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Schlessinger Point Method (SPM)

e SPM interpolating fraction
Given a finite set of Ndata points (x;, /;) the SPM constructs the rational

interpolant p(x)/q(x) given by
Schlessinger, PR 167 (1968)

p(x) _ fi a(x —xp) a)(x — x5) an_1(x — xn_1)
qglx) 1+ 1+ 1+ 1

Cy(x) =

e Coefficients q; obtained recursively

£If—1
al —
Ay — X
L 1 I+ A (X1 — Xim1) @K — X)) ay(Xiyp — xp)
l Xi—xi+1 1+ 1+ 1 —fi/f;'+1

® [p(x),q(x)] order
o [N/2 — 1,N/2]

for an even number of input points

o [((N—=1)/2,(N—-1)/2]

for an odd number of input points
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SPM examples

o f()=1/(x+u)

0.2/ 1
fx)= — f(x) |
: -0 x+100 nout |
® Only 2 points | e Input |
needed to reproduce these curves 01
® “First guess”
of the method £3 —o——¢
300 -200 -100 0 100 200 300
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SPM examples

o f(x)=1/(x+p)
® Only 2 points
needed to reproduce these curves

® “First guess”
of the method

300 -200  -100 0 100 200 300
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SPM examples

o f(x)=1/(x+p)
® Only 2 points
needed to reproduce these curves

® “First guess”
of the method

300 -200  -100 0 100 200 300

o flx)=ux
e Use 3 points 0 f=x
to reproduce a straight line e Input
¢ 15 digits precision °|
yields
X 0
22 + 1.8 x 10%°x
Jx) = = R X
1.8 x 10 —x 5
-10 | |
-10 5 0 5 10
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SPM examples

o f(x)=1/(x+p)
® Only 2 points
needed to reproduce these curves

® “First guess”
of the method

300 -200  -100 0 100 200 300

X
o flx)=x
e Use 3 points [ B -
to reproduce a straight line ® Input
5 |"m" SPM
® 15 digits precision
yields
X 0
22 + 1.8 x 10%°x
Jx) = = R X
1.8 x 10 —x 5/
-10 | |
-10 -5 0 5 10
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SPM examples

— X
¢ J=e 20000
T2 o
e Use 11 points . (lxn)pjtxp(x)
15000
® 15 digits precision
yields = 10000

g—

) 263504 + 170536x + 46451x% + 10389x> + 756x* + 148x° 000l
X) = i
265568 — 98809x + 15473x2 — 1274x3 + 55x4 — x5 *

10 5 0
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SPM examples

— X
¢ Jw=e 20000 .
—  f(x)=
e Use 11 points . <|>;)p3txp(x)
150000 | === SPM

® 15 digits precision

el
yields < 10000/

y—

) 263504 + 170536x + 46451x% + 10389x3 + 756x* + 148x° S0
X) = I
265568 — 98809x + 15473x2 — 1274x3 + 55x% — x5

-10 5 0 5 10

Daniele Binosi (ECT™) May 08, 2019 8/51



SPM examples

o f(x)=¢

e Use 11 points

20000~

—  f(x)=exp(x)
Input
15000 | === SPM

® 15 digits precision

el
yields < 10000/

y—

) 263504 + 170536x + 46451x2 + 10389x> + 756x* + 148x° S0
X) = I
265568 — 98809x + 15473x2 — 1274x3 + 55x% — x5

e Essential singularities -10 -5 0 5 10
will not be reproduced everywhere 1% 108

500000

—~
o0

-500 000

i 6l
1000 5 0 5 10 15 20
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SPM and analytic continuation

¢ Analytic continuation
Can be obtained by setting x = ae” in Cy(x)
e Pole singularities
can be exactly reproduced

® Branch cuts
can be approximately reproduced by a series of poles

e Rational fractions can have only one sheet
many sheeted functions can only be reconstructed on a single sheet

e (Generalized) spectral functions
perfect application domain

D(py) = J do =22 2

w? + pg

Z;
2 _ ~,
j=1 Py — %

p(@) =2 Im D(p, — — i(® + i0™))
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Breit-Wigner (BW) propagator

o SPM test
Simple Breit Wigner propagator
. . *  2wp(w) 1 1
@) =2 Im D(py = —i(w + i0" D =[ dw =
p(w) (po — — i ) ()= | o = T TR I

1 2w
7 (w2 =172 — M?)? + 4 w2

e Procedure

® Choose parameters
M=4I"=1 GeV

e Generate Euclidean propagator data L I .
100 points between 0.01 and 50 GeV ‘

e Apply SPM
on your favourite 60 input points

0.10¢

D(py) [GeV?]

e Compare exact/reconstructed analytic structure
in the py and pg complex plane

e Construct the spectral function

compare it with the exact one 000k o v ey
0.01 0.050.10 0.50 1 5 10 50

e Calculate the propagator po [GeV]
compare it with the exact one
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BW propagator I: p,plane

e Poles:
perfectly reconstructed

e Exact ® Reconstructed

-

Im(DCvo)) [GeV* ] . Im(D(po)) [GeV™ ]

1.0}

0.5

O O L i

= = 0.0}
o =

_ S !

L L

1
S
h

-1.0}

15  -10 -05 00 05 10 15
Re py [GeV]
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BW propagator |: p,plane

e How?
Near cancellation between poles and zeros

e For N =60
there are 30 poles and 29 zeros

® Near cancellation
leaves poles with very small residue

........ poles 4 o zeroes 4
1.0} . .‘ 10l |
0.5 } 0.5 :
> | ~
Q - O
= 0.0} - _' S 00 et
Q? . m ! 2 QO_ » 2
£ - £
0.5/ 05
| 1 | 1
1.0} . 1.0|
-.1I.OI | .;Ol.5l B .O.lOI B 05 B ‘1.l0. 0 -l1l.0. | I;O'.5. B .O.IOI B 05 B .1.IOI 0
Re pg [GeV] Re pg [GeV]
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BW propagator I: p,plane

e Filtering
physical poles can be identified by using a threshold for the residues

e Exact ® Reconstructed

Im(D(py)) [GeV> , )
] SIS .—— 2o [ —— ] SR |Residue|=210 4 100

W7 1.5

: V" |"" .""’ .
1 .0 B l‘.\ “| ||
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—
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o
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. .
T T T

60

0.0}

|
|
Im py [GeV]

Im p; [GeV]
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Daniele Binosi (ECT™) May 08, 2019 14/51



BW propagator li: pg plane

e Branch cut:
visualized as a series of poles

e Exact

_Im(D(pp)) [GeV7]

LSF

Im plz, [GeV 2]

150

15 -10 -05 00 05
Re pi [GeV?]

. .1.0.

1.5

Im plz) [Ge\"z]

® Reconstructed

1.5¢

e A T
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Im(D(Po)) [Ge\ ]

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

Re pé [GeV?]
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BW propagator II: p; plane

® Branch cut:
more clearly visible in a histogram, showing the location of the poles for 100 random
subsets of the 60 input points

e Exact ® Reconstructed
Im(D(p;3)) [GeV~]

O\ \ |/ | IResidue|=10™ 80
I \ 1 ™ ~—_

60
=
L
9,
=~ 10
=
20

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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BW spectral function

e Spectral function
Obtained as:

p(w) =2 Im D(py = — i(w + i07))

® Reconstructed spectral function

-------------------------------

...............................

D(py) = J dw

® Reconstructed propagator

0.15¢

0.00+

001 010 1 10
o [GeV]

Daniele Binosi (ECT™)

May 08, 2019

17/51



BW propagator plus poles

e Add complex conjugated poles
to BW propagator

ppp=t— Ly 5 (@) =2 Im D(py = — i(e + i0°)
e ) = m — — I\ l
Po ' (p0+r)2+M2 P p(% —z P 1 Po .
- 4,
= [ dw 20p(@) + Z / 7 (w? —T7? — M?)? + 412w?
o w? +p(% i p%—zj

® Procedure

® Choose parameters
M=4T'=1GeV,Z =2,=1,z,=(-1%i) GeV*

® Generate Euclidean propagator data
100 points between 0.01 and 50 GeV 1.0}

e Apply SPM
on your favourite 60 input points

e Compare exact/reconstructed analytic structure
in the p, and p; complex plane

e Construct the spectral function
compare it with the exact one Y 0.050.10 050 1 5 10
po [GeV]

e Calculate the propagator
compare it with the exact one
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BW propagator plus poles I: p, plane

Im p, [GeV]

Poles:
perfectly reconstructed

e Exact

Im(D(Po)) [GeV ]

0.0}

Im p; [GeV]

® Reconstructed

0.0}

Im(DLvo)) [GeV ]
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BW propagator plus poles II: p; plane

[GeV?]

—_—

2
(

Imp

Branch cut:
more clearly visible in a histogram, showing the location of the poles for 100 random
subsets of the 60 input points

e Exact ® Reconstructed
Im(D(p5)) [GeV™~]
8 = |Re§Jdue|_10 100
1.0+ -
| — /
0.5} \\ ) g 80
— 100
60
N 50
. 40
N20
-1.5}] \°

15 -10 -05 00 05 10 15
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BW plus poles spectral function

e Spectral function
Obtained as:

S L 20p@) 4
pw)=2Im D(py > — i(w +i07)) D(py) = dw o 2+Z 5 +h.c
® Reconstructed spectral function ® Reconstructed propagator

A S A B A A LA 12’_,
0.6} [
: 1.0}
0.5} [
— 45 08
< 0.3} — 0.6
SO 3
Q i w04
0.2 a
0.1} 0.2
o 0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.01 0.10 1 10
w [GeV] po [GeV]
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Adding noise

® Spice up life with some noise!
Set D(p,;) — D(py;)(1 + er;) with £ =107, r; a random number drawn from a normal
distribution with zero mean and unit standard deviation

Im(D(p3)) [GeV?]

1.5 1/ ' s 1.2
/ ) _1 —_— —
7 |Residue|210 800
1.0f° / 1.0+
)
_ 05 ) 600 i 0.8
Y ——— | 2,06
= — ~
g 400 ],
3 = 0.4
00 0.2
] Y 0.0
.15 <10 <05 00 05 10 15 0.01 0.10 1 10

Re p? [GeV?] po [GeV]
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