuerzburg.de/

Ĥ =
MTX

k=1

NcolX

�=1

NflX

s=1

NdimX

x,y

ĉ
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Coupling of fermions  to bosonic fields with predefined dynamics

Kinetic

Ø Block diagonal in flavors,  Nfl

Ø SU(Ncol) symmetric in colors  Ncol

Ø Arbitrary Bravais lattice  for d=1,2

Ø Model can be specified at minimal programming cost

Ø Fortran 2003 standard

Ø MPI implementation

Ø Global and local moves, Parallel tempering,  Langevin

Ø Projective and finite T  approaches

Ø pyALF: easy access python interface

Ø Predefined models

F. Goth       M. Bercx J. Hoffmann  
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Fermi velocity renormalization:
Bridging the gap  between  experiment and theory

LETTERS
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Dirac cones reshaped by interaction effects in
suspended graphene
D. C. Elias1, R. V. Gorbachev1, A. S. Mayorov1, S. V. Morozov2, A. A. Zhukov3, P. Blake3,
L. A. Ponomarenko1, I. V. Grigorieva1, K. S. Novoselov1, F. Guinea4* and A. K. Geim1,3

In graphene, electron–electron interactions are expected to
play a significant role, as the screening length diverges at the
charge neutrality point and the conventional Landau theory
that enables us to map a strongly interacting electronic liquid
into a gas of non-interacting fermions is no longer applicable1,2.
This should result in considerable changes in graphene’s
linear spectrum, and even more dramatic scenarios, including
the opening of an energy gap, have also been proposed3–5.
Experimental evidence for such spectral changes is scarce, such
that the strongest is probably a 20% difference between the
Fermi velocities vF found in graphene and carbon nanotubes6.
Here we report measurements of the cyclotron mass in
suspended graphene for carrier concentrations n varying over
three orders of magnitude. In contrast to the single-particle
picture, the real spectrum of graphene is profoundly nonlinear
near the neutrality point, and vF describing its slope increases
by a factor of more than two and can reach ≈3× 106 m s−1 at
n< 1010 cm−2. No gap is found at energies even as close to the
Dirac point as ∼0.1meV. The observed spectral changes are
well described by the renormalization group approach, which
yields corrections logarithmic in n.

In the first approximation, charge carriers in graphene behave
like massless relativistic particles with a conical energy spectrum
E = vFh̄k where the Fermi velocity vF plays the role of the effective
speed of light and k is the wave vector. Because graphene’s spectrum
is filled with electronic states up to the Fermi energy, their Coulomb
interaction has to be taken into account. To do this, the standard
approach of Landau’s Fermi-liquid theory, proven successful for
normal metals, fails in graphene, especially at E close to the
neutrality point, where the density of states vanishes. This leads
to theoretical divergences that have the same origin as those in
quantum electrodynamics and other interacting-field theories. In
the latter case, the interactions are normally accounted for by using
the renormalization group theory1, that is, by defining effective
models with a reduced number of degrees of freedom and treating
the effect of high-energy excitations perturbatively. This approach
was also applied to graphene by using as a small parameter either
the effective coupling constant α = e2/h̄vF (refs 7,8) or the inverse
of the number of fermion species in grapheneNf=4 (refs 9,10). The
resultingmany-body spectrum is shown in Fig. 1.

As for experiment, graphene placed on top of an oxidized
Si wafer and with typical n ≈ 1012 cm−2 exhibits vF with the
conventional value v∗

F ≈ 1.05 ± 0.1 × 106 m s−1. The value was
measured by using a variety of techniques including the early
transport experiments, in which Shubnikov–de Haas oscillations
(SdHO) were analysed to extract vF (refs 11,12). It has been noted

1School of Physics & Astronomy, University of Manchester, Manchester M13 9PL, UK, 2Institute for Microelectronics Technology, 142432 Chernogolovka,
Russia, 3Manchester Centre for Mesoscience & Nanotechnology, University of Manchester, Manchester M13 9PL, UK, 4Instituto de Ciencia de Materiales
de Madrid (CSIC), Sor Juana Inés de la Cruz 3, Madrid 28049, Spain. *e-mail: paco.guinea@icmm.csic.es.
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Figure 1 | Sketch of graphene’s electronic spectrum with and without
taking into account e–e interactions. The outer cone is the single-particle
spectrum E= vFh̄k, and the inner cone illustrates the many-body spectrum
predicted by the renormalization group theory and observed in the current
experiments. We need to consider this image as follows. Electron–electron
(e–e) interactions reduce the density of states at low E and lead to an
increase in vF that slowly (logarithmically) diverges at zero E. As the Fermi
energy changes, vF changes accordingly but remains constant under the
Fermi surface (note the principal difference from the excitation spectra that
probe the states underneath the surface28).

that v∗
F is larger than v0F ≈ 0.85±0.05×106 m s−1, where v0F is the

value accepted for metallic carbon nanotubes (see, for example,
ref. 6). In agreement with this notion, the energy gaps measured
in semiconducting nanotubes show a nonlinear dependence on
their inverse radii, which is consistent with the larger vF in flat
graphene6. The differences between vF in graphene and its rolled-up
version can be attributed to e–e interactions13. Another piece of
evidence came from infrared measurements14 of the Pauli blocking
in graphene, which showed a sharp (15%) decrease in vF on
increasing n from ≈ 0.5 to 2× 1012 cm−2. A similar increase in
vF(≈ 25%) for similar n has recently been found by scanning
tunnelling spectroscopy15. In both cases, the changes were sharper
and larger than the theory predicts for the probed relatively small
intervals of n.

Here, we have studied SdHO in suspended graphene devices
(inset in Fig. 2a). They were fabricated by using the procedures
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Strength of Effective Coulomb Interactions in Graphene and Graphite

T.O. Wehling,1 E. Şaş!oğlu,2 C. Friedrich,2 A. I. Lichtenstein,1 M. I. Katsnelson,3 and S. Blügel2
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To obtain an effective many-body model of graphene and related materials from first principles we

calculate the partially screened frequency dependent Coulomb interaction. In graphene, the effective

on-site (Hubbard) interaction is U00 ¼ 9:3 eV in close vicinity to the critical value separating conducting

graphene from an insulating phase emphasizing the importance of nonlocal Coulomb terms. The nearest-

neighbor Coulomb interaction strength is computed to U01 ¼ 5:5 eV. In the long-wavelength limit, we

find the effective background dielectric constant of graphite to be ! ¼ 2:5 in very good agreement with

experiment.

DOI: 10.1103/PhysRevLett.106.236805 PACS numbers: 73.22.Pr, 71.45.Gm

The role of Coulomb interactions in graphene and re-
lated materials poses a long standing problem: experiments
reported ferromagnetic ordering in nanographene [1],
in disordered graphite samples [2], and at grain boundaries
in highly oriented pyrolytic graphite (HOPG) [3].
Ferromagnetism in pristine graphene, however, has been
excluded experimentally for temperatures down to 2 K [4].
Theoretically, the possibility of magnetism in defect
free graphene has been predicted: an antiferromagnetic
insulating ground state has been obtained for the local
Coulomb interactions exceeding a critical value UAFM *
ð4:5# 0:5Þt in quantum Monte Carlo (QMC) calculations
[5–7] and UAFM * 2:2t in Hartree-Fock theory [5,6],
where t % 2:8 eV is the nearest-neighbor hopping parame-
ter. A gapped spin liquid has been predicted for on-site
repulsion between USL ¼ 3:5t and UAFM [8]. Sizable non-
local Coulomb interactions can make the phase diagram
even richer and lead to a competition between spin- and
charge-density-wave phases [9,10] or topologically non-
trivial phases [11]. Doping of graphene might trigger fur-
ther instabilities [12,13]. In pristine graphene, the Coulomb
interaction remains long ranged and it is controversial
whether this might lead to strongly correlated electronic
phases like an insulator [9,14] or whether graphene is
rather weakly correlated. The local part of Coulomb inter-
action is also crucial for the theory of defect-induced
magnetism in graphene [15].

The central issue in this discussion is the effective
strength of the Coulomb interaction acting on the carbon
pz electrons, which has only been estimated very roughly
up to now [16]: The bare on-site Coulomb interaction in
benzene obtained from atomic carbon pz orbitals was
estimated to be 16.9 eV [17]. For polyacetylene, an analy-
sis of optical modulation spectroscopy experiments within
weak coupling perturbation theory yielded an effective
on-site Coulomb repulsion of 10 eV [18,19]. However, in
this regime weak coupling perturbation theory might be

inapplicable. For the long-wavelength limit, reflectance
measurements of graphite [20] yielded a dielectric constant
of ! ¼ 2:4 due to screening by the high-energy " bands.
This would correspond to an effective fine structure con-
stant of # ¼ e2

!@vF
% 0:9 for bulk graphite, where @vF %

5:8 eV "A is the Fermi velocity [16]. For graphene, recent
inelastic x-ray scattering experiments [21] suggest a fully
screened dielectric constant of ! % 15 corresponding to a
fine structure constant of # ¼ 0:14. At the same time, first-
principles GW calculations [22] give ! % 4, in agreement
with the predictions of a simple Dirac model [16]. Recent
experimental data on charge density dependence of the
Fermi velocity [23] seem to be in agreement, rather, with
the second value. So, up to now the strength of Coulomb
interactions in graphene related materials has remained
unclear and controversial—both theoretically and experi-
mentally (for a review of correlation effects in graphene,
see Ref. [24]).
In this Letter, we determine the Coulomb interaction

strength in graphene and graphite within the constrained
random phase approximation (cRPA) [25]. We obtain
ab initio effective Coulomb interaction parameters that
should be used in a generalized Hubbard model of gra-
phene or graphite (see cRPA values in Table I). We find
that the on-site interactions in free standing graphene are
weaker than UAFM but close to the transition to the in-
sulating spin-liquid phase at USL ¼ 3:5t % 9:8 eV. Our
calculations stress the importance of nonlocal Coulomb
interactions in graphene. They put graphene in close prox-
imity to two quantum phase transition lines and at the same
time are possibly crucial for stabilizing a conducting state
of freely suspended graphene. In the long-wavelength
limit, we find bulk graphite having an effective background
dielectric constant ! % 2:5, in agreement with the experi-
ments from Ref. [20]. For graphene in the long-wavelength
limit ! is just one, as it should be for any two-dimensional
system as will be explained below.
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We start with constructing a generalized Hubbard model
for the graphene ! bands,

Ĥ0 ¼ "t
X

hi;ji;"
cyi;"cj;" " t0

X

hhi;jii;"
cyi;"cj;" þU00

X

i

ni;"ni;#

þ 1

2

X

i!j;";"0
Uijni;"nj;"0 ; (1)

where ci;" annihilates an electron with spin " 2 f"; #g at
site i and ni;" ¼ cyi;"ci;". The index i ¼ ði; A orBÞ labels
the sublattice (A, B) and the unit cell centered at position
Ri, Uij are the Coulomb interaction parameters. The
nearest-neighbor hopping is known to be t & 2:8 eV
[16,26] and the next-to-nearest-neighbor hopping t0 de-
pends on details of how the tight-binding parameters are
determined: 0:02t & t0 & 0:2t.

To obtain all parameters entering the Hamiltonian (1)
from first principles, we performed density functional the-
ory (DFT) and cRPA calculations. The DFT calculations
are carried out with the FLEUR code [27] using a general-
ized gradient approximation [28] for the exchange-
correlation energy functional. We use a linear momentum
cutoff of Gmax ¼ 4:5 bohr"1 for the plane waves and an
angular momentum cutoff of lmax ¼ 6 in the muffin-tin
spheres. The partially screened Coulomb matrix elements
are calculated in the cRPAwith the SPEX code [29,30] using
the mixed product basis [29,31,32] with cutoff values
G0

max ¼ 4 bohr"1 and Lmax ¼ 4.
The Hamiltonian (1) describes a system of C pz

electrons that interact via the effective interaction Uij,
which incorporates the screening effects of all other elec-
trons not contained in the Hamiltonian (1). The cRPA
approach offers an efficient way to calculate this interac-
tion [25], as the screening channels are individually acces-
sible. The two-dimensional symmetry of graphene clearly
separates the C pz from other bands and, thus, enables an
unequivocal elimination of the C pz screening from the
full RPA polarization function. Apart from the on-site
term the resulting effective interaction yields the off-site,

intraorbital, and interorbital terms as well as their
frequency dependence.
The fully screened long-wavelength dielectric constants

reported in Refs. [21–23] are different from the partially
screened cRPA dielectric constants obtained, here, in that
the former include also contributions to screening due to
transitions between the graphene ! bands. Hence, using
the dielectric constants from Refs. [21–23] in a generalized
Hubbard model like Eq. (1) or in the context of investiga-
tions like Refs. [9,14] would lead to double counting of
screening terms arising from the ! electrons.
We ensure the accuracy of the model parameters being

derived by carefully checking their dependence on the
calculation procedure (the type of Wannier construction
being used to define the C pz orbitals) and convergence
issues (Brillouin zone sampling and finite supercell height
h) as we explain in the online supporting material [33]. We
find that Wannier functions directly from the C pz projec-
tions [34] and 16' 16' 1 kmeshes for the BZ integration
yield accurate Coulomb interaction parameters.
For graphene at its equilibrium lattice constant of a0 ¼

2:47 !A, we obtain the Coulomb interaction parameters
given in Table I. The on-site Coulomb repulsion UA or B

00 &
3:3t is below UAFM & ð4:5( 0:5Þt [5–7] but very close to
the critical value of USL ¼ 3:5t separating the zero gap
phase from a gapped spin-liquid one [8]. Comparing to the
phase diagram reported in Ref. [10] our results show that
the nearest-neighbor Coulomb interaction of U01 & 2:0t
taken together with the local Coulomb interaction puts
graphene in close proximity to, both, a spin-density wave
and a charge-density-wave transition line.
The ratio of the kinetic energy given by t to the Coulomb

interaction can, e.g., be changed by applying strain. Upon
expanding the graphene lattice the nearest-neighbor hop-
ping decreases faster than the Coulomb interaction pa-
rameters [Fig. 1(a)]. An expansion of the lattice by a few
percent leads to U00ðaÞ=tðaÞ> 3:5, i.e., an increase of the
ratio of local Coulomb interactions to the kinetic energy
beyond the critical value of USL=t ¼ 3:5. In this situation,
the nonlocal Coulomb interaction effects can be crucial. It
remains to be seen to which extent the long range nonlocal
Coulomb interaction screens the on-site repulsion [35]
and stabilizes the semimetallic phase or whether nonlocal
Coulomb terms drive the system towards other strongly
correlated possibly topologically nontrivial electronic
phases as suggested in Refs. [10,11].
We now consider the Coulomb interaction in graphite

and compare to graphene. In graphite, the two sublattices
are not equivalent. We define the atoms of sublattice A be
to directly above each other in adjacent layers and sub-
lattice B as the atoms above hollow sites of the layer
beneath. As Table I shows, the on-site interaction in gra-
phene and graphite is qualitatively similar with very little
difference between the two graphite sublattices. The ratio
of bare to cRPA nearest-neighbor Coulomb interaction is

TABLE I. On-site (UA
00, UB

00), nearest-neighbor (U01), next-
nearest-neighbor (UA

02, U
B
02), and third-nearest-neighbor (U03)

(intralayer) Coulomb interaction parameters for freestanding
graphene and graphite. In graphene UA

00 ¼ UB
00 and UA

02 ¼ UB
02

due to the sublattice symmetry. The bare and partially screened
(cRPA) parameters are given. The cRPA parameters should be
used in the effective Hamiltonian (1).

Graphene Graphite

Bare cRPA Bare cRPA

UA or B
00 (eV) 17.0 9.3 17.5, 17.7 8.0, 8.1

U01 (eV) 8.5 5.5 8.6 3.9
UA or B

02 (eV) 5.4 4.1 5.4, 5.4 2.4, 2.4
U03 (eV) 4.7 3.6 4.7 1.9
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Figure 2 | Probing graphene’s electronic spectrum through SdHO. a, Symbols show examples of the T dependence of SdHO for n≈+1.4 and
−7.0× 1010 cm−2 for electrons and holes, respectively. The dependence is well described by the Lifshitz–Kosevich formula (solid curves). The dashed
curves are the behaviour expected for vF = v∗

F (in the matching colours). The inset shows a scanning electron micrograph of one of our devices. The vertical
graphene wire is ≈2 µmwide and suspended above an oxidized Si wafer attached to Au/Cr contacts. Approximately half of the 300-nm-thick SiO2 was
etched away underneath the graphene structure. b,mc as a function of kF for the same device.m0 is the free-electron mass. It is the exponential
dependence of the SdHO amplitude onmc that enables high accuracy of the cyclotron-mass measurements. The error bars indicate maximum and
minimum values ofmc that could fit data such as in a. The dashed curves are the best linear fitsmc ∝ n1/2 at high and low n. The dotted line is for the
standard value of vF = v∗

F . Graphene’s spectrum renormalized owing to e–e interactions is expected to result in the dependence shown by the solid curve.
c,mc re-plotted in terms of varying vF. The colour scheme is to match the corresponding data in b.

described previously16–18. After current annealing, our devices
exhibited record mobilities µ ∼ 1,000,000 cm2 Vs−1, and charge
homogeneity δn was better than 109 cm−2 such that we observed
the onset of SdHO in magnetic fields B ≈ 0.01 T and the first
quantum Hall plateau became clearly visible in B below 0.1 T
(see Supplementary Information). To extract the information
about graphene’s electronic spectrum, we employed the following
routine. SdHO were measured at various B and n as a function of
temperature (T ). Their amplitude was then analysed by using the
standard Lifshitz–Kosevich formula T/sinh(2π2Tmc/h̄eB), which
holds for the Dirac spectrum19 and enables us to find the effective
cyclotron mass mc at a given n. This approach was previously
employed for graphene on SiO2, and it was shown that, within
experimental accuracy and for a range of n∼1012 cm−2,mc was well
described by dependence mc = h̄(πn)1/2/v∗

F , which corresponds to
the linear spectrum11,12.With respect to the earlier experiments, our
suspended devices offer critical advantages. First, in the absence of
a substrate, interaction-induced spectral changes are expected to be
maximal because no dielectric screening is present. Second, the high
quality of suspended graphene has enabled us to probe its spectrum
over a very wide range of n, which is essential as the spectral changes
are expected to be logarithmic in n. Third, owing to low δn, we can
approach theDirac pointwithin a fewmillielectronvolts. This low-E
regime, in which a major renormalization of the Dirac spectrum is
expected, has previously been inaccessible.

Figure 2a shows examples of the T dependence of the SdHO
amplitude at low n (for details, see Supplementary Information).
The curves are well described by the Lifshitz–Kosevich formula but
the inferred mc are half those expected if we assume that vF retains
its conventional value v∗

F . To emphasize this profound discrepancy
with the earlier experiments, the dashed curves in Fig. 2a plot
the T dependence expected under the assumption vF = v∗

F . The
SdHO would then have to decay twice as fast with increasing T ,
which would result in a qualitatively different behaviour of the
SdHO. From the measuredmc we find vF ≈ 1.9 and 2.2×106 m s−1

for the higher and lower |n| in Fig. 2a, respectively. We have
carried out measurements of mc as in Fig. 2a for many different
n, and the extracted values are presented in Fig. 2b for one of the
devices. For the linear spectrum, mc is expected to increase linearly
with kF = (πn)1/2. In contrast, the experiment shows a superlinear

behaviour. Trying to fit the curves in Fig. 2b with the linear
dependence mc(kF), we find vF ≥ 2.5× 106 m s−1 at n< 1010 cm−2

and ≤1.5× 106 m s−1 for n > 2× 1011 cm−2, as indicated by the
dashed lines. The observed superlinear dependence of mc can be
translated into vF varying with n. Figure 2c replots the data in
Fig. 2b in terms of vF = h̄(πn)1/2/mc, which shows a diverging-like
behaviour of vF near the neutrality point. This sharp increase in
vF (by nearly a factor of three with respect to v∗

F ) contradicts to
the linear model of graphene’s spectrum but is consistent with the
spectrum reshaped by e–e interactions (Fig. 1).

The data for mc measured in four devices extensively studied
in this work are collected in Fig. 3 and plotted on a logarithmic
scale for both electrons and holes (no electron–hole asymmetry
was noticed). The plot covers the experimental range of |n| from
109 to nearly 1012 cm−2. All the data fall within the range marked
by the two dashed curves that correspond to constant vF = v∗

F
and vF = 3 × 106 m s−1. We can see a gradual increase in vF as
n increases, although the logarithmic scale makes the observed
threefold increase less dramatic than in the linear presentation of
Fig. 2c. Note that, even for the highest n in Fig. 3, the measured
mc do not reach the values expected for vF = v∗

F and are better
described by vF ≈ 1.3v∗

F . This could be due to the fact that the
highest n values we could achieve for suspended graphene were
still within a sub-1012 cm−2 range, in which some enhancement in
vF was reported for graphene on SiO2 (refs 14,15). Alternatively,
the difference could be due to the absence of a substrate in our
case. To find out which of the effects dominates, we have studied
high-µ devices made from graphene deposited on boron nitride20,21
(its dielectric constant ε is close to that of SiO2) and found that
mc in the range of n between ≈ 0.1 and 1 × 1012 cm−2 is well
described by vF ≈ v∗

F (Supplementary Information). This indicates
that the observed difference in mc at high n in Fig. 3 with respect
to the values expected for v∗

F is likely to be due to the absence
of dielectric screening in suspended graphene, which maximizes
the interaction effects.

To explain the observed changes in vF, let us first note that, in
principle, not only e–e interactions but also other mechanisms such
as electron–phonon coupling and disorder can lead to changes in
vF. However, the fact that the increase in vF is observed over such
a wide range of E rules out electron–phonon mechanisms, whereas
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where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the
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For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
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ĉi,"
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For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)
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P
n Im (! � "n + i�)�1, where "n are

the eigenvalues and � = 0.05. Here, L = 36, � = 0.5.

where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the

Hamiltonian

Ĥ = �t
X

hiji

⇣
ĉ
†
i ĉj +H.c.

⌘
+ �

X

7
N(x) ·

 
X

hhi,jii27
i⌫ij ĉ

†
i�ĉj +H.c.

| {z }
⌘Ĵij

!
, (24)

where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵

�ĉi,"
ĉi,#

�
T̂ = ↵

� ĉi,#
�ĉi,"

�
, Kramers’ theorem holds and stipulates that all

eigenstates are doubly degenerate.
On the honeycomb lattice, the Pontryagin index is defined as

Q =
1

8⇡

X

x

N(x) · (N(x+ a1)�N(x))⇥ [(N(x)�N(x+ a2)) + (N(x)�N(x� a1 + a2))] (25)

with unit vectors a1 = (1, 0) and a2 = ( 1
2
,
p
3

2
).

For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as

P̂�1

z ↵

✓
ĉ†i,"

ĉ†i,#

◆
P̂z = ⌘i↵

✓
ĉi,"

�ĉi,#

◆
, (26)

where ⌘i = 1 (�1) for i 2 A(B), we have

P̂�1

z Ĵx
i,jP̂z = Ĵx

i,j ,

P̂�1

z Ĵy
i,jP̂z = Ĵy

i,j ,

P̂�1

z Ĵz
i,jP̂z = �Ĵz

i,j .

(27)

A general P-H transformation can be written as

P̂ (✓,�) = Û�1(✓,�)P̂zÛ(✓,�) (28)

where

Û�1(✓,�)

✓
ĉi,"
ĉi,#

◆
Û(✓,�) =

 
cos(✓/2) � sin(✓/2)e�i�

sin(✓/2)ei� cos(✓/2)

!✓
ĉi,"
ĉi,#

◆
. (29)

For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)

Uniform

C. L. Kane and E. J. Mele, PRL,   2005

One Skyrmion

Field theories of condensed matter physics. E. Fradkin

more information – www.cambridge.org/9780521764445

Q =
1

4⇡

Z
dxdyN(x) · (@xN(x)⇥ @yN(x)) = 1
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Why would it be interesting to dynamically generate a QSH state? 
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the eigenvalues and � = 0.05. Here, L = 36, � = 0.5.

where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the

Hamiltonian

Ĥ = �t
X

hiji

⇣
ĉ
†
i ĉj +H.c.

⌘
+ �

X

7
N(x) ·

 
X

hhi,jii27
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†
i�ĉj +H.c.
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⌘Ĵij

!
, (24)

where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵

�ĉi,"
ĉi,#

�
T̂ = ↵

� ĉi,#
�ĉi,"

�
, Kramers’ theorem holds and stipulates that all

eigenstates are doubly degenerate.
On the honeycomb lattice, the Pontryagin index is defined as

Q =
1

8⇡

X

x

N(x) · (N(x+ a1)�N(x))⇥ [(N(x)�N(x+ a2)) + (N(x)�N(x� a1 + a2))] (25)

with unit vectors a1 = (1, 0) and a2 = ( 1
2
,
p
3

2
).

For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as

P̂�1

z ↵

✓
ĉ†i,"

ĉ†i,#

◆
P̂z = ⌘i↵

✓
ĉi,"

�ĉi,#

◆
, (26)

where ⌘i = 1 (�1) for i 2 A(B), we have

P̂�1

z Ĵx
i,jP̂z = Ĵx

i,j ,

P̂�1

z Ĵy
i,jP̂z = Ĵy

i,j ,

P̂�1

z Ĵz
i,jP̂z = �Ĵz

i,j .

(27)

A general P-H transformation can be written as

P̂ (✓,�) = Û�1(✓,�)P̂zÛ(✓,�) (28)

where

Û�1(✓,�)

✓
ĉi,"
ĉi,#

◆
Û(✓,�) =

 
cos(✓/2) � sin(✓/2)e�i�

sin(✓/2)ei� cos(✓/2)
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ĉi,"
ĉi,#

◆
. (29)

For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)

Uniform

C. L. Kane and E. J. Mele, PRL,   2005

One Skyrmion

Q =
1

4⇡

Z
dxdyN(x) · (@xN(x)⇥ @yN(x)) = 1
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P
n Im (! � "n + i�)�1, where "n are

the eigenvalues and � = 0.05. Here, L = 36, � = 0.5.

where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the

Hamiltonian

Ĥ = �t
X

hiji

⇣
ĉ
†
i ĉj +H.c.

⌘
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X

7
N(x) ·

 
X
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i⌫ij ĉ

†
i�ĉj +H.c.
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⌘Ĵij

!
, (24)

where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵

�ĉi,"
ĉi,#

�
T̂ = ↵

� ĉi,#
�ĉi,"

�
, Kramers’ theorem holds and stipulates that all

eigenstates are doubly degenerate.
On the honeycomb lattice, the Pontryagin index is defined as

Q =
1

8⇡

X

x

N(x) · (N(x+ a1)�N(x))⇥ [(N(x)�N(x+ a2)) + (N(x)�N(x� a1 + a2))] (25)

with unit vectors a1 = (1, 0) and a2 = ( 1
2
,
p
3

2
).

For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as

P̂�1

z ↵

✓
ĉ†i,"

ĉ†i,#

◆
P̂z = ⌘i↵

✓
ĉi,"

�ĉi,#

◆
, (26)

where ⌘i = 1 (�1) for i 2 A(B), we have

P̂�1

z Ĵx
i,jP̂z = Ĵx

i,j ,

P̂�1

z Ĵy
i,jP̂z = Ĵy

i,j ,

P̂�1

z Ĵz
i,jP̂z = �Ĵz

i,j .

(27)

A general P-H transformation can be written as

P̂ (✓,�) = Û�1(✓,�)P̂zÛ(✓,�) (28)

where

Û�1(✓,�)

✓
ĉi,"
ĉi,#

◆
Û(✓,�) =

 
cos(✓/2) � sin(✓/2)e�i�

sin(✓/2)ei� cos(✓/2)

!✓
ĉi,"
ĉi,#

◆
. (29)

For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)

Skyrmion carries charge 2e  à proliferation of  

skyrmions destroys QSH and could lead to SC. 

T. Grover and T. Senthil, PRL. 2008.
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s-wave superconductor  [ U(1) ]
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evant operator. This complication is completely avoided
in the model introduced here, where the DQCP sepa-
rates QSH and SC rather than AFM and VBS phases.
QSH and AFM order are both described by an SO(3)
order parameter. However, instead of the Z4 symmetry
broken by lattice VBS state, the SC phase breaks the
same global U(1) gauge symmetry (charge conservation)
on the lattice and in the continuum. Therefore, the num-
ber of skyrmion defects with charge 2e is conserved and
monopoles are absent.

The exciting prospects of (i) SC order from topo-
logical defects of a spontaneously generated QSH state
and (ii) a monopole-free realisation of a DQCP moti-
vate the search for a suitable lattice model amenable
to quantum Monte Carlo simulations without a sign
problem. Such e↵orts are part of the recent surge of
designer Hamiltonians aimed at studying exotic phases
and phase transitions.15–21 Here, we start from a tight-
binding model of Dirac fermions in the form of electrons
on the honeycomb lattice with nearest-neighbour hop-
ping (see Fig. 1b), as described by

Ĥt = �t
X

hi,ji

(ĉ†i ĉj +H.c.). (1)

The spinor ĉ
†
i =

�
ĉ†i,", ĉ

†
i,#
�
, where ĉ†i,� creates an elec-

tron at lattice site i with spin �. Equation (1) yields
the familiar graphene band structure with gapless, linear
excitations at the Dirac points.22 A suitable interaction
that generates the above physics is

Ĥ� = ��
X

7

 
X

hhi,jii27
i⌫ij ĉ

†
i�ĉj +H.c.

!2

. (2)

The first sum is over all the hexagons of a honeycomb
lattice with L⇥L units cells and periodic boundary con-
ditions. The second sum is over all pairs of next-nearest-
neighbour sites of a hexagon, see Fig. 1b. The quantity
⌫ij = ±1 is identical to the Kane-Mele model;1 for a path
from site i to site j (connected by Rij , see Fig. 1b) via
site k, ⌫ij = êz · (Rik ⇥Rkj)/|êz · (Rik ⇥Rkj)| with êz

a unit vector perpendicular to the honeycomb plane. Fi-
nally, � = (�x,�y,�z) with the Pauli spin matrices �↵.
The rationale for this choice of interaction is easy to un-
derstand. Without the square, and taking just one of the
three Pauli matrices, equation (2) reduces to the Kane-
Mele spin-orbit coupling that explicitly breaks SO(3) spin
symmetry. In contrast, this symmetry is preserved by Ĥ�

but spontaneously broken by long-range QSH order. For
� > 0, the model defined by Ĥ = Ĥt + Ĥ� can be simu-
lated without a sign problem by auxiliary-field quantum
Monte Carlo methods.23–25 In the following, we set t = 1
and consider a half-filled band with one electron per site.

A mean-field decomposition of equation (2) suggests a
transition from the Dirac semimetal to a QSH state at a
critical value �c1 > 0. However, it is highly non-trivial
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FIG. 2. Gross-Neveu semimetal-QSH transition. a
Correlation ratio RQSH

� [equation (5)] for di↵erent system sizes
L. The extrapolation of the crossing points of RQSH

� for L
and L+6 in the inset gives the critical value �c1 = 0.0187(2).
b Finite-size scaling based on equation (6) gives an inverse
correlation length exponent 1/⌫ = 1.14(9). c Estimation of
the anomalous dimension ⌘ = 0.79(5).

if the associated saddle point is stable. In fact, s-wave
pair hopping processes arise upon expanding the square
in equation (2) and can lead to superconductivity.26 The
exact phase diagram can be obtained by quantum Monte
Carlo simulations. Remarkably, as illustrated in Fig. 1a,
we find two distinct phase transitions. First, from the
semimetal to a QSH state at �c1, then from the QSH
state to an s-wave SC at �c2 > �c1.
The semimetal-QSH transition involves the breaking of

spin rotation symmetry and is expected to be in the O(3)
Gross-Neveu universality class for N = 8 Dirac fermions
(two sublattices, two Dirac points, � =", #). The local
vector order parameter takes the form of a spin current,

Ô
QSH

r,� = iĉ†r�ĉr+� +H.c., (3)

where r corresponds to a unit cell labelling a hexagon,
and r + � runs over all next-nearest neighbours. Be-
cause this order parameter is a lattice regularisation of
the three QSH mass terms in the Dirac equation, long-
range order implies a mass gap.1 To study the phase tran-
sition, we computed the associated susceptibility

�O
�,�0(q) =

1

L2

X

r,r0

Z �

0

d⌧eiq·(r�r0
)hÔr,�(⌧)Ôr0,�0(0)i.

(4)
Here, we omitted the vanishing background term and
concentrate on the largest eigenvalue of �O

�,�0(q) (see sup-

RQSH(L,�) = F (Lz/�, (�� �c)L
1/⌫ , L�!)
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where ηψ is the fermionic anomalous dimension. In
Fig. 5(a) we report our bare data from which we can
extract ηψ using the relation:

ηψ(L, rL) = −
1

ln(r)
ln

(

Z(λc(L), rL)

Z(λc(L), L)

)

(15)

with r = L
L+6 , and λc(L) the size resolved crossing points

of the correlation ratio. In Fig. 5(b) we show that ηψ =
0.29(2) with ηψ(L) = ηψ + d1L−ω4 and ω4 = 3.2(6). We
note that the single particle Green’s function is not a
Lorentz invariant quantity (see AppendixB). It is hence
challenging to use the real space decay so as to extract
the fermion anomalous dimension.

IV. DISCUSSIONS AND OUTLOOK

For Nf = 2 four component Dirac fermions akin to
graphene, there are a number of GN transitions that can
be classified in terms of symmetry. After a canonical
transformation, the non-interacting Dirac Hamiltonian
of graphene is given by (see Appendix B),

Ĥ0 = −vF
∑

p

Ψ̂
†(p) [pxτx + pyτy ] Ψ̂ (p), (16)

where we label the eight-component spinor as Ψ̂† :=
Ψ†
τ,σ,µ. The τx,y,z Pauli matrices act on the τ indices

and a similar notation holds for σx,y,z and µx,y,z Pauli
matrices. In this writing of the Dirac Hamiltonian, the
SU(4) symmetry is explicit. Ĥ0 has a maximum of five
mutually anti-commuting mass terms corresponding to
the matrices:

Γ = (σµxτz, µyτz , µzτz) . (17)

The GN models

ĤN = Ĥ0 + U
N
∑

i=1

∫

V
d2x

(

Ψ̂†(x)ΓiΨ̂ (x)
)2

(18)

have O(N) symmetry, and the generators of the SO(N)
sub-group are given by:

Γij =
i

4
[Γi,Γj ] i > j (19)

where i ∈ 1 · · ·N . The authors of Ref.36 compute within
an ε expansion around three spatial dimensions, as well
as with functional renormalization group (FRG) meth-
ods the exponents for the aforementioned O(N)-GN tran-
sitions. In the FRG approximation, the bosonic anoma-
lous dimensions read: ηφ = 0.760, 0.875, 1.015, 1.159, and
ηφ = 1.285 at N = 1, 2, 3, 4, 5 respectively. Hence, as N
grows it becomes increasingly important to compute sus-
ceptibilities rather than equal time correlation functions.
Lattice regularizations of the above continuum theories
can capture the O(1) or Z2

23, O(2)37,38 as well as the

O(3)4–7 critical points. While Landau level regulariza-
tion schemes allow to simulate higher symmetries39,40,
O(4) and O(5) Gross-Neveu transitions seem to be re-
alized only at multi critical points36,41,42. Such multi
critical points have been put forward in fermion lattice
models in Refs.43,44 and Ref.45 for the O(4) and O(5)
cases respectively. Aside for the necessity of considering
susceptibilities to investigate criticality the task becomes
especially challenging since one has to control two model
parameters to locate the critical point.

1/ν ηφ ηψ

This study 1.11(4) 0.80(9) 0.29(2)

Ref.4 (AFQMC) 0.95(5) 0.75(4) 0.23(4)

Ref.46 (HMC) 0.861 0.872(22) —

Ref.25 (AFQMC) 1.14(9) 0.79(5) —-

Ref.6 (AFQMC) 0.98(1) 0.49(2) 0.20(2)

Ref.7 (AFQMC) 1.19(6) 0.70(15) —-

Ref.47 (4− ε), ε4, Padé [2/2] 0.6426 0.9985 0.1833

Ref.47 (4− ε), ε4, Padé [3/1] 0.6447 0.9563 0.1560

Ref.48 FRG 0.795 1.032 0.071

Ref.49 FRG 0.76 1.01 0.08

TABLE I. Comparison of critical exponents of the Nf =
2 four-component Dirac fermions Gross-Neveu O(3) critical
point in 2+1 dimensions. The table is adapted from Ref.22.

In Hubbard based models, generically used to capture
GN O(3) criticality, computing the susceptibilities of the
bosonic mode turns out to be difficult to compute due
to anomalous fluctuations that suggest fat tailed distri-
butions. When computing observables in the AFQMC,
we divide by the fermion determinant20. The zeros of
this quantity could be at the origin of these anomalous
fluctuations. This interpretation has been put forward in
Ref.50. It certainly may be part of the problem, but does
not seem to provide an understanding of why the spin-
susceptibility shows anomalous fluctuations but not, for
instance, the charge susceptibility or the single particle
time displaced correlation function. We refer the reader
to Appendix A for further discussions and examples.
We have noticed empirically that the AFQMC imple-

mentation of the model of Eq. 225 showing a GN O(3)
transition from a DSM to a QSH insulator does not suf-
fer from the aforementioned issue. It hence provides a
unique possibility to compute the exponents by consid-
ering susceptibilities rather than equal time correlations.
Our results are at best summarized by comparing with
other calculations listed in Table I. The Monte Carlo
results are ordered chronologically and convergence be-
tween different groups is apparent. In particular, the
most recent independent calculations of Ref.4, where the
Dirac metal originates form a d-wave superconducting
BCS state and the antiferromagnetic mass terms are gen-

Y. Liu, Z. Wang, T. Sato, W. Guo and FFA  arXiv:2103.08434
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Preformed pairs ?
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FIG. 3. Momentum dependence of (a) the pairing gap and
(b) the QSH gap for the half-filled case, in the vicinity of �
point along the direction towards the M point in the Brillouin
zone of the honeycomb lattice. The inset of (a) shows the 1/L
dependence of the single-particle gap �sp and half of the s-
wave pairing gap �⌘/2. The inset of (b) shows the QSH gap,
�QSH, versus 1/L.

energy scales as f / |µ�µc|⌫(d+z) with d the dimension-
ality and ⌫ (z) the correlation length (dynamical) expo-
nent. Since the doping defined as 1�n is proportional to
@f/@µ and the compressibility is associated with twist-
ing boundaries in the imaginary-time direction, one can
show that for transitions driven via the chemical poten-
tial the hyper scaling relation ⌫z = 1 holds. Thereby,
� / |µ � µc|⌫d, Doping a band insulator satisfies the
hyper-scaling assumption. For a quadratic band, z = 2
so that � / |µ� µc|d/2. This scaling behavior is satisfied
upon doping a bosonic Mott insulator [22].

With the PQMC, we can compute the ground-state en-
ergy for a given, even particle number Np and then de-
rive the chemical potential. However, we found it more
e�cient to extract µ from an estimate of �⌘�(Np) by an-
alyzing the long imaginary time behavior of the pair cor-
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FIG. 4. Doping factor � as a function of chemical potential

µ ⌘
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2

for sizes L = 9, 12, 15, 18, and 21. The red dashed
line is the critical chemical potential from the extrapolated
pairing gap �⌘/2 shown in Fig. 3.

relation function
P

�̃h⌘̂
+

q,�̃
(⌧)⌘̂�

q,�̃
(0)i ⇠ e��⌘�⌧ , where

q = �. In particular,

µ ⌘ E(Np)� E(Np � 2)

2
=

�⌘�(Np)

2
. (3)

With the doping relative to half-filling defined as � ⌘
1 � Np�1

2L2 [23], we obtain the data shown in Fig. 4. For
alternative ways of computing µ see the SM [9].
Figure 4 plots � as a function of µ. The vertical dash-

dotted line corresponds to the critical chemical potential.
The data support a linear behavior for µ > 0.16, but this
form would overshoot the critical chemical potential. In a
narrow window of dopings, � < 0.01, we observe a down-
turn in the functional form. Within our precision, we
can o↵er two interpretations: a weakly first-order transi-
tion or a continuous transition with dynamical exponent
z > 2. We note that continuous metal-insulator transi-
tions with z > 2 have been put forward in the context of
doped quantum antiferromagnets [20, 24].
Another important question to answer is if the on-

set of superconductivity is tied to the vanishing of the
QSH order parameter. To this end, we consider the
renormalization-group invariant correlation ratios (↵ =
QSH, SSC)

R↵ ⌘ 1� S↵(q0 + �q)

S↵(q0)
(4)

based on the equal-time correlation functions of the spin
current and s-wave paring operators in momentum space,
S↵(q). Here, q0 = (0, 0) is the ordering wave vector and
q0+�q a neighboring wave vector. By definition, R↵ ! 1
(! 0) in the ordered (disordered) state for L ! 1. At
a critical point, R↵ is scale invariant and for su�ciently

Two  holes pair since:
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Do the hole pairs correspond to Skyrmions?

Imaging the Skyrmion:

1. Dope two holes away from half-filling  and pin them at the origin by modulating the
chemical potential

2. Measure  real space spin-spin correlations around the hole pair 
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Nature of doping induced  transition ?
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FIG. 5. Correlation ratios for (a) SSC and (b) QSH orders
as a function of doping �. The system sizes are L = 9, 12, 15,
18, 21, and 24. The inset of (b) shows the �-dependence of the
finite-size correlation length for the QSH order parameter.

large L, one should observe a crossing in R↵ for di↵er-
ent system sizes. Figures 5(a) and (b) show results for
RSSC and RQSH as a function of �. Due to the observed
binding of electrons in the insulating state, we expect
superconductivity for any � > 0. This is confirmed by
Fig. 5(a). The drift in the crossings due to corrections
to scaling is consistent with �SSC

c
! 0 in the thermody-

namic limit. The same quantity is plotted for the QSH
correlation ratio in Fig. 5(b). The data show that the
QSH order parameter vanishes very rapidly as a function
of doping. Again, the drift of the crossing point as a func-
tion of system size scales to smaller values of �. Given
the data, we can provide an upper bound �QSH

c
< 0.0017

which corresponds to our resolution [25]. In our inter-
pretation of Fig. 4, we could not exclude the possibility
of a weakly first-order transition. On our finite systems,
neither of the correlation ratios show a discontinuity, con-
sistent with a continuous transition.

As a crosscheck, we consider the second-moment,

finite-size correlation length [26], ⇠2
↵
⌘

P
r |r|2S↵

(r)P
r S↵(r) , ob-

tained from the real-space, equal-time correlation func-
tions [27]. The inset of Fig. 5(b) reveals the absence of
saturation of the QSH correlation length at any finite
doping � > 0.0017. Saturation would be expected for a
first-order transition.
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FIG. 6. Real space equal time correlation function of the
QSH order parameter around a pinned hole pair at the origin.
To the Hamiltonian of Eq. 1 we include the pinning potential:

Ĥpin ⌘ C
P

r

P
�̃ e

�|(r+�̃)|/⇠
ĉ
†
r+�̃

ĉr+�̃ with C = 1 and ⇠ = 1.

We consider L = 15, at (a) � = 0.026 and (b) � = 0.05.

The notion of Skyrmion superconductivity hinges on a
locking in of the charge density and texture of the SO(3)
QSH order parameter. To image this, we dope two holes
away from half-filling and localize them by modulating
the chemical potential. The real space correlations of
the QSH order parameter are then expected to show a
texture akin to a Skyrmion. Precisely this is seen in
Fig. 6(a) at � = 0.026. In contrast far away from the
QSH state at � = 0.05 (see Fig. 6(b)) a Skyrmion is not
present around the localized pair.
Discussion and summary.—Our data suggest a doping-

induced, continuous and direct phase transition between
the QSH state and the SSC. Clearly, we cannot ex-
clude the possibility of a weakly first-order transition
in which the correlation length saturates beyond our
maximum system size (L = 24). Our dynamically
generated QSH state possesses Goldstone modes and
charge-2e Skyrmions of the QSH order parameter. The
Goldstone modes correspond to long-wavelength fluctu-
ations of the spin-orbit coupling and do not break time-
reversal symmetry. Hence, single-particle spin-flip scat-
tering o↵ Goldstone modes—as present in doped quan-
tum antiferromagnets—is not allowed. Remarkably, one

can also show that
h
ĉk=0, Ĥ�

i
= 0 (see Ref. [9]), so that

at the � point the single-particle spectral function [9]
is una↵ected by the interaction Ĥ�. This is in strong
contrast to quantum antiferromagnets, where Goldstone
modes couple to single-particle excitations to form a nar-
row band of spin polarons [28–30]. These arguments sug-
gest that Goldstone modes do not provide the glue that
leads to pairing.
We interpret our results in terms of preformed pairs,
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FIG. 5. Correlation ratios for (a) SSC and (b) QSH orders
as a function of doping �. The system sizes are L = 9, 12, 15,
18, 21, and 24. The inset of (b) shows the �-dependence of the
finite-size correlation length for the QSH order parameter.

large L, one should observe a crossing in R↵ for di↵er-
ent system sizes. Figures 5(a) and (b) show results for
RSSC and RQSH as a function of �. Due to the observed
binding of electrons in the insulating state, we expect
superconductivity for any � > 0. This is confirmed by
Fig. 5(a). The drift in the crossings due to corrections
to scaling is consistent with �SSC

c
! 0 in the thermody-

namic limit. The same quantity is plotted for the QSH
correlation ratio in Fig. 5(b). The data show that the
QSH order parameter vanishes very rapidly as a function
of doping. Again, the drift of the crossing point as a func-
tion of system size scales to smaller values of �. Given
the data, we can provide an upper bound �QSH

c
< 0.0017

which corresponds to our resolution [25]. In our inter-
pretation of Fig. 4, we could not exclude the possibility
of a weakly first-order transition. On our finite systems,
neither of the correlation ratios show a discontinuity, con-
sistent with a continuous transition.

As a crosscheck, we consider the second-moment,

finite-size correlation length [26], ⇠2
↵
⌘

P
r |r|2S↵

(r)P
r S↵(r) , ob-

tained from the real-space, equal-time correlation func-
tions [27]. The inset of Fig. 5(b) reveals the absence of
saturation of the QSH correlation length at any finite
doping � > 0.0017. Saturation would be expected for a
first-order transition.
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We consider L = 15, at (a) � = 0.026 and (b) � = 0.05.

The notion of Skyrmion superconductivity hinges on a
locking in of the charge density and texture of the SO(3)
QSH order parameter. To image this, we dope two holes
away from half-filling and localize them by modulating
the chemical potential. The real space correlations of
the QSH order parameter are then expected to show a
texture akin to a Skyrmion. Precisely this is seen in
Fig. 6(a) at � = 0.026. In contrast far away from the
QSH state at � = 0.05 (see Fig. 6(b)) a Skyrmion is not
present around the localized pair.
Discussion and summary.—Our data suggest a doping-

induced, continuous and direct phase transition between
the QSH state and the SSC. Clearly, we cannot ex-
clude the possibility of a weakly first-order transition
in which the correlation length saturates beyond our
maximum system size (L = 24). Our dynamically
generated QSH state possesses Goldstone modes and
charge-2e Skyrmions of the QSH order parameter. The
Goldstone modes correspond to long-wavelength fluctu-
ations of the spin-orbit coupling and do not break time-
reversal symmetry. Hence, single-particle spin-flip scat-
tering o↵ Goldstone modes—as present in doped quan-
tum antiferromagnets—is not allowed. Remarkably, one

can also show that
h
ĉk=0, Ĥ�

i
= 0 (see Ref. [9]), so that

at the � point the single-particle spectral function [9]
is una↵ected by the interaction Ĥ�. This is in strong
contrast to quantum antiferromagnets, where Goldstone
modes couple to single-particle excitations to form a nar-
row band of spin polarons [28–30]. These arguments sug-
gest that Goldstone modes do not provide the glue that
leads to pairing.
We interpret our results in terms of preformed pairs,
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as a function of doping �. The system sizes are L = 9, 12, 15,
18, 21, and 24. The inset of (b) shows the �-dependence of the
finite-size correlation length for the QSH order parameter.

large L, one should observe a crossing in R↵ for di↵er-
ent system sizes. Figures 5(a) and (b) show results for
RSSC and RQSH as a function of �. Due to the observed
binding of electrons in the insulating state, we expect
superconductivity for any � > 0. This is confirmed by
Fig. 5(a). The drift in the crossings due to corrections
to scaling is consistent with �SSC

c
! 0 in the thermody-

namic limit. The same quantity is plotted for the QSH
correlation ratio in Fig. 5(b). The data show that the
QSH order parameter vanishes very rapidly as a function
of doping. Again, the drift of the crossing point as a func-
tion of system size scales to smaller values of �. Given
the data, we can provide an upper bound �QSH

c
< 0.0017

which corresponds to our resolution [25]. In our inter-
pretation of Fig. 4, we could not exclude the possibility
of a weakly first-order transition. On our finite systems,
neither of the correlation ratios show a discontinuity, con-
sistent with a continuous transition.

As a crosscheck, we consider the second-moment,

finite-size correlation length [26], ⇠2
↵
⌘

P
r |r|2S↵

(r)P
r S↵(r) , ob-

tained from the real-space, equal-time correlation func-
tions [27]. The inset of Fig. 5(b) reveals the absence of
saturation of the QSH correlation length at any finite
doping � > 0.0017. Saturation would be expected for a
first-order transition.
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We consider L = 15, at (a) � = 0.026 and (b) � = 0.05.

The notion of Skyrmion superconductivity hinges on a
locking in of the charge density and texture of the SO(3)
QSH order parameter. To image this, we dope two holes
away from half-filling and localize them by modulating
the chemical potential. The real space correlations of
the QSH order parameter are then expected to show a
texture akin to a Skyrmion. Precisely this is seen in
Fig. 6(a) at � = 0.026. In contrast far away from the
QSH state at � = 0.05 (see Fig. 6(b)) a Skyrmion is not
present around the localized pair.
Discussion and summary.—Our data suggest a doping-

induced, continuous and direct phase transition between
the QSH state and the SSC. Clearly, we cannot ex-
clude the possibility of a weakly first-order transition
in which the correlation length saturates beyond our
maximum system size (L = 24). Our dynamically
generated QSH state possesses Goldstone modes and
charge-2e Skyrmions of the QSH order parameter. The
Goldstone modes correspond to long-wavelength fluctu-
ations of the spin-orbit coupling and do not break time-
reversal symmetry. Hence, single-particle spin-flip scat-
tering o↵ Goldstone modes—as present in doped quan-
tum antiferromagnets—is not allowed. Remarkably, one

can also show that
h
ĉk=0, Ĥ�

i
= 0 (see Ref. [9]), so that

at the � point the single-particle spectral function [9]
is una↵ected by the interaction Ĥ�. This is in strong
contrast to quantum antiferromagnets, where Goldstone
modes couple to single-particle excitations to form a nar-
row band of spin polarons [28–30]. These arguments sug-
gest that Goldstone modes do not provide the glue that
leads to pairing.
We interpret our results in terms of preformed pairs,
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as a function of doping �. The system sizes are L = 9, 12, 15,
18, 21, and 24. The inset of (b) shows the �-dependence of the
finite-size correlation length for the QSH order parameter.

large L, one should observe a crossing in R↵ for di↵er-
ent system sizes. Figures 5(a) and (b) show results for
RSSC and RQSH as a function of �. Due to the observed
binding of electrons in the insulating state, we expect
superconductivity for any � > 0. This is confirmed by
Fig. 5(a). The drift in the crossings due to corrections
to scaling is consistent with �SSC

c
! 0 in the thermody-

namic limit. The same quantity is plotted for the QSH
correlation ratio in Fig. 5(b). The data show that the
QSH order parameter vanishes very rapidly as a function
of doping. Again, the drift of the crossing point as a func-
tion of system size scales to smaller values of �. Given
the data, we can provide an upper bound �QSH

c
< 0.0017

which corresponds to our resolution [25]. In our inter-
pretation of Fig. 4, we could not exclude the possibility
of a weakly first-order transition. On our finite systems,
neither of the correlation ratios show a discontinuity, con-
sistent with a continuous transition.

As a crosscheck, we consider the second-moment,

finite-size correlation length [26], ⇠2
↵
⌘

P
r |r|2S↵

(r)P
r S↵(r) , ob-

tained from the real-space, equal-time correlation func-
tions [27]. The inset of Fig. 5(b) reveals the absence of
saturation of the QSH correlation length at any finite
doping � > 0.0017. Saturation would be expected for a
first-order transition.
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Ĥpin ⌘ C
P

r

P
�̃ e

�|(r+�̃)|/⇠
ĉ
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We consider L = 15, at (a) � = 0.026 and (b) � = 0.05.

The notion of Skyrmion superconductivity hinges on a
locking in of the charge density and texture of the SO(3)
QSH order parameter. To image this, we dope two holes
away from half-filling and localize them by modulating
the chemical potential. The real space correlations of
the QSH order parameter are then expected to show a
texture akin to a Skyrmion. Precisely this is seen in
Fig. 6(a) at � = 0.026. In contrast far away from the
QSH state at � = 0.05 (see Fig. 6(b)) a Skyrmion is not
present around the localized pair.
Discussion and summary.—Our data suggest a doping-

induced, continuous and direct phase transition between
the QSH state and the SSC. Clearly, we cannot ex-
clude the possibility of a weakly first-order transition
in which the correlation length saturates beyond our
maximum system size (L = 24). Our dynamically
generated QSH state possesses Goldstone modes and
charge-2e Skyrmions of the QSH order parameter. The
Goldstone modes correspond to long-wavelength fluctu-
ations of the spin-orbit coupling and do not break time-
reversal symmetry. Hence, single-particle spin-flip scat-
tering o↵ Goldstone modes—as present in doped quan-
tum antiferromagnets—is not allowed. Remarkably, one

can also show that
h
ĉk=0, Ĥ�

i
= 0 (see Ref. [9]), so that

at the � point the single-particle spectral function [9]
is una↵ected by the interaction Ĥ�. This is in strong
contrast to quantum antiferromagnets, where Goldstone
modes couple to single-particle excitations to form a nar-
row band of spin polarons [28–30]. These arguments sug-
gest that Goldstone modes do not provide the glue that
leads to pairing.
We interpret our results in terms of preformed pairs,
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QSH s-wave superconductor

Quantum spin Hall s-wave superconductivity

3

plementary material), henceforth denoted as �O(q). To
detect the transition, we consider the renormalization-
group invariant correlation ratio

1� �O(Q+�q)

�O(Q)
= RO

�

⇣
L1/⌫

�
�� �O

c

�
, L�w

⌘
(5)

with |�q| = 4⇡p
3L

, the ordering wavevector Q =

0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
shown in Fig. 2. The finite-size estimate of the criti-
cal value, �QSH

c1 (L), corresponds to the crossing point of
RQSH

� for L and L + 6. Extrapolation to the thermody-

namic limit (inset of Fig. 2a) yields �QSH

c1 = 0.0187(2). As
shown in the supplementary material, the single-particle
gap is nonzero for � > �QSH

c1 . The correlation length
exponent was estimated from10

1

⌫O(L)
=

1

log r
log

 
d
d�R

O
� (�, rL)

d
d�R

O
� (�, L)

!�����
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c
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with r = L+6

L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31

To detect SC order, we used the order parameter
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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, the ordering wavevector Q =

0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
shown in Fig. 2. The finite-size estimate of the criti-
cal value, �QSH

c1 (L), corresponds to the crossing point of
RQSH

� for L and L + 6. Extrapolation to the thermody-

namic limit (inset of Fig. 2a) yields �QSH

c1 = 0.0187(2). As
shown in the supplementary material, the single-particle
gap is nonzero for � > �QSH
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L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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, the ordering wavevector Q =

0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
shown in Fig. 2. The finite-size estimate of the criti-
cal value, �QSH

c1 (L), corresponds to the crossing point of
RQSH

� for L and L + 6. Extrapolation to the thermody-

namic limit (inset of Fig. 2a) yields �QSH

c1 = 0.0187(2). As
shown in the supplementary material, the single-particle
gap is nonzero for � > �QSH

c1 . The correlation length
exponent was estimated from10
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with r = L+6

L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31

To detect SC order, we used the order parameter
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ĉ†
r+�̃,"ĉ
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
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L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31
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ĉ†
r+�̃,"ĉ
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-

11

Gross-Neveu – QSH

Lmin �c RQSH

� (�c) 1/⌫ ! �2/DOF

6 0.01898(2) 0.6970(6) 1.26(2) n/a 94.6/34

9 0.01891(2) 0.693(1) 1.17(3) n/a 34.8/27

12 0.01882(4) 0.687(2) 1.17(5) n/a 18.6/20

15 0.01870(7) 0.678(5) 1.14(11) n/a 9.22/13

18 0.0186(2) 0.67(2) 1.3(4) n/a 1.90/6

Gross-Neveu – QSH

Lmin ⌘ �2/DOF

6 0.666(7) 210/33

9 0.70(1) 111/26

12 0.76(2) 28.6/18

15 0.78(2) 4.4/12

18 0.81(6) 1.9/6

TABLE III. Same as table I, but for the Gross-Neveu transition. Here n = 2, while scaling corrections are ignored.

Single-particle gap and free-energy derivative across the QSH-SC transition

The single-particle gap �sp is obtained from the single-particle Green function

G(k, ⌧) =
1

L2

X

r,r0,�,�

hĉ†r+�,�(⌧)ĉr+�,�(0)ieik·(r�r0
) (20)

where r + � runs over the two orbitals of the unit cell located at r. The single-particle gap is minimal at the Dirac
point K = ( 4⇡

3
, 0) and is extracted by noting that asymptotically

G(K, ⌧) / e��sp⌧ . (21)

Here, we used � = 36. S.Fig 4a demonstrates that �sp remains nonzero across the QSH-SC transition at �c2 ⇡ 0.033.
In order to clarify nature of the QSH-SC transition, we also calculated the first partial derivative of the free energy

density with respect to the coupling � (we use the same notation as in the main text)
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. (22)

S.Fig 4b shows @F/@� for � = L in the vicinity of �c2 ⇡ 0.033. As expected for a continuous transition, we observe
no sign of a jump.

Charged skyrmion defects of the QSH state

In Ref.,6 it was shown that when a QSH state is generated by spontaneous symmetry breaking, skyrmion defects
of the vector order parameter will carry an electric charge of Qe = 2e, leading to the relation

Qe = 2eQ (23)
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Fine tuning à not generic

Can we understand this in the realm of Ginzburg-Landau order parameter theory?

Direct and continuous transition between two broken symmetry phases.
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Can we understand this in the realm of Ginzburg-Landau order parameter theory?

Direct and continuous transition between two broken symmetry phases.

Model and method.—We consider a model of Dirac
fermions in 2þ 1 dimensions on the honeycomb lattice
with Hamiltonian

Ĥ ¼ −t
X

hi;ji
ðĉ†i ĉj þ H:c:Þ − λ

X

⬡

!X
⟪ij⟫∈⬡Ĵi;j

"
2

ð1Þ

with Ĵi;j ¼ iνijĉ
†
i σĉj þ H:c: The spinor ĉ†i ¼ ðĉ†i;↑; ĉ

†
i;↓Þ

where ĉ†i;σ creates an electron at lattice site i with z
component of spin σ. The first term accounts for nearest-
neighbor hopping. The second term is a plaquette inter-
action involving next-nearest-neighbor pairs of sites and
phase factors νij ¼ %1 identical to the Kane-Mele model
[13], see also Ref. [8]. Finally, σ ¼ ðσx; σy; σzÞ correspond
to the Pauli spin matrices. We used the ALF (algorithms for
lattice fermions) implementation [14] of the auxiliary-field
quantum Monte Carlo (QMC) method [15–17]. Because
λ > 0, we can use a real Hubbard-Stratonovich decom-
position for the perfect square term. For each field
configuration, time-reversal symmetry is present, even at
finite chemical potential, so that eigenvalues of the fermion
matrix occur in complex conjugate pairs. Hence, we do
not suffer from the negative sign problem. In contrast
to Ref. [8], we used a projective version of the algorithm
(PQMC) [17–19]. The PQMC is a canonical approach in
which the ground state is filtered out of a trial wave
function that is chosen to be a Slater determinant. To
avoid the negative sign problem, the trial wave function
has to be time-reversal symmetric, so that we can only
dope away from half-filling with Kramers pairs. For the
considered trial wave function (see Ref. [9] for further
details), we observed that a projection parameter set by the
linear length of the lattice is sufficient to reach the ground
state.
Mean-field approaches.—Before discussing our QMC

results, it is instructive to carry out a mean-field approxi-
mation. When expanding the square in Eq. (1), diagonal
terms Ĵ2i;j contain, among other interactions, s-wave pair
hopping terms that permit us to introduce an SSC order
parameter. The off-diagonal terms allow for QSH ordering
(see Ref. [9] for a detailed calculation). As seen in Fig. 2,
doping the semimetal produces the SSC. This reflects the
pairing instability of Fermi surfaces to attractive inter-
actions within Bardeen-Cooper-Schrieffer theory. The pro-
tecting symmetries of the QSH state are related to time
reversal and global charge conservation. Hence, the coex-
istence region (QSHþ SSC) is topologically trivial.
Furthermore, the transition at half-filling from the QSH
to QSHþ SSC is continuous and does not require the
closing of the single-particle gap. Upon doping, the mean-
field approximation generically supports two scenarios:
(i) a continuous transition with dynamical exponent z ¼ 2
from the QSH to QSHþ SSC, (ii) a first-order transition
from the QSH to SSC [20]. Our mean-field approximation
provides examples of both scenarios. As expected, it fails to

capture the DQCP between the QSH and SSC phases at
half-filling [8].
QMC results.—We now turn to unbiased QMC results

which, in contrast to the mean-field approach, capture
Goldstone modes as well as topological skyrmion excita-
tions. We consider t ¼ 1 and λ ¼ 0.026, which places us in
the center of the QSH phase at half-filling.
At this filling, we show in Fig. 3 the momentum

dependence of the spin-orbit coupling gap ΔQSHðqÞ and
the SSC gap ΔηðqÞ. To obtain these data, we measured
the imaginary-time displaced correlation functions of the
spin-orbit coupling operators ÔQSH

r;n ¼ Ĵrþδn;rþηn . Here, r
denotes a unit cell and n runs over the six next-nearest
neighbor bonds of the corresponding hexagon with legs
rþ δn and rþ ηn. We also consider the s-wave pairing
operators η̂þ

r;δ̃
¼ ĉ†

rþδ̃;↑
ĉ†
rþδ̃;↓

, where δ̃ runs over the two

orbitals in unit cell r. The gaps were obtained from

SQSHðq; τÞ ¼
X

n

hÔQSH
q;n ðτÞÔQSH

−q;nð0Þi ∝ e−ΔQSHðqÞτ;

SSSCðq; τÞ ¼
X

δ̃

hη̂þ
q;δ̃
ðτÞη̂−

q;δ̃
ð0Þ þ η̂−

q;δ̃
ðτÞη̂þ

q;δ̃
ð0Þi;

∝ e−ΔηðqÞτ; ð2Þ

in the limit of large imaginary time τ [9]. As expected for a
Goldstone mode, ΔQSHðqÞ in Fig. 3(b) exhibits a gapless,
linear dispersion around the ordering wave vector q ¼ Γ.
On the other hand, ΔηðqÞ remains clearly nonzero with
quadratic dispersion [see Fig. 3(a)]. It is also important to
note that an s-wave pair has a smaller excitation energy
than twice the single-particle gap, as shown in the inset of
Fig. 3(a). Thus, pairing is present and we can foresee that
these preformed pairs will condense to form a super-
conducting state upon doping.
A key quantity to understand the nature of the metal or

superconductor to insulator transition is the behavior of
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FIG. 2. Mean-field ground-state phase diagram. The blue
and purple (green) lines correspond to continuous (first-order)
transitions.
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C4 VBS vortex  carries a spinon.  Proliferation of vortices destroys the VBS  and generates SDW  order. 

Topological defects of one phase carry the charge of the other.  When they condense they  simultaneously destroy one 
phase and create the other.

M. Levin and T. Senthil, Phys. Rev. B 70 220403 (2004).

together and terminate at a point. It is clear that such termi-
nation points may be associated with Z4 vortices—the clock
angle winds by 2! upon encircling such a termination point
(see Fig. 3). Z4 antivortices may be similarly defined.
What do such Z4 vortices correspond to in terms of the

underlying VBS configurations? An example is illustrated in
Fig. 4. A remarkable property of this cartoon is that at the
core of such a vortex there is a site with an unpaired spin—
i.e., a spin that is not part of any valence bond. It is easy to
see that this is a general property of any such vortex pattern
of the VBS order parameter. Furthermore, translating the en-
tire valence bond pattern by one lattice spacing reverses the
direction of the winding—thus the Z4 vortices are associated
with one sublattice, say the A sublattice, and the Z4 antivor-
tices with the B sublattice.
Thus in this particular quantum problem, the Z4 vortices

(and antivortices) carry an uncompensated spin-1 /2 moment.
They may therefore be identified with “spinons.” In the
VBS-ordered phase, the energy required to separate a vortex
from an antivortex increases linearly with distance, since
such a pair is necessarily accompanied by four domain walls
connecting the two defects (see Fig. 3). This means that the
spinons are confined and do not exist as free excitations in
this phase.

It is the nontrivial structure of the Z4 vortex in this prob-
lem that distinguishes the VBS state from a more ordinary
state with a Z4 order parameter. Such an ordinary state ob-
tains for instance in a simple lattice quantum O!2" rotor
model with a fourfold anisotropy. In this case the Z4 vortices
in the ordered state have featureless cores. The disordering
transition in this simple model may be described by the usual
three-dimensional classical Z4 model and is hence in the 3D
XY universality class (since the clock anisotropy is irrel-
evant). In contrast, disordering transitions out of the VBS
phase must necessarily take into account the presence of the
spin-1 /2 moment in the cores of the Z4 vortices. Any map-
ping to a classical 3D Z4 model is then complicated by the
need to incorporate this vortex structure.
Consider moving out of the VBS phase by proliferating

and condensing the Z4 vortices. Clearly once the vortices
proliferate, long-ranged Z4 order cannot be sustained. Fur-
thermore, as these vortices carry spin, the resulting state will
break spin symmetry, and as argued below may be identified
as the Néel state.
These simple considerations, therefore, provide a mecha-

nism for a direct second-order transition between the VBS
and Néel phases. As for the usual Z4 model, it is reasonable
to expect that the clock anisotropy will be irrelevant at this
transition as well. Indeed, as we will argue later, this is
strongly supported by the evidence from Refs. 1 and 2. For
the present, let us explore the consequences of the expected
irrelevance of the clock anisotropy.
The critical theory will then be that of a (quantum) XY

model in D=2+1 but with vortices that carry spin-1 /2 (See
Fig. 5). The spinon nature of these vortices will change the
universality class from D=3 XY to something different.
Clearly to expose this difference and to obtain a description
of the resulting new universality class, it will be most con-
venient to go to a dual basis in terms of the vortices and their
interactions (analogous to the familiar Coulomb gas descrip-
tion of classical 2D XY models).

FIG. 2. (Color online) An example of an elementary domain
wall in the VBS state across which the clock angle shifts by ! /2.

FIG. 3. (Color online) Macroscopic picture of a Z4 vortex as a
point where four oriented elementary domain walls meet and end.

FIG. 4. (Color online) The Z4 vortex in the columnar VBS state.
The blue lines represent the four elementary domain walls. At the
core of the vortex there is an unpaired site with a free spin-1 /2
moment.
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RAPID COMMUNICATIONS

220403-2

SDW    à VBS   (Kekulé) 



Skyrmion superconductivity Y. Liu, Z. Wang, T. Sato, M. Hohenadler, C. Wang,  W. Guo and FFA     
Nature Communications 10 (2019), 2658
Phys. Rev. Lett. 126, 205701 (2021)

The three quantum spin Hall mass terms are  part of the quintuplet of mutually anti-commuting   QSH and  s-wave superconductivity mass terms.   

Bogoliubov index 

Why is the quantum spin Hall state  intertwined with s-wave superconductivity? 
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Wess-Zumino-Witten Terms in Graphene Landau Levels
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We consider the interplay between the antiferromagnetic and Kekulé valence bond solid orderings in the
zero energy Landau levels of neutral monolayer and bilayer graphene. We establish the presence of Wess-
Zumino-Witten terms between these orders: this implies that their quantum fluctuations are described by
the deconfined critical theories of quantum spin systems. We present implications for experiments,
including the possible presence of excitonic superfluidity in bilayer graphene.
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Introduction.—A number of recent experimental [1–7]
and theoretical [8–19] works have focused on the presence
of antiferromagnetism in neutral monolayer and bilayer
graphene in an applied magnetic field. It has also been
argued that a nonmagnetic state with lattice symmetry
breaking in the Kekulé valence bond solid (VBS) pattern
(see Fig. 1) is proximate to the antiferromagnetic (AF) state
[13,14,17,18]. Bilayer graphene offers a particularly attrac-
tive area for studying the interplay between the AF and
VBS order because it may be possible to tune between them
by applying a transverse electric field [1,14,18].
The presence of the competing AF and VBS orders sets

up the possibility [18] of novel quantum criticality between
these orders, similar to that found in insulating quantum
spin models [20–30]. However, these quantum spin models
apply in the limit of very large on-site Coulomb repulsion
between the electrons, and this is not the appropriate
parameter regime for graphene. Here we examine a com-
plementary limit of large magnetic field and moderate
interactions, so that it is permissible to project onto an
effectiveHamiltonian acting only on the zero energyLandau
levels. Such a limit has been widely used with considerable
success in describing the properties of graphene. (Note,
however, that we are still in the regime where the cyclotron
gap is still smaller than the tight-binding hopping param-
eters, with magnetic fields smaller than 10 T.) Our main new
result is that the Landau level projected effective action for
the AF and VBS orders has a topological Wess-Zumino-
Witten (WZW) term [31–33] for both the monolayer and
bilayer cases.
The WZW term has a quantized coefficient, and it

computes a Berry phase linking together spatial and
temporal textures in the AF and VBS orders. It can be
viewed as a higher dimensional generalization of the Berry
phase of a single spin S degree of freedom, which is equal
to S times the area enclosed by the spin worldline on the
unit sphere. Similarly, the WZW term here measures the
area on the surface of the sphere in the five-dimensional AF
and VBS order parameter space. The presence of this term

implies [34–36] that the field theories of deconfined
criticality [21,22] apply to graphene. Such theories describe
the quantum phase transition not in the conventional
Landau terms of fluctuating order parameters, but using
fractionalized degrees of freedom coupled to emergent
gauge fields. We will also discuss experimental implica-
tions of these results.
Model and results.—We begin by directly stating the

Hamiltonian of the low energy graphene bands (see, e.g.,
Refs. [16,18] for details)

H ¼ v
!

0 aq

a†q 0

"
; ð1Þ

where v is a Fermi velocity, a¼px−ipy−ðe=cÞðAx−iAyÞ
with ðpx; pyÞ the electron momentum, ðAx; AyÞ is the vector
potential of the applied magnetic field, the matrix acts on
the graphene sublattice index, and q ¼ 1 for monolayer
graphene, while q ¼ 2 for the bilayer case. For bilayers, the
sublattice index coincides with the layer index. For both
monolayers and bilayers, there is an additional twofold
valley degeneracy, along with the usual twofold spin
degeneracy (in the absence of a Zeeman coupling).

FIG. 1 (color online). AF (left) and Kekulé VBS states of
bilayer graphene. The blue (red) lines indicate the honeycomb
lattice of the top (bottom) layer. The ellipses in the VBS state
denote the links between the top and bottom layers which are
equivalently distorted with respect to the parent lattice.
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The half-filled Landau level is insulating.  

2

For i = 1 · · · 5, Oi, are mutually anti-commuting ma-
trices. A convenient choice reads:

⌧x ⌦ I2, ⌧y ⌦ I2, ⌧z ⌦ ~⌧ i = 1, 2, ...5. (3)

The 10 matrices Lij = �
i
2

⇥
Oi, Oj

⇤
, i, j = 1 · · · 5, are

the generators of the SO(5) group and commute with
the Hamiltonian. At this O(5) high symmetry point, the
Hamiltonian has only one energy scale U0/U .

Let 'i(x) = h †(x)Oi (x)i and assume that the mass
gap � / |'| is finite. One can then omit amplitude
fluctuations of the vector '(x), integrate of the fermions
to obtain an e↵ective field theory for '̂(x) ⌘ '(x)/|'(x)|
that corresponds precisely to Eq. 1.20 Here, we identify
U0/U to 1/g.

As mentioned previously our numerical simulations are
based on the work of Ippoliti et al.19 that show how to
formulate a negative sign free auxiliary field QMC for the
Hamiltonian of Eq. 2 in the parameter range U0/U > �1.
The algorithm is formulated in Fourier space,

H =
1

2V

X

q

 
U0n(q)n(�q)� U

5X

i=1

ni(q)ni(�q)

!
,

(4)
with  †(x)Oi (x) =

P
q e

�iq·xni(q) and  †(x) (x) =P
q e

�iq·xn(q). For each q we then use a complex
Hubbard-Stratonovich transformation to decouple the in-
teraction term. Auxiliary field QMC simulations turn out
to be involved. The di�culty lies in the fact that the pro-
jected density operators are not local and that they do
not commute with each other. In the SM we show that
for a symmetric Trotter decomposition, that preserves
the hermiticity of the imaginary time propagation, the
systematic error scales as (�⌧N�)

2. Here we have set
the magnetic unit length, l, to unity such that N� cor-
responds to the volume. We also note that the SO(5)
symmetry is broken by the Trotter decomposition such
that it potentially introduces a relevant operator. For
all these reasons, great care has to be taken to control
the systematic error, and we are obliged to scale �⌧ as
1/N�. A detailed account of the Trotter error is given
in the supplemental material. Since we are working in
the continuum, the sum over momenta is not bounded.
However, the density operator contains a factor e�

1
4q

2l2

and momenta the exceed a critical value can be safely
omitted. Adopting this this regularization strategy re-
stricts the sum over momenta to order N� values again
for the case l = 1. Again a detailed test of the choice of
the momenta cuto↵ is given in the supplemental material.
Taking all the above into account yields a computational
e↵ort that scales as N5

�� where � is the inverse tem-

perature. This should be compared to the generic N3
��

scaling for say the Hubbard model. The above explains
why our simulations are limited to N� = 100. We have
used the finite temperature auxiliary field algorithm21–23

of the ALF-library.24 The details of our implementation
are discussed in the SM.
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FIG. 1. Temperature dependence of the uniform charge
susceptibility�C for U0 = 0(a) and U0 = �1(b).

Numerical results. For the simulations we set the en-
ergy scale by choosing U = 1, the length scale by choosing
l = 1 and vary U0 and the volume N�. We found that an
inverse temperature of � = 20 su�ces to obtain ground
state properties on our largest system sizes, N� = 100.
In Fig. 1 we plot the uniform charge susceptibility,

�C =
�

N�
(hnq=0nq=0i � hnq=0ihnq=0i) (5)

The charge fluctuations decay exponentially with inverse
temperature as expected for an insulating state of matter.
Since  †(x)Oi (x) are mass terms, any non-vanishing
expectation value of these fermion bi-linears, 'i, will lead
to a charge gap. Owing to the SO(5) symmetry the sin-
gle particle gap is proportional to the norm of this five
component vector, |'|.
Although |'| is finite, phase fluctuations can destroy

ordering. To numerically investigate this possibility, we
compute the order parameter correlation function

S(q) =
1

N�

5X

i=1

hni
qn

i
�qi. (6)

CPU / N5
�� / V 5�

<latexit sha1_base64="saO9T8x2EOL21HMOe2pon0SvbXw="></latexit>

Sign free formulation possible for  U0 > -1
Numerical results. 
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Correlation ratio
3

For an ordering wave vector Q, the local moment reads

m =

s
1

N�
S(Q) (7)

and it is convenient to define a renormalization group
invariant quantity

R ⌘ 1�
S(Q+�q)

S(Q)
(8)

with |�q] = 2⇡p
N�

. In the ordered (disordered) phase R

converges to unity (zero) and the local moment take a fi-
nite (vanishing) value. At a critical point, the correlation
ratio converges to a universal value.

In Fig. 2(a) we plot the correlation ratio R as a func-
tion of system size for various values of U0. For sys-
tem sizes up to N� = 20 all curves scale downwards and
would suggest a critical or disordered phase. Beyond
N� = 20 and for large values of U0 the correlation ratio
changes behavior and grows. The length scale at which
this crossover occurs can naturally be interpreted as a
measure of the correlation length. For these large val-
ues of U0, a size extrapolation of the square of the local
moment (see Fig. 2(b)) is consistent with a finite value.

D iscussion The data strongly suggests an ordered
phase at large values of U0. However, for values of U0 < 2
it is not clear how the correlation ratio will evolve as a
function of system size. This allows for di↵erent inter-
pretations of the data.

– Critical point . Assume that upon increasing N�, we
find a coupling, U c

0 , at which the correlation ratio scales
to a finite value and below which it vanishes. Although
we cannot locate U c

0 we can ask the question if the data
is consistent with the critical form:

hmi = aN
� z+⌘

4
� . (9)

For values of �1 < U0 < 0, the fit is excellent and we
obtain, for z = 1, ⌘ ' 0.25 (see table in SM). This expo-
nent is radically di↵erent from that of O(5) �4 theories
describing the Wilson-Fisher fixpont. In this case, the
anomalous dimension is very small. On the other hand,
our anomalous dimension is comparable to the one ob-
tained from 3D loop model (⌘Neel = 0.259(6), ⌘V BS =
0.25(3))? as well as transitions between quantum spin
Hall insulators and s-wave superconductors, (⌘QSH =
0.21(5), ⌘SSC = 0.22(6)). Both models, alongside the
J-Q Hamiltonian, are believed to belong to the class of
deconfined quantum phase transitions. Furthermore, for
the loop model, compelling numerical evidence of emer-
gent S0(5) symmetry has been put forward. One then
expects the critical point to be described by the field the-
ory of Eq. ?? with relevant operator that breaks SO(5)
symmetry. This however contradicts our result since the
sti↵ness of the SO(5) model turns out to be another rele-
vant operator, thereby promoting the DQCP to a multi-
critical point. Following this line of thought the body of
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FIG. 2. Correlation ratio R (a) and O(5) order param-
eter m (b) as a function of 1/N� at � = 10, for U0 =
�1, 0, 1, 2, 4, 8, 16.

numerical work could be understood in terms of proxim-
ity to the multi-critical point. The criticality observed
on finite lattices in the aforementioned models will ulti-
mately give way to a first order transition or to an inter-
mediate disordered phase. A number of questions remain
however open. i) Why is the loop model, the J-Q model,
the QSH-SSC transition of Ref. as well as other realiza-
tions of DQC seemingly all so close to the multi-critical
point.? ii) What is the nature of the disordered phase?

– Critical phase This scenario follows from the as-
sumption that the ordered phase gives way to a critical
de-confined phase of U(1) spinons. For models where
U0 < U c

0 this would allow for the occurrence of a DQCP.
For the anomalous dimensions of the above mentioned
models, emergent SO(5) symmetry stands at odds with
conformal bootstrap since this would require ⌘ > 0.52.
It is interesting to note that a DQCP has been claimed
to occur in a fermionic model, with exponents satisfying
the conformal bootsrap bounds.

– Ordered phase with small moment Finally, we can

R
=

1
�

S
S
O
(5

)(
q
0
+
�
q
)

S
S
O
(5

)(
q
0
)
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Correlation ratio
3

For an ordering wave vector Q, the local moment reads

m =

s
1

N�
S(Q) (7)

and it is convenient to define a renormalization group
invariant quantity

R ⌘ 1�
S(Q+�q)

S(Q)
(8)

with |�q] = 2⇡p
N�

. In the ordered (disordered) phase R

converges to unity (zero) and the local moment take a fi-
nite (vanishing) value. At a critical point, the correlation
ratio converges to a universal value.

In Fig. 2(a) we plot the correlation ratio R as a func-
tion of system size for various values of U0. For sys-
tem sizes up to N� = 20 all curves scale downwards and
would suggest a critical or disordered phase. Beyond
N� = 20 and for large values of U0 the correlation ratio
changes behavior and grows. The length scale at which
this crossover occurs can naturally be interpreted as a
measure of the correlation length. For these large val-
ues of U0, a size extrapolation of the square of the local
moment (see Fig. 2(b)) is consistent with a finite value.

D iscussion The data strongly suggests an ordered
phase at large values of U0. However, for values of U0 < 2
it is not clear how the correlation ratio will evolve as a
function of system size. This allows for di↵erent inter-
pretations of the data.

– Critical point . Assume that upon increasing N�, we
find a coupling, U c

0 , at which the correlation ratio scales
to a finite value and below which it vanishes. Although
we cannot locate U c

0 we can ask the question if the data
is consistent with the critical form:

hmi = aN
� z+⌘

4
� . (9)

For values of �1 < U0 < 0, the fit is excellent and we
obtain, for z = 1, ⌘ ' 0.25 (see table in SM). This expo-
nent is radically di↵erent from that of O(5) �4 theories
describing the Wilson-Fisher fixpont. In this case, the
anomalous dimension is very small. On the other hand,
our anomalous dimension is comparable to the one ob-
tained from 3D loop model (⌘Neel = 0.259(6), ⌘V BS =
0.25(3))? as well as transitions between quantum spin
Hall insulators and s-wave superconductors, (⌘QSH =
0.21(5), ⌘SSC = 0.22(6)). Both models, alongside the
J-Q Hamiltonian, are believed to belong to the class of
deconfined quantum phase transitions. Furthermore, for
the loop model, compelling numerical evidence of emer-
gent S0(5) symmetry has been put forward. One then
expects the critical point to be described by the field the-
ory of Eq. ?? with relevant operator that breaks SO(5)
symmetry. This however contradicts our result since the
sti↵ness of the SO(5) model turns out to be another rele-
vant operator, thereby promoting the DQCP to a multi-
critical point. Following this line of thought the body of
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numerical work could be understood in terms of proxim-
ity to the multi-critical point. The criticality observed
on finite lattices in the aforementioned models will ulti-
mately give way to a first order transition or to an inter-
mediate disordered phase. A number of questions remain
however open. i) Why is the loop model, the J-Q model,
the QSH-SSC transition of Ref. as well as other realiza-
tions of DQC seemingly all so close to the multi-critical
point.? ii) What is the nature of the disordered phase?

– Critical phase This scenario follows from the as-
sumption that the ordered phase gives way to a critical
de-confined phase of U(1) spinons. For models where
U0 < U c

0 this would allow for the occurrence of a DQCP.
For the anomalous dimensions of the above mentioned
models, emergent SO(5) symmetry stands at odds with
conformal bootstrap since this would require ⌘ > 0.52.
It is interesting to note that a DQCP has been claimed
to occur in a fermionic model, with exponents satisfying
the conformal bootsrap bounds.

– Ordered phase with small moment Finally, we can
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Correlation ratio
3

For an ordering wave vector Q, the local moment reads

m =

s
1

N�
S(Q) (7)

and it is convenient to define a renormalization group
invariant quantity

R ⌘ 1�
S(Q+�q)

S(Q)
(8)

with |�q] = 2⇡p
N�

. In the ordered (disordered) phase R

converges to unity (zero) and the local moment take a fi-
nite (vanishing) value. At a critical point, the correlation
ratio converges to a universal value.

In Fig. 2(a) we plot the correlation ratio R as a func-
tion of system size for various values of U0. For sys-
tem sizes up to N� = 20 all curves scale downwards and
would suggest a critical or disordered phase. Beyond
N� = 20 and for large values of U0 the correlation ratio
changes behavior and grows. The length scale at which
this crossover occurs can naturally be interpreted as a
measure of the correlation length. For these large val-
ues of U0, a size extrapolation of the square of the local
moment (see Fig. 2(b)) is consistent with a finite value.

D iscussion The data strongly suggests an ordered
phase at large values of U0. However, for values of U0 < 2
it is not clear how the correlation ratio will evolve as a
function of system size. This allows for di↵erent inter-
pretations of the data.

– Critical point . Assume that upon increasing N�, we
find a coupling, U c

0 , at which the correlation ratio scales
to a finite value and below which it vanishes. Although
we cannot locate U c

0 we can ask the question if the data
is consistent with the critical form:

hmi = aN
� z+⌘

4
� . (9)

For values of �1 < U0 < 0, the fit is excellent and we
obtain, for z = 1, ⌘ ' 0.25 (see table in SM). This expo-
nent is radically di↵erent from that of O(5) �4 theories
describing the Wilson-Fisher fixpont. In this case, the
anomalous dimension is very small. On the other hand,
our anomalous dimension is comparable to the one ob-
tained from 3D loop model (⌘Neel = 0.259(6), ⌘V BS =
0.25(3))? as well as transitions between quantum spin
Hall insulators and s-wave superconductors, (⌘QSH =
0.21(5), ⌘SSC = 0.22(6)). Both models, alongside the
J-Q Hamiltonian, are believed to belong to the class of
deconfined quantum phase transitions. Furthermore, for
the loop model, compelling numerical evidence of emer-
gent S0(5) symmetry has been put forward. One then
expects the critical point to be described by the field the-
ory of Eq. ?? with relevant operator that breaks SO(5)
symmetry. This however contradicts our result since the
sti↵ness of the SO(5) model turns out to be another rele-
vant operator, thereby promoting the DQCP to a multi-
critical point. Following this line of thought the body of
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numerical work could be understood in terms of proxim-
ity to the multi-critical point. The criticality observed
on finite lattices in the aforementioned models will ulti-
mately give way to a first order transition or to an inter-
mediate disordered phase. A number of questions remain
however open. i) Why is the loop model, the J-Q model,
the QSH-SSC transition of Ref. as well as other realiza-
tions of DQC seemingly all so close to the multi-critical
point.? ii) What is the nature of the disordered phase?

– Critical phase This scenario follows from the as-
sumption that the ordered phase gives way to a critical
de-confined phase of U(1) spinons. For models where
U0 < U c

0 this would allow for the occurrence of a DQCP.
For the anomalous dimensions of the above mentioned
models, emergent SO(5) symmetry stands at odds with
conformal bootstrap since this would require ⌘ > 0.52.
It is interesting to note that a DQCP has been claimed
to occur in a fermionic model, with exponents satisfying
the conformal bootsrap bounds.

– Ordered phase with small moment Finally, we can
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J-Q Hamiltonian, are believed to belong to the class of
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the loop model, compelling numerical evidence of emer-
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on finite lattices in the aforementioned models will ulti-
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N� = 20 and for large values of U0 the correlation ratio
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this crossover occurs can naturally be interpreted as a
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moment (see Fig. 2(b)) is consistent with a finite value.
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phase at large values of U0. However, for values of U0 < 2
it is not clear how the correlation ratio will evolve as a
function of system size. This allows for di↵erent inter-
pretations of the data.

– Critical point . Assume that upon increasing N�, we
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our anomalous dimension is comparable to the one ob-
tained from 3D loop model (⌘Neel = 0.259(6), ⌘V BS =
0.25(3))? as well as transitions between quantum spin
Hall insulators and s-wave superconductors, (⌘QSH =
0.21(5), ⌘SSC = 0.22(6)). Both models, alongside the
J-Q Hamiltonian, are believed to belong to the class of
deconfined quantum phase transitions. Furthermore, for
the loop model, compelling numerical evidence of emer-
gent S0(5) symmetry has been put forward. One then
expects the critical point to be described by the field the-
ory of Eq. ?? with relevant operator that breaks SO(5)
symmetry. This however contradicts our result since the
sti↵ness of the SO(5) model turns out to be another rele-
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mately give way to a first order transition or to an inter-
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