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This Talk

This talk is about a powerful technique for describing the dynamics of an open system known
as the influence functional. Here we will discuss:

The applications of influence functionals

[

m How influence functionals are defined and used

m The exact stochastic equations that can be derived from them.
[

Their utility in establishing rigorous classical limits.
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QCIF  Introduct

What are Influence functionals?

m Influence functionals are a
path integral technique,
where the environmental part
of an open system is
expressed as single
functional.

m They have numerous
applications, both analytical
and numerical.
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Equations Derived With Influence Functionals

m One particularly useful application of influence functionals is their use in deriving exact
equations.
m One example is the Stochastic Liouville Equation

Stochastic Liouville Equation

ihaup (1) = [ Ho (1) .5 (0] —n () [a (1) (1) -

Generalised Langevin Equation

mii(t) = —V' (q,t) - 2 /0 A gty (¢ — ) + na (2)
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Classical Limit?

m The SLE and GLE are clearly closely related to each other.

m If we take the classical limit in a heuristic manner, we find that lim;_,o SLE leads to:

mg (t) = =V' (g, t) + 1 (t)

Gerard McCaul | Tulane University = October 4, 2019 7 /38



QCIF Introduction

Introduction

Quantum Influence Functionals

Classical Influence Functionals

Using Influence Functionals

Gerard McCaul = Tulane University October 4, 2019 8/38



QCIF  Quantum Influence Functionals

Quantum Influence Functionals

Gerard McCaul = Tulane University October 4, 2019 9 /38



Evolving The Density Matrix

Environment (X
Q900000

m For a global system described
with canonical coordinates ¢, p
and z, k, the total Hamiltonian
may be characterised as

Hiot = Hg + Hx + Vx

m To find (1), we evolve pi°*
before tracing over the
environment.
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The Influence of the Environment

Understanding the effect of an environment on an open system is important, as under

ordinary circumstances a system’s internal dynamics cannot cancel the interaction with its
surroundings...
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Brexit Means Brexit
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QCIF  Quantum Influence Functionals

The Goal of Influence Functionals

m We would like to
describe the evolution
p(tO) > P(tl) of the open system
Ucl (tl — t()) without referring to its
environment.

TI'X TI'X m To do so, we require
an effective propagator

Ug.
v UQ [pX (tO)] M m This is achieved with
PQ (t()) > PQ (tl) the influence

functional.
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Reduced Density matrix

pQ(q7q’) = /di‘da’c'dm dgdq U (q,z,t;q,%,0)

xpy' (0.3:7, %) U (7,,0;¢,2,t)

Gerard McCaul | Tulane University = October 4, 2019 11 /38



Path Integrals

m Influence functionals are a path integral
technique

m Expressed as a path integral, the
propagator of a state is
92 iS

U(Q2,t2;Q1,t1)=/ Dq(t)er

q1
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Influence Functionals

m We have an expression for the reduced density matrix, but can we evaluate it?

m Feynman & Vernon (1963) developed a powerful formalism for dealing with systems of
this type, using path integrals to describe the system of interest without reference to the
environment.

g @5d) = [ aaPa e ) {7 a0 (1)

< (@) o [ 25,100 - 28, 0] }
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System Action

Sqlq (t)] is the action of the isolated system evolving under the Hamiltonian Hio, = Ho
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Influence Functional

Flq(t).q ()] is the Influence Functional. 1t characterises the environment’s effect on the
system.

Flat).d ()] = / DX (£)px (z0; ) exp (1S /1)

DX (t) = dzodaydzDx(t)D2’ (t)
Sy = Sx [z (t)] — Sx [¢' ()] + Sgx [¢ (), = (t)] — Sex [¢ (), (t)]
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QCIF  Quantum Influence Functionals

Using the Influence Functional

m Influence functionals
can be evaluated
numerically, but in
some circumstances it I, { { 1
. . . Flqg(t),q ()] = -® t -0 t
is possible to derive [q( )4 ( )] = (h 1la( )]> = (h 2 [q ( )])
analytic expressions.

mif Flg(t),q (t')] can be decomposed into a product of the
form

. m Then the effective propagator U into a product of the form
m In this case they may

be used to derive e 3 T r ()

Uo [q (@), (£)] = To lg 0] T4 [ (¢
effective equations of = [q( )+ ( )} 2 lz(®) Q [q ( )}
motion for the reduced m from which an effective equation of motion may be found.
system.
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QCIF  Classical Influence Functionals

ETTS

The Path Integral Formulation of Your Life

Gerard McCaul
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m Influence functionals do not

have to be restricted to
quantum mechanics!

A connection can be made
to the classical limit of
quantum results using the
Classical Influence
Functional

Doing so requires a Hilbert
space formulation of
classical mechanics, in order
to construct a classical path
integral
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What is Koopman von-Neumann mechanics?

m Koopman von-Neumann (KvN) mechanics was proposed in 1932 as a Hilbert space
formulation of classical mechanics, providing an operational framework to assess classical

problems.
m In both KvN and quantum mechanics, the propagator is a unitary transformation of the
form: -
U(t) = e
Classical Quantum
.[d’ﬁ]zo .[qA’ﬁ]:Z
.(D:{HO} .¢:—Zﬁ¢
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Bopp Operators

X and 6 are Bopp operators, defined by their commutation relations:
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Constructing a Classical Path Integral

m In order to derive the Classical influence functional, we require a Classical Path Integral.
m Given the KvN propagator

Ucl _ e—ltK

m We can find a representation for it in phase space

Ua(gyr,ps.tr; ginpi) = <Qf,pf ‘e*“fK‘ Qi,pi> :

m Just like in the quantum case, this propagator can be expressed as a path integral:
Tfpy A
Ua (ap,pf,ty; 4, pi) =/ DqDpDXDO e
Ti\Pi T

m Since the classical wavefunction and probability density are evolved by the same equation,
this propagator can be used to evolve both.
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The Classical " Quantum Action”

R= /Otf dt [,\ (t) (:c (t) — Z%t)) +0(t) (p(t)+ V' (z,1))
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QCIF  Classical Influence Functionals

® el

final(t)

Gerard McCaul

-

X

Classical particle
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final(t)

initial(t)

>

X
quantum particle

m Classical path integral for
total system is as expected
(a delta functional).

m The path integral describing
a reduced system is much
more interesting.

m The process of tracing out
the environment results in a
non-trivial sum of
trajectories.
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QCIF  Classical Influence Functionals

Classical Influence Functional

m Evolving the composite system with the path integral propagator, and tracing out the
environment gives:

PQ(as:pyity) = /dmfdkf </ DQD X dgodpodzodko eiRPO>

m Using the influence functional it is possible to describe an effective propagator for the
reduced system Ug [px (to)]-

Uq(qg,pyp.ty) = /Dq(t)DeQ ) Flg(t),p(t),0q (t)] exp (1 /Otf dt [9‘9 (*) (der %)D
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The form of this propagator depends on the influence functional, which is in turn a
functional of the initial environment state.

Fla(t).p(t),0q ()] = / dzodkodz sk Da(t)Dbx (1) px (20, ko, do. po)

ty ’
X exp (z/ dt [ex (t) (mkjj L Vax | %) 00 (1) 8VQX])
0

Ox ox dq
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QCIF  Classical Influence Functionals

Under certain circumstances an effective equation of motion may be defined from the influence
functional. This is the case when it is possible to express F as

Fla(®).p(t) 6 ()] = exp ( JAEZICR [q<t>,p<t>]) 1)

where x [¢(t), p(t)] is an arbitrary functional of the phase space coordinates only. In the case,
the effective equation of motion will be:

m§ = ———= —x g, 4] (2)
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QCIF  Using Influence Functionals

The Effective Propagator

In both the classical and
quantum cases, the
effective propagator Ug is
now a functional of the
environment state at the
initial time. The “true”
effective propagator for a
system depends on the
point in time it is being
evolved from.

= Uy = Uq [px (to)]
n Uy = U [ox (t1)]
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QCIF  Using Influence Functionals

Effective Propagators

PQ
<

t t

S
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QCIF  Using Influence Functionals

Applying Influence functionals

Using influence functionals, it is possible to derive both the Stochastic Liouville equation

and Generalised Langevin Equation.
m To do so, we must specify an environment and interaction Hamiltonian.

m We will use the Caldeira-Leggett (CL) model
1 .
Hiot = Hg + B Zn: (mnx% T mnw%xi)

2
Cn

q2
_qzn:cnfpn"‘an:mnw%-

m Furthermore, we will specify that the environment is initially in thermal equilibrium.
In both cases, the influence functional can be expressed as

F=e
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Quantum Influence Functional

Quantum

@ [q(t),q'(t)] = % /tf dt /tf dt' KR (t 1) e(t) e (t)
——/tfdt/ a8 (t—t) K (t— )] e @)y (¢)
(a(t) +4d' (1))

et)=qt)—qd @) y(t) =

N =

(t—1t) / dw I (w) coth (%hﬁw) cos (wt)

KT (1) :—/ dw I (w) sin (wt)
0



Classical Influence Functional

Classical
g (t),p(t),00 (t _21/ dt g (t /dtq t_tl)
_ / tf dt / dt" 0 (t) kpT (t —t') 6 (t')

fy(t—t'):/o dw[( ) cos (t —t')

wT
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QCIF  Using Influence Functionals

m In order to use the influence functional as part of an effective equation of motion, it must
conform to the following functional form:

Classical

Fla(t),p(t) .00 ()] = exp ( / Lt 0y () x [q(t),p(t)])

Quantum

Fla 0 O] = exp (5011001 exp (1221 ()]
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Problem

There is a problem here. Neither the quantum or classical influence

functional is of a form from which an equation of motion can be
derived. Is there a solution?
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QCIF  Using Influence Functionals

The Hubbard-Stratonovich Transformation

Use the Hubbard-Stratonovich Transformation!

n '\_\_\-\-A
n
—
Hubbard»Stra‘(ono’\iy
n
n

m The HS transformation can be considered as converting a system of two body potentials
into a set of independent particles in a fluctuating field.
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Fourier-Transforming a Gaussian

<ez‘k:w>r

1.2 1.2
e T [dz e 277 k™
ourier

e~ %akz
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QCIF  Using Influence Functionals

Trajectories vs Distribution

PQ
<

t t

S
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Transformed Influence Functionals

Classical Propagator

Ua = / i Dq(t)d [mc‘j (t)+V'(q,t) +2 /O dt’ G(t")y (t —t') = na (t)]

0,40

Quantum Propagator
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Making Some Noise
Ny = de w) co 1w cos (w (t =t/
(n(t)n (t')), h/o - I(w) th<2 hﬁ) (w(t—1))

(n(tyw (), = —2i0 (t — ') /0 T ) sin (w (¢ - 1))

™

(net () m () = lim (n (8) m (') = (¢ =)
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Equations of Motions

Stochastic Liouville Equation

05 (1) = [Ho (1),

st
—~
~
N~—
—_
3
—~
~
N—
Q>
—
~
S~—
A
—~
~
=
N |
<
—~
~
N~—
~
>
—~
~
N—
™
—
~
N—
——

| Generalised Langevin Equation

mi(t) =V’ (0.0 -2 [ "4t )y (E— 1)+ (8
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Classical Limit

m To show the SLE is equivalent in the classical limit to the GLE, we take the effective
propagator of the reduced quantum system

ey (q;q") = / d4dq Ues (.4',t5:,7,0) po (3 7)

m Here Usst (¢,¢,5;3,@,0) is UT (t;) U~ (t7) in path integral form.
m It is then possible to show:

lim Uegt (¢,4',t5:7,4,0) = U,
lim Ueq (¢,4t1;3,7,0) = Ua
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Propagator classical limit

q5,45

Da(t) 5 [mii () + V' (.1) — na (8)] exp ( / Tt q(t)v <t>)

lim Uy = /
h—0 90,490
dy(t—1t)

(e (B (1)), = 200 (¢~ #) T
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QCIF  Using Influence Functionals

Summing up

- m Influence functionals are a

KvN Dynamics i i
1 v ynamics useful techn|que n the

analysis of physical systems.

Classical Influence Functional ] One appllcatlon IS in the
derivation of exact classical

and quantum stochastic
Hubbard-Stratonovich equ ations.

m The formalism also helps to
link classical results as the
limit of their quantum
equivalents.

Stochastic Trajectories Feynman-Kac

Chapman-Kolgomorov
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