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DIirRAC FERMIONS

o Physical properties of emergent Dirac fermions come out from a
subtle interplay of the QFT description and of non-relativistic effects
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DIirRAC FERMIONS

o Physical properties of emergent Dirac fermions come out from a
subtle interplay of the QFT description and of non-relativistic effects

o Need to take into account large orders effects and irrelevant terms

e a)quasi-periodic disorder;+interaction b)universality in graphene or
Hall insulators+ interactions; c)bulk-edge correspondence+interaction

2/ 45
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

o The effect of weak disorder in Weyl semimetals is subject to debate;
QFT approches find stability, while others find the opposite
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QFT approches find stability, while others find the opposite

e Disorder can be random or quasi-periodic (more suitable for cold
atoms experiments)
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

o The effect of weak disorder in Weyl semimetals is subject to debate;
QFT approches find stability, while others find the opposite

e Disorder can be random or quasi-periodic (more suitable for cold
atoms experiments)

e Fermions on a 3d cubic lattice (Weyl semimetal) What is the effect of
quasiperiodic disorder?
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

2 -
e Hy= erA{ijl(_l)j ! [(C - 1)al7jaz7j + %al,j(_Aa)x,j]"i_
it
71 [al‘,l(a$+el72 - aﬂc76172) + al,2(a:c+e1,l - ax*@l,l)] +
to
2

A is the standard lattice Laplacian [ t2 = 0 the model is 2d and
analysis applies]

[al,l(a$+€1,2 — Oy, 2) — al,2(ax+61,1 - ax—m,l)]}
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

e Hy= erA{Zizl(_l)jil [(C - 1)a‘:1;-7ja’1j + 2a1j( Aa) ]

it
9 [al‘,l(a$+el72 - afcfe1,2) + al,2(a:c+e1,l - ax*@l,l)] +

to

E [aLl(am—&—el,Q - am—el,Q) - al,g(ax—&—el,l - aa:—el,l)]}
A is the standard lattice Laplacian [ t2 = 0 the model is 2d and
analysis applies]

_ o dk a(k)  B(k)

o Hy= f( e akh(k‘)ak with h(k) = <ﬁ*( k) —a(k) where
k€ (0,27)3, a(k) = 2 + ¢ — cosky — cos ka — cos k3 and
ﬁ(k‘) = tl sin kl — itg sin k:g.
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

e Hy= erA{Zizl(_l)jil [(C - 1)a‘:1;-7ja’1j + 2a1j( Aa) ]

1t
? [alyl(ax+el,2 - axfe1,2) + aLQ(a:ﬂ+el,l - axfel,l)] +
t2
E [aLl(am—&—el,Q - am—el,Q) - al,g(ax—&—el,l - aa:—el,l)]}
A is the standard lattice Laplacian [ t2 = 0 the model is 2d and
analysis applies]
. ok k
o Hy= | %azh(k‘)ak with h(k) = <ﬁ*(( )) foi(li)) where
k€ (0,27)3, a(k) = 2 + ¢ — cosky — cos ka — cos k3 and
ﬁ(k‘) = tl sin kl — itg sin k:g.
o ¢ €10,1), in which case h(k) is singular at k = 4pp, with
pr = (0,0, arccos ().
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

@ In the vicinity of +pg, k = ¢ &+ pr, Dirac fermions
H°(q £ pr) = ti01q1 + t202q2 £ sinprosgs + O(¢?)
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DIRAC FERMIONS WITH QUASI-PERIODIC DISORDER

@ In the vicinity of +pg, k = ¢ &+ pr, Dirac fermions
H°(q £ pr) = ti01q1 + t202q2 £ sinprosgs + O(¢?)

@ We include now a many body interaction and quasiperiodic disorder
writing

H=Ho+ey ¢o(a]a,, —alsa,,) +AY v(z—y)papy
X z,y

where v(z — y) is a short range potential, p, = a; ja;, + a;Qa;Q

e Quasi-periodic disorder, w; irrational (rational=periodic)
qu — Z d;nei27r(w1n1,$1+w2n2x2+w3n3x3)
n

with n € Z3, ¢, = ¢_p, and |¢p| < Ce=EUmltinzl+ina]),

e Compute the S(x,y) the T =0 2 -point function

5 / 45
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THE AUBRY-ANDRE’ MODEL

@ Quasi-periodic disorder has been deeply investigated in d = 1; almost
Mathieu equation

—ep(x+1) —ep(x — 1) + ucos(2m(wx + 0))(x) = Ev(x)
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THE AUBRY-ANDRE’ MODEL

@ Quasi-periodic disorder has been deeply investigated in d = 1; almost
Mathieu equation

—ep(x+1) —ep(x — 1) + ucos(2m(wx + 0))(x) = Ev(x)

e Small divisors problem; in perturbation theory one gets 1/(E,, — E,,)
with E,, = cos(k — 2mwn). If w is irrational it can be arbitrarily small.
They typically produce factorials in the expansions which can break
convergence.
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@ Quasi-periodic disorder has been deeply investigated in d = 1; almost
Mathieu equation

—ep(x+1) —ep(x — 1) + ucos(2m(wx + 0))(x) = Ev(x)

e Small divisors problem; in perturbation theory one gets 1/(E,, — E,,)
with E,, = cos(k — 2mwn). If w is irrational it can be arbitrarily small.
They typically produce factorials in the expansions which can break
convergence.

@ Order by order analysis is not sufficient; in certain cases the series are
convergent, as in KAM tori, while in others the series diverges, as in
Birkoff series for prime integrals
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THE AUBRY-ANDRE’ MODEL

@ Quasi-periodic disorder has been deeply investigated in d = 1; almost
Mathieu equation

—ep(x+1) —ep(x — 1) + ucos(2m(wx + 0))(x) = Ev(x)

e Small divisors problem; in perturbation theory one gets 1/(E,, — E,,)
with E,, = cos(k — 2mwn). If w is irrational it can be arbitrarily small.
They typically produce factorials in the expansions which can break
convergence.

@ Order by order analysis is not sufficient; in certain cases the series are
convergent, as in KAM tori, while in others the series diverges, as in
Birkoff series for prime integrals

@ What happens in d > 1 and with interaction?
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RG FOR WEYL SEMIMETALS

@ In the present case one as an higher dimensional situation, and a
many body interaction

e The propagator is g(x) = L%/B S €% (—ikol + h(k))~1
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RG FOR WEYL SEMIMETALS

@ In the present case one as an higher dimensional situation, and a
many body interaction

e The propagator is g(x) = L%/B S €% (—ikol + h(k))~1

o We perform a multiscale decompositions

g(x) = gW(x) + >0 igp ( ) with g A(— )( k) non vanishing in
region around in ppr, p= =+
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RG FOR WEYL SEMIMETALS

@ In the present case one as an higher dimensional situation, and a
many body interaction

e The propagator is g(x) = L%/B S €% (—ikol + h(k))~1

o We perform a multiscale decompositions
g(x) = gW(x) + >0 igp ( ) with g A(— )( k) non vanishing in
region around in ppp, p ==+

o We further write gggo) k)=>0_ g,()h)(k) non vanishing in
=1 < |k — ppr| < AT with 4 > 1.
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RG FOR WEYL SEMIMETALS

@ In the present case one as an higher dimensional situation, and a
many body interaction

e The propagator is g(x) = L%/B S €% (—ikol + h(k))~1
o We perform a multiscale decompositions

g(x) = gW(x) + >0 igp ( ) with g A(— )( k) non vanishing in
region around in ppr, p= =+

o We further write Qéﬁo) k)=>0_ g,()h)(k) non vanishing in
A <k — ppr| < AT with y > 1.

@ We can integrate scale by scale obtaining that the generating function

is
W (9) _/P(d¢(<h))€v(h)(¢(§h)7¢)

with V.=>%" fdxl...don,i‘wxl...wxn ; monomials of any order are
generated
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TRUNCATED EXPECTATION

S TLo" =) [ dpee) det6™(o).

T leT

where 1(") (P,) are monomials in the fields, T is a tree connecting the set
Py, Py, .., the g™ (z; — 1) are the propagators of the tree T, det G (t)

contain all the propagators of the fields not in the tree. dP is a normalized
probability measure.
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TRUNCATED EXPECTATION

S TLo" =) [ dpee) det6™(o).

T leT

where 1(") (P,) are monomials in the fields, T is a tree connecting the set

Py, Py, .., the g™ (z; — 1) are the propagators of the tree T, det G (t)

contain all the propagators of the fields not in the tree. dP is a normalized
probability measure.

@ Updated derivation Gentile Mastropietro Phys Rep (2000) or Giuliani
Mastropietro Ryckov JHEP 2020)
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RENORMALIZATION GROUP ANA

@ The scaling dimension is D =4 — %n; there are infinite many relevant
quadratic terms
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RENORMALIZATION GROUP ANALYSIS

@ The scaling dimension is D =4 — %n; there are infinite many relevant
quadratic terms

o Conservation of momenta measured from the Fermi points
k=q+epp, e=(0,0,%)

g1 — q2i, + 2win;m + 2l + (61 — e2)pr = 0

The factor 2w;n;m is the momentum exchanged with the quasiperiodic
disorder while the factor 2,7 is exchanged with the lattice (Umklapp).
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g1 — q2i, + 2win;m + 2l + (61 — e2)pr = 0

The factor 2w;n;m is the momentum exchanged with the quasiperiodic
disorder while the factor 2,7 is exchanged with the lattice (Umklapp).

e Dangerous terms are the ones connecting Fermi points; if w rational
huge violation of conservation
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RENORMALIZATION GROUP ANALYSIS

@ The scaling dimension is D =4 — %n; there are infinite many relevant
quadratic terms

o Conservation of momenta measured from the Fermi points
k=q+epp, e=(0,0,%)

g1 — q2i, + 2win;m + 2l + (61 — e2)pr = 0

The factor 2w;n;m is the momentum exchanged with the quasiperiodic
disorder while the factor 2,7 is exchanged with the lattice (Umklapp).

e Dangerous terms are the ones connecting Fermi points; if w rational
huge violation of conservation

@ In the g-periodic case are relevant or irrelevant?
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RENORMALIZATION GROUP ANALYSIS

@ In the quasi-periodic case Umklapp terms can connect with arbitrary
precision the Fermi points; they could be therefore relevant (manifest
as small divisors)
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RENORMALIZATION GROUP ANALYSIS

@ In the quasi-periodic case Umklapp terms can connect with arbitrary
precision the Fermi points; they could be therefore relevant (manifest

as small divisors)
@ Use of Number-theoretical properties; As in KAM theory we choose w
so that a Diophntine condition holds

Co CO

where by |.|7 is |2rwn|r = inf, [2mwn — 27p|

|27Twm]T >
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RENORMALIZATION GROUP ANALYSIS

@ In the quasi-periodic case Umklapp terms can connect with arbitrary
precision the Fermi points; they could be therefore relevant (manifest
as small divisors)

@ Use of Number-theoretical properties; As in KAM theory we choose w
so that a Diophntine condition holds

Co

n|”

where by |.|7 is |2rwn|r = inf, [2mwn — 27p|

C
’271’(,0371 + 2pF,3|T > % n e Z/O

|27Twm]T >
|

@ Diophantine numbers have full measure
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RENORMALIZATION GROUP ANALYSIS

o k= g4+ pp in quadratic term |q.| < ¥", |g| < 7" We call
N = (N1, N2, N3), N =), n; (N non vanishing) where n; is the
momentum associated with each e vertex in the subgraph;
ko — kp = 27 (Nywi, Nowa, Naws) 29" > |qalr + |@6|7 > 190 — |7
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RENORMALIZATION GROUP ANALYSIS

o k= g4+ pp in quadratic term |q.| < ¥", |g| < 7" We call
N = (N1, N2, N3), N =), n; (N non vanishing) where n; is the
momentum associated with each e vertex in the subgraph;
ka — ky = 2m(N1wi, Nowa, N3ws3) 29" > |qal7 + gl 7 > |90 — @l7
o Now we use the Diophantine property ¢ = 0, &

2’}/h > \/|27T0)1N1|% + |27T0)2N2|% + |27T(.4.)3N3 + 52pp,3

2
T

> z}%“so that, if N = max(Ny, N2, N3) then N > C’y‘h/T
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RENORMALIZATION GROUP ANALYSIS

o k= g4+ pp in quadratic term |q.| < ¥", |g| < 7" We call
N = (N1, N2, N3), N =), n; (N non vanishing) where n; is the
momentum associated with each e vertex in the subgraph;
ka — ky = 2m(N1wi, Nowa, N3ws3) 29" > |qal7 + gl 7 > |90 — @l7
o Now we use the Diophantine property ¢ = 0, &

27’1 > \/|27rw1N1|% + |27TM2N2|% + |27ws N3 + 52pp’3|%

> z}%“so that, if N = max(Ny, N2, N3) then N > C’y‘h/T
e This inequality says that if the denominators of propagators are very
small, than the momentum transferred is very large
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RENORMALIZATION GROUP ANALYSIS

o k= g4+ pp in quadratic term |q.| < ¥", |g| < 7" We call
N = (N1, N2, N3), N =), n; (N non vanishing) where n; is the
momentum associated with each e vertex in the subgraph;
ka — ky = 2m(N1wi, Nowa, N3ws3) 29" > |qal7 + gl 7 > |90 — @l7
o Now we use the Diophantine property ¢ = 0, &

27}‘ > \/|27rw1N1|% + |27rw2N2|% + [2mws N3 + €2pp 3 %
> z}%“so that, if N = max(Ny, N2, N3) then N > C’y‘h/T

e This inequality says that if the denominators of propagators are very
small, than the momentum transferred is very large

@ The exponentiial decay implies the irrelevance of non resonant terms
(complications in full proof for overlapping divergences; differnt with
slow decay)
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STABILITY OF QUASI-PERIODIC DISORDER

@ As the interaction in general moves the location of the Weyl
momentum, we write £ = cospr + v and we fix the interacting pr
Theorem 1.

(Mastropietro PRB 2021) For A\, e small enough and imposing
F+Diophantine conditions

. . -1
1 (—igo £ v3qz wviq1 — iv2q2
S(q=* = — . . 1+0

(a£pr) A <U1Q1 +w2g2  —iqo F v3qQ3 (1+0(a)

with Z =14 O(\,e), v1 = t1 + O(\,e), va =ta + O(\, ),
v3 =sinpp + O(\, ¢)
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STABILITY OF QUASI-PERIODIC DISORDER

@ This result proves the stability of the Weyl semimetallic phase, as
quasiperiodic disorder does not modify qualitatively the 2-point
function but produces only a finite renormalization of the parameters;
no phase transition is present at small disorder.
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STABILITY OF QUASI-PERIODIC DISORDER

@ This result proves the stability of the Weyl semimetallic phase, as
quasiperiodic disorder does not modify qualitatively the 2-point
function but produces only a finite renormalization of the parameters;
no phase transition is present at small disorder.

@ Only rare regions effects (absent in g-periodic but present in random)
can possibly produce instability.
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@ This result proves the stability of the Weyl semimetallic phase, as
quasiperiodic disorder does not modify qualitatively the 2-point
function but produces only a finite renormalization of the parameters;
no phase transition is present at small disorder.

@ Only rare regions effects (absent in g-periodic but present in random)
can possibly produce instability.

o With slow decay in momentum space could be relevant
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STABILITY OF QUASI-PERIODIC DISORDER

@ This result proves the stability of the Weyl semimetallic phase, as
quasiperiodic disorder does not modify qualitatively the 2-point
function but produces only a finite renormalization of the parameters;
no phase transition is present at small disorder.

@ Only rare regions effects (absent in g-periodic but present in random)
can possibly produce instability.
o With slow decay in momentum space could be relevant

o Other application in 2d is the Hofstadter model (PRB 2019) or
interacting Aubry-Andre’ or XXZ with g-periodic disorder (PRL 2015)
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(GRAPHENE

o Universality properties of graphene and topological insulators




(GRAPHENE

o Universality properties of graphene and topological insulators
@ Is the optical conductivity of graphene perfectly universal?
@ The Hamiltonian of the Hubbard model on the honeycomb lattice is

1 1
H=t+U 3 (nzr=3)(ne=3)

TEALUAB

— + -
Ho=—t 35 3 (adobrg, +bl5,0)

TEN4,1=1,2,30=T]

i b;f fermionic operators,

5 = (1,0), do=21(=1,v3), &5 =131(~1,-v3), A4 periodic
triangular lattice.




HONEYCOMB LATTICE

FIGURE:
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INTERACTING 2 POINT FUNCTION

@ Giuliani, Mastropietro Phys. Rev. B 79, 201403(R) (2009); Comm. Math.
Phys. 293, 301 (2010). For |U| < U,

—1
N iko vr(iky F k3)
S(k +PF) -7 UR(fikll s klz) iko (1 —l—R(k)),

Z =1+0(U? vR:%—s—dU—i—O(UQ)

d = 0.3707. (for n n interaction), |R(k)| < C|U||K'|
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INTERACTING 2 POINT FUNCTION

@ Giuliani, Mastropietro Phys. Rev. B 79, 201403(R) (2009); Comm. Math.

Phys. 293, 301 (2010). For |U| < Uy

—1
N iko vr(iky F k3)
S(k +PF) -7 UR(fikll s klz) iko (1 —l—R(k)),

Z =1+0(U? vR:%—s—dU—i—O(UQ)

d = 0.3707. (for n n interaction), |R(k)| < C|U||K'|

@ The correlations are analytic and Uj is finite.
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INTERACTING 2 POINT FUNCTION

@ Giuliani, Mastropietro Phys. Rev. B 79, 201403(R) (2009); Comm. Math.
Phys. 293, 301 (2010). For |U| < U,

A iko vR(iky F k) \
S(k +PF) -7 UR(fikll s klz) iko (1 —l—R(k)),

Z =1+0(U? vR:%—s—dU—i—O(UQ)

d = 0.3707. (for n n interaction), |R(k)| < C|U||K'|

@ The correlations are analytic and Uj is finite.

@ Non universal finite value of velocity and wave function (not constrained by
Lorentz invariance).
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THE OPTICAL CONDUCTIVITY

@ The currents are (spin is understood)

Js = iet Z e_iﬁf(in%(a:{b
e, j

_ ot -\ _ (0)
245, bi‘+§jaf)_

_—ip
11757; sum of the three bond currents
ipo

with np; =




THE OPTICAL CONDUCTIVITY

@ The currents are (spin is understood)

—ipE atbm o bt L as) = o7
= iet Z e (5 b 45, bz—i—é ) =vp'j
TEAN,]

1—e iP5
5o
@ The conductivity is defined via the Kubo formula

with 77,; = : sum of the three bond currents

.0
— v —nt( [0 (F). 7 _ iy
7= lim B Z [ e (< 05500 > - < (X >)

where j;(t) = e'ftj,eH* (real time evolution); By Wick rotation it
coincides with the imaginary time Kubo formula in the limit
w—0,L, 8 — o0
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THE OPTICAL CONDUCTIVITY

@ The currents are (spin is understood)

_ —ipi atb ot -\ _ (O)Z-l
Jp=iet 3 " (afbs 5 —bi 5 az) =vr']
TEAN,]
. _iFs
with 7. = keﬁ# sum of the three bond currents
p ipo;

@ The conductivity is defined via the Kubo formula

.0
— v —nt( [0 (F). 7 _ iy
7= lim B Z [ e (< 05500 > - < (X >)

where j;(t) = e'ftj,eH* (real time evolution); By Wick rotation it
coincides with the imaginary time Kubo formula in the limit
w—0,L, 8 — o0

e If U =0 than oy, = 6lm%

@ Are there or not corrections?
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UNIVERSALITY OF THE CONDUCTIVITY

@ Giuliani, Mastropietro, Porta. PRB 83, 195401 (2011); CMP 311,317

(2012).

Theorem 2.
For |U| < Up

627'('

h2
while the Fermi velocity vi = 3/2t + aU + O(U?) with a = 0.3707....

Otm -

Olm =
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UNIVERSALITY OF THE CONDUCTIVITY

@ Giuliani, Mastropietro, Porta. PRB 83, 195401 (2011); CMP 311,317

(2012).
Theorem 2.
For |U| < Up
62 T
m=——=0im -
Thm = 50

while the Fermi velocity vi = 3/2t + aU + O(U?) with a = 0.3707....

@ While the Fermi velocity and the wave function renormalization are
renormalized vp(U) > vr(0) the conductivity is protected.
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UNIVERSALITY OF THE CONDUCTIVITY

@ Giuliani, Mastropietro, Porta. PRB 83, 195401 (2011); CMP 311,317

(2012).
Theorem 2.
For |U| < Up
62 T
m=——=0im -
Thm = 50

while the Fermi velocity vp = 3/2t + aU + O(U?) with a = 0.3707....

@ While the Fermi velocity and the wave function renormalization are
renormalized vp(U) > vr(0) the conductivity is protected.

@ Still open the long range case, as non perturbative results are difficult with
fermions (perturbative results Herbut-Mastropietro (PRB 2014))
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WARD IDENTITIES

o By the continuity equation, defining G, (k, p) the FT of
< T Jg . (w0); \Illg-i-ﬁa'(yO)\Ilga' > we get Ward Identities

3 (6)0pu Gk, p) = Sk + p)Mo(5) — Mo(p)S (k).

n=0

and [Mo(ﬁ)}p o= 5p7p/e*iﬁgl("*1). Similar WI hold for the current and
density correlations.

VIERI MASTROPIETRO (UNIVERSITA DI MILANON-PERTURBATIVE RENORMALIZATION GRC Jury 5, 2021 19 / 45



WARD IDENTITIES

o By the continuity equation, defining G, (k, p) the FT of
< T Jg . (w0); \D1§+ﬁ,0(y0>\l’g,a > we get Ward Identities
2
> (0)°r0puGuk, p) = S(k + p)Mo(5) — Mo(p)S (k).

n=0

and [Mo(ﬁ)}p”o, = 5p7p/e*iﬁgl("*1). Similar WI hold for the current and

density correlations.
@ WI based on total phase holds also beyond the Dirac description; the chiral
ones only in the Dirac description.
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PROOF.

@ Conductivity properties are related to differentiability properties of the
corrent correlations. If Klm( ) is the FT of (J; x; Jim.y) and KOm( ) is the
FT of (px; Jm,y), from the bound

C
Kyv(x)| < ——7
‘ Ky (X)‘— 1+|X‘4

K, (p) is continuous at p = 0
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PROOF.

@ Conductivity properties are related to differentiability properties of the
corrent correlations. If Klm( ) is the FT of (J; x; Jim.y) and KOm( ) is the
FT of (px; Jm,y), from the bound

C
Kyv(x)| < ——7
‘ Ky (X)‘— 1+|X‘4

K,.,(p) is continuous at p = 0
@ The WI implies that the Drude weight is vanishing
2

N T T R, }
o 55 i, Jim 1m (@, 0) — K1 (0)
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PROOF.

@ Conductivity properties are related to differentiability properties of the
corrent correlations. If Klm( ) is the FT of (J; x; Jim.y) and KOm( ) is the
FT of (px; Jm,y), from the bound

C
Kyv(x)| < ——7
‘ Ky (X)‘— 1+|X‘4

K,.,(p) is continuous at p = 0
@ The WI implies that the Drude weight is vanishing
2

N T T R, }
o 55 i, Jim 1m (@, 0) — K1 (0)

@ K., (p) is even: if the derivative were continuous the conductivity vanishes.
But is not. (CFR 1D Kj,, non continuous ¢(0) = c0)
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THE CURRENT-CURRENT FUNCTION

@ Mutiscale analysis provide the following formula (resummation of the naive
perturbative expansion)

. 217 m,

Kim(p) = ?<Jp,l,j p.m) 0.5 + Rim(p)

where <'>0,UF is the average associated to a non-interacting system with
Fermi velocity

3 3t
op(U) = 5t4+dU+.. Zy=5 +aU+..

and

C
Ry (x, <
| lm( Y)l = 1-|—|X— |4+9
with 0 < @ < 1 (power counting improvement due to irrelevance), so that
Rim(w,0) is continuous and differentiable at p = 0 (this is not true with
marginal interactions).
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IMPLICATIONS OF WI

@ By the lattice WI again we get relations between the bare parameters

ZOZZ, 21:Z2=UFZ.




IMPLICATIONS OF WI

@ By the lattice WI again we get relations between the bare parameters

ZOZZ, 21:Z2=UFZ.

Klm(p) = U%‘<jp,l;j—p,m>omp + le(p)
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IMPLICATIONS OF WI

@ By the lattice WI again we get relations between the bare parameters

ZOZZ, 21:Z2=UFZ.

2]

Klm(p) = U%‘<jp,l;j—p,m>omp + le(p)
@ Note that K,,,(p) is even
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UNIVERSALITY OF THE CONDUCTIVITY

@ Finally

2 . 1 A —, ~ -,
G5 Jm (R (@,0) = Fun(0,0))

+ ("012? <j(w,6),l; j(fwﬁ))m>0

011 = —

25 2
or — UF<j0,l7]07m>O,UF):| ’
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UNIVERSALITY OF THE CONDUCTIVITY

@ Finally

o= 77 w%0+ (}) [(Rll(w,ﬁ) a le(o’ 6))

+ (U% <j(w,6),l§ j(,w75))m>0 ”12? (Jo,i; jO,m>o,vF )} .

sUF

@ The first term is differentiable and even hence vanishing, while the first term
is identical to the free one so it does not depend from vp L]
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UNIVERSALITY OF THE CONDUCTIVITY

@ Finally

2 . 1 A —, ~ -,
G5 Jm (R (@,0) = Fun(0,0))

+ ("012? <j(w,6),l; j(fwﬁ))m>0

011 = —

25 2
or — UF<j0,l7]07m>O,UF):| ’

@ The first term is differentiable and even hence vanishing, while the first term
is identical to the free one so it does not depend from vp L]

@ In order to establish this result the crucial point are the non-perturbative
bounds for the decay of correlations and the cancellations due to WI. The
lattice plays a crucial role (in a linear model with a cut-off the WI have
corrections).
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INTERACTING HALL INSULATORS: BULK

@ Graphene + nnn hopping + staggered potential (Haldane model).

Ho= Z Z Z [_ 2 (af‘f 450 +b;+gjv‘7aw:’g>

TeEAp o=1]7=1,2,3

_ g + o — —iapp+ -
t2 Z (6 afydai'-i-a[j,a te bx+51,abx+61+a€],a)

M/ + -
T3 (af 30~ bﬂ&nobﬂ@j,o)} :
@ Gapped system. Gaps: Ay = |my|, my = M +3v/3tysine
o IQHE without net external magnetic flux (o;; defined as for graphene
starting from Kubo):
2e? 1
oe=rv, v=slgn(m_)—sg(m,)]
@ What is the effect of many-body interactions? Do new phases appear close
to transition lines? H = Ho + U ). pz +pz,—. Instead of topological
arguments we use RG+WI as before
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PHASE TRANSITIONS IN INTERACTING HALL

INSULATORS

o Giuliani, Mastropietro, Porta CMP 2015, JSP 2018

Theorem 3.

For small U there exists two renormalized critical curves intersecting
mf = M + 3v/3tysin ¢ + 6, = 0 such that

2¢? 1 R R
012 = 7V V= i[sgn(m_) — sgn(my)]
2 2

[ 1, ; cr _ e~ 7 M cr __ e~ m
Moreover on the critical lines o = =4 while of] = S5 at

(¢7 W) - (07 0)7 (7r7 0)'

The interaction moves the critical lines; no new phases appears (at
strong coupling an intermediate phase was conjectured)
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VIERI

RENORMALIZED

@ The topological region is enlarged
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PHASE TRANSITIONS IN THE INTERACTING HALDANE

MODEL

@ New intermediate phases are rigorously excluded at weak coupling and the
universality class of the topological transition remain unchanged.
@ For U small enough

So(ko, PE + K') =

. . —1
N —Zk()Zl)R + my.R —’UR(—Zk‘ll + wk:é) (1 n R)
—\ —vr(ik} +wky)  —ikoZa.r — Muw R ’

with UR(U) 7é UR(O) and Zl,R 7é ZQVR
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PHASE TRANSITIONS IN THE INTERACTING HALDANE

MODEL

@ New intermediate phases are rigorously excluded at weak coupling and the
universality class of the topological transition remain unchanged.
@ For U small enough

So(ko, PE + K') =

~ <—ik021,R +mur —vr(—ik] + Wk‘é)) - 1+ R)

B —UR(ikll + wk;’z) —ik‘oZgR — My, R ’
with UR(U) 7é UR(O) and Zl,R 7& ZQVR

@ Despite vr(U), Z1 r(U), Z2, r(U) are non universal, they are related by
lattice Ward Identities, and in the computation of the conductivity they
exactly compensate (even with this unusual form of the interacting
propagator).
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KANE-MELE-HUBBARD MODEL

@ The (spin conserving) KMH model is obtained considering a fermions with
spin o = £ with Hamiltonian given by the Haldane Hamiltonian for fermion
with spin ¢ H, with ¢ and —¢ respectively, coupled by an Hubbard
interaction

H=H,+H_ + )\prﬁpf,f

x

where pz , is the density.
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KANE-MELE-HUBBARD MODEL

@ The (spin conserving) KMH model is obtained considering a fermions with
spin o = £ with Hamiltonian given by the Haldane Hamiltonian for fermion
with spin ¢ H, with ¢ and —¢ respectively, coupled by an Hubbard
interaction

H=H,+H_ + )\prﬁpff

x

where pz , is the density.

@ In the non-interacting case, if we choose the chemical potential in the gap
and so that m , has opposite sign to m_ ,, m4+ , =W £ 3v/3sin o, then
the charge Hall conductivity ofy = 04 — oy = 0 and the spin Hall

conductivity 0§y = o4 + 0, = +1 (e=h=1).
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EDGE STATES

@ Consider cylindric boundary conditions, by taking periodic boundary
conditions in the 1 direction and Dirichlet boundary conditions in the 2
direction.




EDGE STATES

@ Consider cylindric boundary conditions, by taking periodic boundary
conditions in the 1 direction and Dirichlet boundary conditions in the 2
direction.

® There are edge states e~ *"171£7 (ky), with €7, (k1)| < Ce "2 or
€9, (k1)| < Ce=(E=72) |f £, (ky) is the energy of the edge modes, we fix 11
so that p = e,(0kp) (that is p in the pbc gap). Such states can carry a
current, whose conductance is the same as the Hall conductivity. Bulk-edge
correspondence.
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EDGE STATES

@ Consider cylindric boundary conditions, by taking periodic boundary
conditions in the 1 direction and Dirichlet boundary conditions in the 2
direction.

® There are edge states e~ *"171£7 (ky), with €7, (k1)| < Ce "2 or
€9, (k1)| < Ce=(E=72) |f £, (ky) is the energy of the edge modes, we fix 11
so that p = e,(0kp) (that is p in the pbc gap). Such states can carry a
current, whose conductance is the same as the Hall conductivity. Bulk-edge
correspondence.

@ The edge conductance remains quantized in presence of interaction? Is the
BE correspondence valid? No topological arguments. The theory now is
critical, hence even a weak perturbation can produce dramatic effects. In
contrast to graphene, the interaction is marginal and not irrelevant.
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EDGE STATES

@ We define, for h = p°, p*, 55, j5:

a oo

Gy o (p) = Z [Z (T El,g,wz Qill—g,yz)oo — iApy ny (22)]

T2 =0 Y2 =0

Apyny (72) = ([X1, 5§ #]) oo if h1 = ho = j¢, j° and zero otherwise. The
edge spin conductance is

o®= lim lim lim G% ..(p)
a—00 pg—0+ p1—0 P I




EDGE STATES

@ We define, for h = p°, p*, 55, j5:

Gy o (p) = Z [Z (T El,g,arz Qill—g,yz)oo — iApy ny (22)]

T2 =0 Y2 =0

Apyny (72) = ([X1, 5§ #]) oo if h1 = ho = j¢, j° and zero otherwise. The
edge spin conductance is

c°= lim lim lim G ( )
a—00 po—0+ p1—0 Pt

@ It measures the variation of the spin current after introducing a shift of the
chemical potential supported in a region of width a from the x5 = 0 edge.
In the non interacting case this quantity is quantized due to topological
reasons.
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EDGE TRANSPORT

o Similarly, 0¢ = limgoc limy, 0+ limp, 0 G ;< (p) is the edge charge
conductance,

{ I MILANON E RENORMALIZATION C



EDGE TRANSPORT

o Similarly, 0¢ = limgoc limy, 0+ limp, 0 G ;< (p) is the edge charge
conductance,
@ The charge or spin susceptibility and Drude weight are, for § = ¢, s:

k= lim lim lim GY% +(p)
a—00 p1—0py—0t PP

and
Df = — lim lim lim G% .(p)
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RG ANALYSIS

@ We decompose the Euclidean propagator g as g(edge) 4 (bulk)

doot e~ B ETVE (ky; 05)€7 (k15 y2) Xo (K)

(edge) _ Jo7’
g y) BL —iko + e (k1) — p

k

where x+ (k) is a smooth, compactly supported cutoff function supported
around kE = (0, £kp).
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RG ANALYSIS

@ We decompose the Euclidean propagator ¢ as g(edge) 4 g(bulk)

o089 ) = Ot 5~ €I (i 22)€7 (i) o ()
BL . —ikg + Sg(kj) -
where x+ (k) is a smooth, compactly supported cutoff function supported
around kE = (0, £kp).
o ¢(®uk) decays exponentially. Instead, the edge propagator ¢(¢&) decays
exponentially in the 2-direction, and as [z — y[~" in the other variables.
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RG ANALYSIS

@ We decompose the Euclidean propagator ¢ as g(edge) 4 g(bulk)

Opor x= € @V T (k1 20)E7 (ki3 y2) Xo (k)
(edge) x _ Yoo’ 1,42 15 Y2)Xo K
g (x,y) 5L zk: T p—

where x+ (k) is a smooth, compactly supported cutoff function supported
around kE = (0, £kp).

o ¢(®uk) decays exponentially. Instead, the edge propagator ¢(¢&) decays
exponentially in the 2-direction, and as [z — y[~" in the other variables.

@ Notice that e, (k] + k%) — = ovi ki + O(k;?). Neglecting O(k}?) effective
description in terms of chiral fermions, with chirality locked to the spin.
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RG

@ We decompose the Gaussian integration as:
P(dV) = P(d¥(«%®)) P(dT®uk) The bulk field can be integrated out, and
one is left with a new Grassmann integral with Gaussian integration
[ P(dW(edee)).

TRO (UNIVERSITA DI MILANON-PERTURBATIVE RENORMALIZATION GRC



RG

@ We decompose the Gaussian integration as:
P(dV) = P(d¥(«%®)) P(dT®uk) The bulk field can be integrated out, and
one is left with a new Grassmann integral with Gaussian integration
[ P(dW(edee)).

@ The next crucial step is to realize that gy ledee)

(k,z2),0,0
Vr,067, (k1; p), with w,fa a one-dimensional Gaussian Grassmann field with

. (K
propagator §, (k) = W(@)l)_%

can be written as
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RG

@ We decompose the Gaussian integration as:
P(dV) = P(d¥(«%®)) P(dT®uk) The bulk field can be integrated out, and
one is left with a new Grassmann integral with Gaussian integration
[ P(dW(edee)).

@ The next crucial step is to realize that \ilgzdiz)) op CAN be written as

1@&7g§gz(k1;p), with @,fa a one-dimensional Gaussian Grassmann field with

. ok
propagator §, (k) = W(@)l)_%

@ The effective interaction has the form V(0 () = IC@)‘O{/}ZT@[J;TQZ’;¢¢;¢
plus irr. terms. z, T e e, T
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@ We decompose the Gaussian integration as:
P(dV) = P(d¥(«%®)) P(dT®uk) The bulk field can be integrated out, and
one is left with a new Grassmann integral with Gaussian integration
fp AU edge))

@ The next crucial step is to realize that \Il(

(edge)
k,x2),0,p

¢E7U§I2(k51, p), with ¢ a one-dimensional Gaussian Grassmann field with

. ok
propagator §, (k) = W(@)l)_%

@ The effective interaction has the form V(0 () = IC@)‘O{/}ZT@[J;TQZ’;¢¢;¢
plus irr. terms. z, T e e, T

can be written as

@ The effective source B(O)(w; = [dx Zu Jfg)Au xpu . for some Z0 (z2),
p(c),z Z w z,0 piz Z flp x,0!
Pox =Pl Plz= P50 =01 respectlvely for density and current.
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MAIN RESULTS

Theorem 4.
(Mastropietro,Porta PRB 2017) For || < Ao
s 1
o=~
™
K vK 1 v
c _ D¢ = s s 7
v v’ " K’ K

with K =14+ O(\) # 1, v =vy4 + O()\) # vy. Finally, the 2-point function
decays with anomalous exponent n = (K + K~ —2)/2.

There is universality in the edge conductance and Luttinger liquid relations hold
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EMERGING QFT DESCRIPTION

o After the integration of the bulk states we have a 1d theory; it is not
solvanble as it contains higher order terms
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EMERGING QFT DESCRIPTION

o After the integration of the bulk states we have a 1d theory; it is not
solvanble as it contains higher order terms

@ We compare with a 1d theory; the cut-off is not only on space momenta so
cannot be solved by bosonization but can be solved by WI. The choice of
cut-off is important as we need to take into account irrelevant terms
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EMERGING QFT DESCRIPTION

o After the integration of the bulk states we have a 1d theory; it is not
solvanble as it contains higher order terms

@ We compare with a 1d theory; the cut-off is not only on space momenta so
cannot be solved by bosonization but can be solved by WI. The choice of
cut-off is important as we need to take into account irrelevant terms

o For N> 1: eV =

/PN(dw) AW ZW2 [ azdy v(z—y)pz 1 pg.—+B(;A)

where Py (dv) is a Grassmann Gaussian integration with propagator:

1 Ak ipie xn (k)
(H) _ = pmik(z-y) ANV
9o (—’ y) 7(H) / (271-)2 ¢ —ikg + ovMky

with xn (k) a smooth ultraviolet cutoff function with support |k| < 2V+!,
and where B(y; A) =30 [ dz Z8M (25) A, The potential
v(z — y) is short ranged.

<Pl
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EMERGING QFT DESCRIPTION

@ The correlations of the KMH model can be written in terms of the
correlations of that model HL model, up to multiplicative and additive
renormalizations (depending on the microscopic details of the KMH model,

in particular the lattice irr terms): (Tjﬁ7p7x2j,uj7_p7y2)oo =

Z (H)(xQ)Zﬁ (y2)<p,u ppu — )(H Hﬁﬁ (pv $2,yz)

where (- Y() denotes the average of the HL model, and Hﬁ v L (022, 12) is
continuous in p while the first term is not continuous (the contlnmty comes

from the fact that irrelevant terms contribute). \Zti () (29)| < Cecr2,
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CHIRAL ANOMALY

o Chiral WI Dy (p){pp.cr : —puor) ™) =

1 N R R
etz D@+ TP @By o5 ppo)
where D, (p) = —ipo 4 ovp and 7 = % is the chiral anomaly. Note

that the anomaly is linear in A() Adler-Bardeen non-renormalization. (cfr
massless QFE D3 1)
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CHIRAL ANOMALY

o Chiral WI Dy (p){pp.cr : —puor) ™) =

1
_7Dfo' +7—D7<7 0 O -0 O o )
Tr[o )| Z0)? () (P)0(R)Pp.~o 5 Pp.o)
where D, (p) = —ipo 4 ovp and 7 = % is the chiral anomaly. Note
that the anomaly is linear in A() Adler-Bardeen non-renormalization. (cfr
massless QFE D3 1)
@ This allows to get an exact expression
Hy -1 1 D_,(p)

~ Ar[pM)|ZzH21 — 72 D, (p)

{pp.oh—p.o)

_ -1 T
o Ar|v(H)| Z(H)2 1 — 72

(ﬁg,—oﬁ—g,a)(H)
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At finite N one gets an extra term in the WI (the dot is xn(xn — 1); the
contribution to the vertex function can be decomposed (without breaking
the determinants)
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WI

@ The additive renormalization are fixed by lattice continuity equation

> Lo = 4
Z ZOZl g —1Po
’]1 Z2(1 —12) 27w —ipg + ovp;
Goo ( ) _ ZOZI 1 p%
POTET 221 —72) mlo| pg + 0%}
G L (p) = — Zizi 1 pd
itat e Z2(1 — 72) w|v| pg + v2p?
. VAVAS 1 v2p?
G i (p) = 520 :

Z2(1 — 72) m|v| pE + v2p?

@ All Z depend on X and are not universal; how universality arise?
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WI

@ By comparing the WI for the reference and the lattice we get,
H
25 =3, 20" (@2)
z
Z(1—etr)

ng

=0 =1.
4

:1’

which provide the exact link between the emergent chiral anomaly and the
finite renormalizations due to the lattice corrections.
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WI

@ By comparing the WI for the reference and the lattice we get,
H
25 =%, 26" (o)
Z
’ Z(1—etr)

ng

=0 =1.
4

=1
which provide the exact link between the emergent chiral anomaly and the

finite renormalizations due to the lattice corrections.
@ Setting K=K, K° = K~

L2 _ z5zy |
Z2(1 —12)v T Z2(1— 12w ’

VAR t zyzy K¢
Z2(1 —12)v T Z221—-12w v

@ The second relation implies the quantization of o®. The last two imply the
nonuniversality of D¥, xf, and the HL relation Df = v?k#; that is the LL
relations.
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(QUADRATIC TERMS IN LL. THEORY

@ The above results are not uniform in the velocity; how we can get uniform
results?
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@ The above results are not uniform in the velocity; how we can get uniform
results? In d = 1 we consider d = 1 spin chain (integrable or no integrable)
cos(k’ £ pr) — cosprp = sinppsink’ + (cosk’ — 1)
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@ The above results are not uniform in the velocity; how we can get uniform
results? In d = 1 we consider d = 1 spin chain (integrable or no integrable)
cos(k’ £ pr) — cosprp = sinppsink’ + (cosk’ — 1)

@ Two-regime RG analysis (Bonetto Mastropietro AHP 2018, EPL 2018); in
the infrared linear regime the scaling dimension is 2 — n/2, in the ultraviolet
quadratic one is 3/2 — n/4 but in the spinless case is indeed irrelevant
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@ The above results are not uniform in the velocity; how we can get uniform
results? In d = 1 we consider d = 1 spin chain (integrable or no integrable)
cos(k’ £ pr) — cosprp = sinppsink’ + (cosk’ — 1)

@ Two-regime RG analysis (Bonetto Mastropietro AHP 2018, EPL 2018); in
the infrared linear regime the scaling dimension is 2 — n/2, in the ultraviolet
quadratic one is 3/2 — n/4 but in the spinless case is indeed irrelevant

@ Luttinger liquid relations uniformly up to the quantum critical point

D =Kv/r k=K/mv
where (7 is the distance from criticality)

1—7 v(0)—v(2pF) 5 L
7= )\T +O0O\r) v=sinppr(l+ O(\r))
pw=pr+v, v=(0)pr/m+O(\), ug = —cospr = £1Fr. 7 is the

anomaly of the emerging theory.

K =
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@ The above results are not uniform in the velocity; how we can get uniform
results? In d = 1 we consider d = 1 spin chain (integrable or no integrable)
cos(k’ £ pr) — cosprp = sinppsink’ + (cosk’ — 1)

@ Two-regime RG analysis (Bonetto Mastropietro AHP 2018, EPL 2018); in
the infrared linear regime the scaling dimension is 2 — n/2, in the ultraviolet
quadratic one is 3/2 — n/4 but in the spinless case is indeed irrelevant

@ Luttinger liquid relations uniformly up to the quantum critical point

D =Kv/r k=K/mv
where (7 is the distance from criticality)

1-— 0) —v(2

T =AM o) = sinpr(1+ O(A)
p=pur+v, v=>(o)pr/m+ O\, pr = —cospr = £1 Fr. 7 is the
anomaly of the emerging theory.

@ Moreover at criticality one gets the non interacting values

K =

K—1 D/Dy—1

as r — 0. is shiifted by the interaction (see e.g. Zotos et al (2016
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SPINLESS CASE

T T T T
S(z+1) +d(x —1))/2
03
xp(—|z])/3
() = d(x)
A= 002, w(x) = (3 + 1) + 6z — 1))/2
= 0.02, w(z) = exp(—[x])/3
025 A = 0.02, wix) = exp(-|2)/3
02
Q
0.15
01t 4 : ..
) 09 Tl
0.05 - / Teeenll
/ 085
/ 002 04 06 08 1 12 14
Py . . . . . . )
0 0.2 0.4 06 0.8 1 12 L1

E

D and K as function of density (or magnetic field), both in Heisenberg or
non solvable cases. D/Dy and K tend to 1: Features found in the
soIvabIe case per5|sts up to the criticapl point.
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases
with 7.
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases
with 7.

@ The linear dominant term is the one of the model with several interactions;
there are several anomalies in the emerging WI.

@ The LL relations are stil true in the convergence regime
D =Kv/m k= K/mv with

_ (1—2vy)~v3 .
"\, TR

(14 v4)? — 42
(1 —14)? —4v2

vy = (0)/2rsinpr +.. v, = Av(0) —v(27r)/2)/2nsinpr + ..

Vp, V4 are the anomalies of the emerging theory.(non perturbative)
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases
with 7.

@ The linear dominant term is the one of the model with several interactions;
there are several anomalies in the emerging WI.

@ The LL relations are stil true in the convergence regime
D =Kv/m k= K/mv with

_a- 2v,) "V} .
"\, TR

(14 v4)? — 42
(1 —14)? —4v2

vy = (0)/2rsinpr +.. v, = Av(0) —v(27r)/2)/2nsinpr + ..

Vp, V4 are the anomalies of the emerging theory.(non perturbative)
@ One cannot take the » — 0 limit; however for A small one can see that K
does not tend to the non interacting value 1 but D becomes close to Dy.
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SPINFUL CASE

095
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Contrary to the spinless case, we cannot get pr = 0. K show the
tendency to a strongly interacting fixed point while D is close to the non
|nteract|ng value Cfr the behavior of the Hubbard model by Bethe ansatz
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CONCLUSION

@ Irrelevant terms and non-perturbative effects are important for a number of
issues like quasi-periodic disorder, universality in graphene or Hall insulators,
BE correspondence and several others
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BE correspondence and several others

@ Important issues regards the effect of long range interaction for which the
control of functional integral is more challenging
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CONCLUSION

@ Irrelevant terms and non-perturbative effects are important for a number of
issues like quasi-periodic disorder, universality in graphene or Hall insulators,
BE correspondence and several others

@ Important issues regards the effect of long range interaction for which the
control of functional integral is more challenging

@ RG takes into full account irrelevant terms at 7" = 0; challenging problem

T7>0




