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Nuclear POTENTIAL ENERGY BW (1939)

B(N,Z) =

+avA (Volume energy)

−asA2/3Bs(β) (Surface energy)

−aC
Z2

A1/3
BC(β) (Coulomb energy)

−aI
(N − Z)2

A
(Symmetry energy)

−δ(A) (Pairing energy)
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Nuclear Deformation Energy

Let the nuclear surface be described byr(�; �) = R0 [1 + �2P2(
os �)℄
The surface energy lowest order Taylor expansion:Es = E0s (1 + 25�22)
The Coulomb energy lowest order Taylor expansionEC = E0C(1� 15�22)
The energy at deformation �2 relative to spherical shapeEdef(�2) = EC(�2) + Es(�2)� (E0C +E0s )
If Edef is negative then the system has no barrier wrt fissionEdef(�2) = 25�22E0s � 15�22E0C < 0

1 < E0C2E0s = x



The surface energy for a sphereE0s = 17:80A2=3
The Coulomb energy for a sphereE0C = 0:7103 Z2A1=3
The fissility parameter x:x = Z250:13A

Z A x
50 124 0.402

82 208 0.645

92 138 0.709

100 252 0.792

114 298 0.870

125 328 0.950

130 335 1.006
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Feynman:

• I do not care how smart you are

• or how complicated your model is

• If it does not agree with experimental measure-

ments it is wrong!



SKM* 

rms = 7.33 (MeV) 
µ = − 3.93 (MeV) 
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Mass Models Compared to AME2003 

HFB(Sly4): 
σ =    5.11 (MeV) 
µ = − 2.94 (MeV) 

FRDM(1992): 
σ =    0.67 (MeV) 
µ = + 0.02 (MeV) 
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FRDM(1992) Compared to AME2012 
Discrepancy (Exp. − Calc.) 
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FRDM(2012) Compared to AME2012 

Discrepancy (Exp. − Calc.) 
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FRDM (1992) 

σth = 0.6314 MeV 
Exp. = AME2003 
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FRDM (2012) 

σth = 0.5595 MeV 
Exp. = AME2003 
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Calculated ground-state spin compared to experiment 

Rare earths 

A ≈ 100 
A ≈ 80 

FRDM (2012) 
(no ε3, no γ>5) 
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Calculated ground-state spin compared to experiment 

Actinides 

Rare earths 

FRDM (2012) 
(no ε3, no γ >5) 
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Mass-model error without γ correction 
for 71 nuclei with |∆Eγ| > 0.2 MeV 

σ = 0.577 MeV 
µ = −0.452 MeV 
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Mass-Model Error with γ correction 
for 71 nuclei with |∆Eγ| > 0.2 MeV 

σ = 0.381 MeV 
µ = −0.109 MeV 
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Ground-State Microscopic Correction 
FRDM (1992) 
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Ground-state microscopic correction 
FRDM with 1970 s.o. 
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FRDM-2007b (L = 0) 

σth = 0.596 MeV 
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FRDM with 1970 Spin-Orbit and Range 

σth = 0.691 MeV 
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Q2

45 Q2 ~  Elongation (fission direction) 

35 αg ~  (M1-M2)/(M1+M2) Mass asymmetry

15 ε
f1

~  Left fragment deformation

ε
f1

ε
f2

15 ε
f2

~  Right fragment deformation

15
⊗

⊗

⊗
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d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

⇒  5 315 625 grid points − 306 300 unphysical points

⇒  5 009 325 physical grid points
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Fission Barrier and Associated Shapes for 232Th 

Separating ridge 
Symmetric mode 
Asymmetric mode 
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Calculated Fission-Barrier Height 
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Calculated Fission-Barrier Height 
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Figure 1

Fusion configurations for a spherical projectile
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Figure 6

Fusion configurations of deformed nuclei
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150Nd + 
150Nd 

Shapes with large negative hexadecapole moments 
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Separating ridge 
Fission valley 
Fusion valley 

  
  
  

  
  
  

Structure of Compound System 272Ds 
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HFB27 (Goriely) 
FRDM (1992) 
FRLDM (1992) 
GSI exp. (1996) c2 

α-decay of 277112 
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Other  
RIKEN (2004) 
RIKEN (2005) 
RIKEN (2012) 
Experiment: 

KTUY05 (2005) 
HFB27 
FRDM (2012) 
Theory: 

α-decay of 278Nh 
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⇐ ε2>0.1 ε2<0.1 ⇒ 

GSI-TASCA (2014) 
Dubna exp. 
Muntian et al. (2003) 
Sobiczewski (2010) 
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α-Decay Chain from 294Ts 
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HFB8 
v. Groote (1976) 
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Spheroidal Deformation ε2



Qα Deviations beyond N = 126

Region Model Nuclei RMS

(MeV)

Z > 82 SkM* 46 2.6

Z > 82 Sly4 46 2.6

Z > 82 HFB21 145 0.409

Z > 82 FRDM(1992) 145 0.463

Z > 82 FRDM(2012) 145 0.326

Z > 88 SkM* 36 1.7

Z > 88 Sly4 36 2.2

Z > 88 HFB21 101 0.367

Z > 88 FRDM(1992) 101 0.448

Z > 88 FRDM(2012) 101 0.274



JR: NPF 2010 

Brownian shape mo.on 

Nuclear deforma5on energy:  Edef(i,j,k,l,m) 

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "
f1

~  Left fragment deformation
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Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points

$  5 009 325 physical grid points

Bias poten5al:  Vbias(i) = V0 (Q0/Q2)
2 

Scission:  Cri5cal neck radius c0 ≈ 2.5 fm 

Level density parameter:  aA = A/(8 MeV) 

Temperature T:  E*‐ Edef = aAT
2 

Metropolis walk:  

P. Möller et al, Nature 409 (2001) 785 

i 

j 

k 

l 

m 

=>  V(χ) = Edef + Vbias 

Change shape:  χ  －>  χ’ ? 
V(χ’) < V(χ):  move with P = 1 

V(χ’) > V(χ):  move with P = exp(‐ΔV/T) 

χ 

N. Metropolis et al, J Chem Phys 26 (1953) 1087 



a b

c d

Exp. 233U(n,f)        
Calc. (6.54 MeV) 234U 

30 40 50 60 
                       

0 

5 

10 

15 

20 

25 
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Exp. 235U(n,f)        
Calc. (6.54 MeV) 236U 
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Calc. (11.0 MeV) 234U 
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exp. 
th.,1p1qp 
  
  
   
  

∆ = 1.0 
(n,f), E*=6.54 

236U 

30 40 50 60 
Fragment Charge Number Zf 

0 

5 

10 

15 

20 

25 
C

ha
rg

e 
Y

ie
ld

 Y
(Z

f) 
(%

) 



exp. 
th. based on full Y(Z,N) 
  
  
   
  

20k Tracks 
∆ = 1.0 MeV 
E*=7.5 MeV 

240Pu 
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 Calc. Y(Z) = ΣNY(Z,N)     

100k Tracks 
E*=7.00 

242Pu 
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 Calc. Y(Z) = ΣNY(Z,N)     

100k Tracks 
E*=6.54 

236Pu 
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 Calc. Y(Z) = ΣNY(Z,N)     

100k Tracks 
E*=6.54 

238Pu 
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 Calc. Y(Z) = ΣNY(Z,N)     

100k Tracks 
E*=7.00 

244Pu 
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 Calc. Y(Z) = ΣNY(Z,N)     

100k Tracks 
E*=6.54 

240Pu 
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Primary Yield for 242Pu 
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Primary Yield for 236Pu 
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Primary Yield for 238Pu 
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Primary Yield for 244Pu 
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Primary Yield for 240Pu 
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Calc. Y(N) = ΣZY(Z,N)     

100k Tracks 
E*=7.00 

242Pu 
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Calc. Y(N) = ΣZY(Z,N)     

100k Tracks 
E*=6.54 

236Pu 
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Calc. Y(N) = ΣZY(Z,N)     

100k Tracks 
E*=6.54 

238Pu 
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Calc. Y(N) = ΣZY(Z,N)     

100k Tracks 
E*=7.00 

244Pu 
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Calc. Y(N) = ΣZY(Z,N)     

100k Tracks 
E*=6.54 

240Pu 
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 First in chain  fissioning nucl at chain end      TKE
  Z     A             Z   A     N

  114  289           110 281   171              212

  114  288           112 284   172              216

  114  287           112 283   171              206

  114  288           112 284   172              202

  114  287           110 279   169              SF<10%
                     108 275   167             SF>90%
                     106 271   165              228

  114 286            112 282   170              212  ~60%

  116 293            110 281   171              197

  116 292            112 284   172              190

  116 291            110 279   169              no data
                     104 267   163              240

  116 290            114 286   172                ?
                     112 282   170              209

  112 283            110 279   169              185,194,196

  116 290            112 282   170              209

  118 294            112 282   170              202

  113 282            104 266   162              203

  115 288            104 268   164              203

  115 287            105 267   162              206



Calculated Fission-Barrier Height 
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C O N C L U S I O N S

• All global nuclear-structure models are simple rep-

resentations of nuclear properties. To expect infi-

nite accuracy with global models is unrealistic.

• Both Wood-Saxon and folded-Yukawa based mod-

els give properties of SHE elements to useful ac-

curacy.

• Remaining differences between these models and

between the models and experiment must be con-

sidered unavoidable model uncertainties.

• Obviously less deviations can be achieved by lo-

cal adjustments of parameters, but for those of us

who strive to improve global model accuracy, this

would be a null results.

• Most HFB models have poor results for known nu-

clei, therefore their predictions in the SHE region

are irrelevant.

• For heavy systems it is not the lowest minimum

that is the most stable, it is the minimum with the

highest fission barrier, a fact usually ignored in

HFB calculations.



F U T U R E

• Study additional isotopes to establish Z,N of max-

imum stability.

• More events to obtain fission-fragment mass dis-

tributions and TKE distributions.

• Investigate additional projectile-target possibilites

(hugging, transfer, . . . )


