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Lattice QED3 in CMP 

Martinez et al., Nature 534, 516 (2016) 
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Outline 

•  From lattice QED3 to conformal QED3: the U(1) Dirac spin liquid 
 
•  What is the universality class of zero-temperature transitions out 

of the Dirac spin liquid? 

•  Confinement dynamics: massive QED3, instanton zero modes, 
and symmetry breaking 
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Lattice QED3: sign-problem-free QMC 

Xu, Qi, Zhang, Assaad, Xu, & Meng, 
PRX 9, 021022 (2019) 
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U(1) deconfined phase: a Dirac spin liquid 
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QCP? 

# of fermion flavors 

Xu, Qi, Zhang, Assaad, Xu, & Meng, 
PRX 9, 021022 (2019) 
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U(1) Dirac 

•  Continuum effective theory: Heisenberg QED3-GNY model 
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•  Continuum effective theory: Heisenberg QED3-Gross-Neveu-Yukawa model 
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QCP? 

Ghaemi & Senthil, 
PRB 73, 054415 (2006) 

U(1) Dirac to Néel transition 
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•  Stable fixed point for all Nf: continuous transition, agrees with QMC. 
New O(3) universality class! 

Dupuis, Paranjape, Witczak-Krempa, PRB 100, 094443 (2019) 
Zerf, Boyack, Marquard, Gracey, JM, PRB 100, 235130 (2019) 
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Critical exponents 
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•  ε (4-loop) & large-Nf (1/Nf
2) expansions, eventually compare to QMC 
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Zerf, Boyack, Marquard, Gracey, JM, PRB 100, 235130 (2019) 



AF vs VBS correlations 
•  U1D fixed point: emergent SU(4) flavor symmetry implies AF and VBS 

correlations decay with the same exponent (Hermele, Senthil, Fisher, PRB 72, 
104404 (2005)) 

hO(r)O(r0)i ⇠ |r � r0|��
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•  U1D-Néel QCP: Yukawa coupling breaks 
flavor (= spin + valley) degeneracy 

(divergent susceptibility) 

(OP fluctuations enhance VBS 
correlations) 

Xu, Qi, Zhang, Assaad, Xu, & Meng, 
PRX 9, 021022 (2019) 

Zerf, Boyack, Marquard, Gracey, JM, PRB 100, 235130 (2019) 
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# of fermion flavors 

Xu, Qi, Zhang, Assaad, Xu, & Meng, 
PRX 9, 021022 (2019) 

Lattice QED3: results from QMC 
Nf = 2

Néel 



# of fermion flavors 

Xu, Qi, Zhang, Assaad, Xu, & Meng, 
PRX 9, 021022 (2019) 

VBS phase 

VBS 

Nf � 4

(Nf = 8)

Wang, Lu, Xu, You, & Meng, 
PRB 100, 085123 (2019) 
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Xu, Qi, Zhang, Assaad, Xu, & Meng, 
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U(1) Dirac to VBS transition 

VBS 

Nf � 4

(Nf = 8)

Wang, Lu, Xu, You, & Meng, 
PRB 100, 085123 (2019) 

QCP? 



U(1) Dirac to VBS transition 
•  Continuum effective theory: XY QED3-GNY 

model, equivalent to gauged Nambu–Jona-
Lasinio (NJL) model  

Boyack & JM, arXiv:1911.09768 

•  C4 anisotropy terms                                      irrelevant at large Nf 

•  Nontrivial critical point in large-Nf expansion: new O(2) universality class! 

/ (�1 + i�2)
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•  Stable fixed point for all Nf: continuous transition 
•  C4 anisotropy irrelevant at criticality 

Zerf, Boyack, Marquard, Gracey, JM, PRD 101, 094505 (2020) 
Janssen, Wang, Scherer, Meng, Xu, PRB 101, 235118 (2020) 
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Néel VBS 

XY QED3-GNY 

Boyack, Lin, Zerf, Rayyan, JM, PRB ‘18 

Z2 spin liquid 



chiral spin liquid 
Janssen and He, PRB ’17 

Ihrig et al., PRB ’18 
Zerf, Marquard, Boyack, JM, PRB ‘18 
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Janssen and He, PRB ’17 
Ihrig et al., PRB ’18 

Zerf, Marquard, Boyack, JM, PRB ‘18 
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Néel-VBS = � ̄�z 

z†z
(relevant operator) 



Néel-VBS 
deconfined QCP 

Ising QED3-GNY 

 ̄�z 

3� ⌫�1
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Summary (part I) 

•  U(1) deconfined phase / Dirac spin liquid 
observed in QMC as critical phase of 
matter 

•  Gauge fluctuations at U1D-Néel and U1D-VBS transitions produce new 
O(3) and O(2) universality classes in 2+1 dimensions 

•  Future: test critical exponent predictions in QMC 
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☞  see also “Symmetry-Breaking Effects in Parton Gauge Theories”, 
      poster session 
 



b ⇠  1 2



b ⇠  1 2

C1 = 1
C2 = 1

Le↵ =
2

4⇡
ada



b ⇠  1 2

Le↵ =
1

4⇡
ada

C2 = 0
C1 = 1



b ⇠  1 2

C2 = �1
C1 = 1

Le↵ =
1

4e2
f2



b ⇠  1 2

C2 = �1
C1 = 1

Le↵ =
1

4e2
f2 =

e2

2
(@µ�)

2



K+K�

Massive QED3 



Instantons and confinement 

•  Superfluid phase ought to be a confined (non-fractionalized) phase 

•  Lattice QED3: gauge field is compact, confinement via instanton 
proliferation in pure gauge theory 

•  Effect of fermionic matter on instanton proliferation? 

Polyakov, Phys. Lett. B ’75, Nucl. Phys. B ‘77 
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Polyakov confinement 

Polyakov, Phys. Lett. B ’75, Nucl. Phys. B ‘77 
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Polyakov with fermions? 

⇥



Fermion zero modes 

•  Zero modes (ZM) of massless Dirac fermions on 4D Yang-Mills instanton 
give rise to explicit (anomalous) breaking of axial U(1) symmetry (’t Hooft, 
PRL ’76, PRD ‘76) 

•  3D Georgi-Glashow model with massless fermions: fermion ZM protected 
by Callias index theorem ➝ breaking of U(1) fermion number symmetry 
(Affleck, Harvey, Witten, Nucl. Phys. B ‘82) 

•  Massless QED3: no Callias index theorem, no fermion ZM (Marston, PRL ‘90) 

•  Fermion zero modes in massive QED3? 



Fermion zero modes in massive QED3 

g = +1/2e g = �1/2e
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G. Shankar & JM, arXiv:2103.11717 



’t Hooft vertex 

G. Shankar & JM, arXiv:2103.11717 

•  ZM kill partition function due to unpaired Grassmann variables in 
functional integration measure, but can be “soaked up” by symmetry-
breaking amplitudes (anomalous insertions)  

J 1+ 2+ 1� 2�



Effective Lagrangian 

G. Shankar & JM, arXiv:2103.11717 

•  Instantons break apparent U(1)top x U(1)b to diagonal U(1) subgroup: 
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Effective Lagrangian 

G. Shankar & JM, arXiv:2103.11717 

•  Instantons break apparent U(1)top x U(1)b to diagonal U(1) subgroup: 

•  If dual photon condenses: 

h 1 2 1 2i ⇠ hb(x)b(x0)i 6= 0

h 1 2i ⇠ hbi 6= 0

paired SF 

ordinary SF 

Ising transition 



Summary (part II) 

•  Effect of instantons (monopoles) in parton theory of hardcore bosons? 

•  Compact QED3 with massive fermions has Euclidean fermion ZM bound 
to instantons 

•  Instanton proliferation + ZM = effective 4-fermion interaction (’t Hooft 
vertex) 

•  Possible phases: paired SF or conventional BEC 

•  Future: 
Ø  Apply to instabilities of Dirac spin liquid; relation to Hamiltonian 

picture (monopole-operator ZM dressing)? (Song et al., Nat. Comm. ‘19, 
PRX ‘20) 

Ø  Callias index thm for massive QED3? 



Thank you! 



Monopole proliferation? 
•  Critical phase / point destroyed by monopole proliferation if                 : 
 
 
 
•  U1D phase on square lattice (Pufu, PRD 89, 065016 (2014)):         known, 

suggest U1D phase stable for Nf ≥ 6  

•  Néel and VBS QCPs:         unknown, but     known for q = 0 noncollinear 
QCP on kagome lattice (Dupuis, Paranjape, Witczak-Krempa, PRB 100, 094443 (2019)) 

�M < 3

�M = aNf + b+O(1/Nf )

•  Scaling laws in U1D phase & continuous 
QCPs in QMC at small Nf: quasicritical 
behavior possible for 

a, b a

a, b

L ⌧ L⇤ ⇠ ay�1/(3��M )
0

monopole fugacity 


