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2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

[Research Mgmt. Plan for SBS(JLab Hall A)]
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in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) �0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) �0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) �0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) �0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) �0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) �0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) �0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) �0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) �0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) �0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) �0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) �0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) �0.0337(24)

Up to Q2 ⇥ 1 GeV2 there is a constant scaling fac-
tor of �2.5 for F1 and �0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =

�
(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

GE(Q
2) = F1(Q

2)� Q2

4M2
F2(Q

2)

GM (Q2) = F1(Q
2) + F2(Q

2)

[G.D.Cates, C.W.de Jager, S.Riordan, B.Wojtsekhovski,  
PRL106:252003, arXiv:1103.1808]
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FIG. 1: The ratio of the Pauli and Dirac form factors, multi-
plied by Q2, S =Q2F1/F2, vs. the negative four-momentum
transfer squared Q2. The upper panel shows Sp for the proton
and Sn for the neutron using data from Refs.[13-18], as well as
the curves of the prediction [11]: ln2[Q2/�2] for �=300 MeV
which is normalized to the data at 2.5 GeV2. The bottom
panel shows the individual flavor quantities Su and Sd for the
u and d quarks, respectively.

on Gn
E
/Gn

M
for the neutron up to Q2=3.4 GeV2 were re-

cently published by Riordan et al. [13]. For the first time,
it is possible to examine the behavior of the neutron ratio
F n
2 /F

n
1 in the same Q2 range as that where the interest-

ing behavior was first seen for the proton [10]. Using the
data of Riordan et al. as well as those of Refs.[14-18], we
also show in Fig. 1 the quantity Sn ⇥Q2F n

2 /F
n
1 . Scaling

of Sn is clearly not evident at the lower Q2 values shown,
although the data do not rule out this type of behavior
at a moderately higher Q2.

Thus far, by discussing F p(n)
1 and F p(n)

2 we are ex-
plicitly examining the behavior of the matrix element of
the electromagnetic operators ( 23u�µu+ �1

3 d�µd) in the
proton (neutron). If we assume charge symmetry (thus
implying ⌅p|u�µu|p⇧ = ⌅n|d�µd|n⇧), it is possible to per-

form a flavor decomposition of the form factors F p(n)
1

and F p(n)
2 , and construct form factors corresponding to

the matrix elements of u�µu and d�µd individually [19].
Here we use the relations

Fu
1(2) = 2F p

1(2) + Fn
1(2) and F d

1(2) = 2Fn
1(2) + F p

1(2).

In what follows, we use the convention that Fu
1(2) and

F d
1(2) refer to the up and down quark contributions to

the Dirac (Pauli) form factors of the proton. At Q2=0,

the normalizations of the Dirac form factors are given by:
Fu
1 (0) = 2 (F d

1 (0) = 1) so as to yield the normalization
of 2 (1) for the u (d)-quark distributions in the proton.
The normalizations of the Pauli form factors at Q2=0 are
given by F q

2 (0) = ⇥q, where ⇥u and ⇥d can be expressed
in terms of the proton (⇥p) and neutron (⇥n) anomalous
magnetic moments as

⇥u ⇥ 2⇥p + ⇥n = +1.67 and ⇥d ⇥ ⇥p + 2⇥n = �2.03.

Having defined the flavor-separated Dirac and Pauli
form factors, we can also define the quantities

Su ⇥ Q2F u
2 /F

u
1 and Sd ⇥ Q2F d

2 /F
d
1 ,

which we have plotted in the bottom panel of Fig. 1. Each
individual data point corresponds to an experimental re-
sult onGn

E/G
n
M from Refs.[13-18]. Only the uncertainties

in the ratio Gn
E
/Gn

M
are included in the error bars of the

flavor-separated results because the other form factors
(calculated with the Kelly fit [20]) are known to much
higher accuracy, albeit dependent on the particular pa-
rameterization chosen. The behavior we see is completely
di�erent from that of the proton and the neutron. There
is a striking lack of saturation, and indeed the variation
of Su and Sd with Q2 appears to be quite linear. It is in-
teresting also that the slope associated with the d quark
is about six times larger than that of the u quark. When
we consider the matrix elements of u�µu and d�µd indi-
vidually, the relationship between the Pauli and the Dirac
amplitudes is quite di�erent from when we consider the
sum of the amplitudes that results in the full hadronic
matrix element (Eq. 2).
While it is instructive to plot Su and Sd so that we can

compare them directly with the widely discussed Sp for
the proton, the inclusion of the factor of Q2 masks the
detailed behavior as Q2 approaches zero. We thus plot
in the top two panels of Fig. 2 the quantities ⇥�1

u F u
2 /F

u
1

and ⇥�1
d F d

2 /F
d
1 . Here, a second aspect of the behav-

ior of the flavor decomposed form factors appears that is
quite intriguing. These ratios are relatively constant for
Q2 greater than ⇤ 1GeV2, but have a more complex be-
havior for lower values of Q2. This might be interpreted
as a transition between a region where the virtual pho-
ton coupling to the three-quark component in the wave
function dominates (higher Q2) and a region where the
inclusion of a coupling to a five-quark component is es-
sential (lower Q2). We note also that the ratio F2/F1

for the proton does not show a di�erent behavior above
and below 1GeV2 as one can see in the bottom panel of
Fig. 2. The calculation of the form factors in a relativis-
tic constituent quark model (RCQM) [21] (shown by the
blue curves in Fig. 2) deviates considerably from the data
which illustrates the discriminating power of the flavor
separated form factors. The empirical Kelly fit (which
predates Ref. [13]), corresponds to the black curves, and
is in reasonable agreement with the data, particularly at
lower Q2.
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Experimental Prospects

V. Punjabi, C.F. Perdrisat, M.K. Jones, E.J. Brash, and C.E. Carlson: The Structure of the Nucleon 39

Fig. 37. The projected error bars for the approved nucleon form factors experiments at Jefferson Lab in the 12 GeV era. For the
Hall A SBS experiment E12-07-108 [334], the anticipated error bars on the ratio µpGEp/GMp are shown as filled circles (cyan).
The anticipated error bars on the ratio GEn/GMn are shown as filled squares (magenta) for the Hall A SBS experiment E12-09-
016 [335] and as filled diamonds (cyan) for the Hall C experiment E12-11-009 [336]. The anticipated error bars for GMp/µpGD

from the Hall A experiment E12-09-019 [333] are shown with square symbols (magenta). Finally the ratio GMn/µnGD will be
measured in two experiments: E12-09-019 in Hall A [338] and E12-07-104 in Hall B [337]. The expected error bars are shown as
empty circles (magenta) and filled stars (cyan), respectively.

One of the most stringent constraints that nucleon
elastic form factor data at large Q2 can provide, relates
to the issue of the various contributions from quarks, glu-
ons, and orbital angular momentum to the total angular
momentum of the nucleon. The elastic form factors also
provide a powerful check of lattice QCD. The lattice calcu-
lations of form factors are making impressive progress, and
the comparison of these results with experimental mea-
surements will be extremely important. There is an indi-
cation from the results of GEp(3) experiment that we may
be entering the range of momentum transfers where the
pQCD prediction is vindicated. Yet a continuation of the
fast decrease of the ratio toward negative values cannot
be excluded. Great progress in the theoretical description
of the structure of the nucleons can be expected.

We would like to thank Dr. C. Ayerbe Gayoso for useful dis-
cussions and critical reading of the manuscript. This work
was supported by U.S. Department of Energy grant DE-FG02-
89ER40525 (VP) and by DOE contract DE-AC05-06OR23177,
under which Jefferson Science Associates, LLC, operates the
Thomas Jefferson National Accelerator Facility (MKJ), and
by National Science Foundation (USA) grants PHY-1208056
(EJB), PHY-1205905 (CEC), and PHY-1066374 (CFP).
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JLab: 
Hall A (HRS):  
GMp @ Q2 ≲ 17.5 GeV2 
Hall A (SBS):  
GEp/GMp @ Q2 ≲ 15 GeV2 ;  
GEn/GMn @ Q2 ≲ 10.2 GeV2 ; 
GMn @ Q2 ≲ 18 GeV2 

Hall B (CLAS12): 
GMn @ Q2 ≲ 14 GeV2 

Hall C : 
GEn/GMn @ Q2 ≲ 6.9 GeV2 
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Basics of  Hadron Structure in Lattice QCD
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Nucleon Form Factors: Recipy on a Lattice

Generage lattice ensemble

P (Aµ) / e�S[Aµ]
Y

q

det( /D +mq)

Compute nucleon correlation functions

Extract ground-state matrix elements (2-state fits typical)

Reduce m.e. to form factors: fit over momentum combinations, polarization, etc

hp0,�0|Jµ|p,�i = [ū0�µu]F1 + [ū0 i�
µ⌫q⌫

2mN
u]F2

hN(p0, tsep)O(⌧) N̄(p, 0)i ⇠ e�E0
0(ttsep�⌧)�E0⌧

h
h0(p0)|O|0(p)i

+ h0(p0)|O|1(p)ie��E01⌧ + h1(p0)|O|0(p)ie��E0
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Challenges for  Structure at Large Momentum

Stochastic noise grows faster with T [Lepage’89]:  

Excited states:  boosting "shrinks" the energy gap 

• N(~1500): pN→1.5 GeV ⇒ 𝛥E = 500 → 300 MeV

 Reduction of lattice correlator noise is crucial

Signal ⇤N(T ) ¯N(0)⌅ ⇥ e�ENT

Noise ⇤|N(T ) ¯N(0)|2⌅ � |⇤N(T ) ¯N(0)⌅|2 ⇥ e�3m�T

Signal/Noise ⇥ e�(EN� 3
2m�)T

E1 � E0 =
q

M2
1 + �p2 �

q
M2

2 + �p2 < M1 �M0

Large pN: no EFT for extrapolation in m𝜋, L (lattice size)

Multiscale problem: a ⌧ p�1
N , Q�1 ; 4m�1

⇡ . L

Discretization effects:  
O(a) Correction to current operator

(Vµ)I = [q̄�µq] + cV a @⌫ [q̄i�µ⌫q]| {z }
/Q
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Accessing Large Q2 : Breit Frame on a Lattice

Minimize Ein,out for target Q2 :

For (Q2)max = 10 GeV2

Q2 = (�p
in

� �p
out

)2 � (E
in

� E
out

)2

(EN ≈ 1.9 GeV)

Back-to-back
Q2 = 4�p2

|~p| = 1

2

p
Q2

max

⇡ 1.6 GeV

Nucleon momentum ~ Brillouin zone ⇒ unknown distortion of lattice nucleon Dirac operator

~50% less 
O(a2) effects

hNN̄i�1(p)
?
= �i/p

lat +mN

platµ = kµ +O(k3)

⇒ expect O(a^2) corrections 
from lattice nucleon polarizaton

lattice kinematics  
for Q2 ≈ 10 GeV2



Large-Q2 Nucleon Form Factors from LQCD ECT* Workshop, Trento, Sep 23-27, 2019

    

Sergey N. Syritsyn

High-momentum Hadron States on a Lattice

[G.Bali et al, PRD93:094515; arXiv:1602.05525]:  
improve the overlap with large-PN nucleon by shifting the quark 
trial shape in momentum space ("momentum smearing")
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⇥
S�k0

⇤
x,y

= e+i�k0�x
⇥
S
⇤
x,y

e�i�k0�y ⟺

Smearing with twisted gauge links 

�x,y �! e+i�k0�x�x,ye
�i�k0�y

Ux,µ �! e�ikµUx,µ

⇥
S�k0

(�)
⇤
x
= e+

�k0�xS(e��k0�y�y) � e+
�k0�x · smooth fcn.(x)

S�k0
= exp[�w2

4

(�i�⇤� �k0)
2
] ⇥ exp(�w2

(

�klat � �k0)2

4

)



Large-Q2 Nucleon Form Factors from LQCD ECT* Workshop, Trento, Sep 23-27, 2019

    

Sergey N. Syritsyn

Signal Gain in Effective Energy
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Effect of quark "boost" increases with PN 

Standard technique in lattice calculations of quasi-PDF, TMD, ...

Eeff =

1

a
log

CNN̄ (t)

CNN̄ (t+ a)

Nucleon Effective Energy  
(D5: mπ = 280 MeV, a=0.094 fm, 323x64)  

Comparison of nucleon interpolating fields  
constructed from "boosted" and "regular" quarks
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QCD Simulation Parameters

two Nf=2+1 Wilson-clover ensembles, produced by JLab/W&M lattice group 
similar lattice spacing a ≈ 0.09 fm 
two different light quark masses (m𝜋 = 280 and 170 MeV) 

large physical volume L≳ 3.8 (m𝜋)–1

D5-ensemble: � = 6.3, a = 0.094 fm, a�1 = 2.10 GeV

323 ⇥ 64, L = 3.01 fm

aµl -0.2390

aµs -0.2050

 0.132943

Csw 1.205366

m⇡ (MeV) 280

m⇡L 4.26

Statistics 86144

D6-ensemble: � = 6.3, a = 0.091 fm, a�1 = 2.17 GeV

483 ⇥ 96, L = 4.37 fm

aµl -0.2416

aµs -0.2050

 0.133035

Csw 1.205366

m⇡ (MeV) 170

m⇡L 3.76

Statistics 50176
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Relativistic Nucleon Energies on a Lattice
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FIG. 1: The ratio of the Pauli and Dirac form factors, multi-
plied by Q2, S =Q2F1/F2, vs. the negative four-momentum
transfer squared Q2. The upper panel shows Sp for the proton
and Sn for the neutron using data from Refs.[13-18], as well as
the curves of the prediction [11]: ln2[Q2/�2] for �=300 MeV
which is normalized to the data at 2.5 GeV2. The bottom
panel shows the individual flavor quantities Su and Sd for the
u and d quarks, respectively.

on Gn
E
/Gn

M
for the neutron up to Q2=3.4 GeV2 were re-

cently published by Riordan et al. [13]. For the first time,
it is possible to examine the behavior of the neutron ratio
F n
2 /F

n
1 in the same Q2 range as that where the interest-

ing behavior was first seen for the proton [10]. Using the
data of Riordan et al. as well as those of Refs.[14-18], we
also show in Fig. 1 the quantity Sn ⇥Q2F n

2 /F
n
1 . Scaling

of Sn is clearly not evident at the lower Q2 values shown,
although the data do not rule out this type of behavior
at a moderately higher Q2.

Thus far, by discussing F p(n)
1 and F p(n)

2 we are ex-
plicitly examining the behavior of the matrix element of
the electromagnetic operators ( 23u�µu+ �1

3 d�µd) in the
proton (neutron). If we assume charge symmetry (thus
implying ⌅p|u�µu|p⇧ = ⌅n|d�µd|n⇧), it is possible to per-

form a flavor decomposition of the form factors F p(n)
1

and F p(n)
2 , and construct form factors corresponding to

the matrix elements of u�µu and d�µd individually [19].
Here we use the relations

Fu
1(2) = 2F p

1(2) + Fn
1(2) and F d

1(2) = 2Fn
1(2) + F p

1(2).

In what follows, we use the convention that Fu
1(2) and

F d
1(2) refer to the up and down quark contributions to

the Dirac (Pauli) form factors of the proton. At Q2=0,

the normalizations of the Dirac form factors are given by:
Fu
1 (0) = 2 (F d

1 (0) = 1) so as to yield the normalization
of 2 (1) for the u (d)-quark distributions in the proton.
The normalizations of the Pauli form factors at Q2=0 are
given by F q

2 (0) = ⇥q, where ⇥u and ⇥d can be expressed
in terms of the proton (⇥p) and neutron (⇥n) anomalous
magnetic moments as

⇥u ⇥ 2⇥p + ⇥n = +1.67 and ⇥d ⇥ ⇥p + 2⇥n = �2.03.

Having defined the flavor-separated Dirac and Pauli
form factors, we can also define the quantities

Su ⇥ Q2F u
2 /F

u
1 and Sd ⇥ Q2F d

2 /F
d
1 ,

which we have plotted in the bottom panel of Fig. 1. Each
individual data point corresponds to an experimental re-
sult onGn

E/G
n
M from Refs.[13-18]. Only the uncertainties

in the ratio Gn
E
/Gn

M
are included in the error bars of the

flavor-separated results because the other form factors
(calculated with the Kelly fit [20]) are known to much
higher accuracy, albeit dependent on the particular pa-
rameterization chosen. The behavior we see is completely
di�erent from that of the proton and the neutron. There
is a striking lack of saturation, and indeed the variation
of Su and Sd with Q2 appears to be quite linear. It is in-
teresting also that the slope associated with the d quark
is about six times larger than that of the u quark. When
we consider the matrix elements of u�µu and d�µd indi-
vidually, the relationship between the Pauli and the Dirac
amplitudes is quite di�erent from when we consider the
sum of the amplitudes that results in the full hadronic
matrix element (Eq. 2).
While it is instructive to plot Su and Sd so that we can

compare them directly with the widely discussed Sp for
the proton, the inclusion of the factor of Q2 masks the
detailed behavior as Q2 approaches zero. We thus plot
in the top two panels of Fig. 2 the quantities ⇥�1

u F u
2 /F

u
1

and ⇥�1
d F d

2 /F
d
1 . Here, a second aspect of the behav-

ior of the flavor decomposed form factors appears that is
quite intriguing. These ratios are relatively constant for
Q2 greater than ⇤ 1GeV2, but have a more complex be-
havior for lower values of Q2. This might be interpreted
as a transition between a region where the virtual pho-
ton coupling to the three-quark component in the wave
function dominates (higher Q2) and a region where the
inclusion of a coupling to a five-quark component is es-
sential (lower Q2). We note also that the ratio F2/F1

for the proton does not show a di�erent behavior above
and below 1GeV2 as one can see in the bottom panel of
Fig. 2. The calculation of the form factors in a relativis-
tic constituent quark model (RCQM) [21] (shown by the
blue curves in Fig. 2) deviates considerably from the data
which illustrates the discriminating power of the flavor
separated form factors. The empirical Kelly fit (which
predates Ref. [13]), corresponds to the black curves, and
is in reasonable agreement with the data, particularly at
lower Q2.
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FIG. 1: The ratio of the Pauli and Dirac form factors, multi-
plied by Q2, S =Q2F1/F2, vs. the negative four-momentum
transfer squared Q2. The upper panel shows Sp for the proton
and Sn for the neutron using data from Refs.[13-18], as well as
the curves of the prediction [11]: ln2[Q2/�2] for �=300 MeV
which is normalized to the data at 2.5 GeV2. The bottom
panel shows the individual flavor quantities Su and Sd for the
u and d quarks, respectively.

on Gn
E
/Gn

M
for the neutron up to Q2=3.4 GeV2 were re-

cently published by Riordan et al. [13]. For the first time,
it is possible to examine the behavior of the neutron ratio
F n
2 /F

n
1 in the same Q2 range as that where the interest-

ing behavior was first seen for the proton [10]. Using the
data of Riordan et al. as well as those of Refs.[14-18], we
also show in Fig. 1 the quantity Sn ⇥Q2F n

2 /F
n
1 . Scaling

of Sn is clearly not evident at the lower Q2 values shown,
although the data do not rule out this type of behavior
at a moderately higher Q2.

Thus far, by discussing F p(n)
1 and F p(n)

2 we are ex-
plicitly examining the behavior of the matrix element of
the electromagnetic operators ( 23u�µu+ �1

3 d�µd) in the
proton (neutron). If we assume charge symmetry (thus
implying ⌅p|u�µu|p⇧ = ⌅n|d�µd|n⇧), it is possible to per-

form a flavor decomposition of the form factors F p(n)
1

and F p(n)
2 , and construct form factors corresponding to

the matrix elements of u�µu and d�µd individually [19].
Here we use the relations

Fu
1(2) = 2F p

1(2) + Fn
1(2) and F d

1(2) = 2Fn
1(2) + F p

1(2).

In what follows, we use the convention that Fu
1(2) and

F d
1(2) refer to the up and down quark contributions to

the Dirac (Pauli) form factors of the proton. At Q2=0,

the normalizations of the Dirac form factors are given by:
Fu
1 (0) = 2 (F d

1 (0) = 1) so as to yield the normalization
of 2 (1) for the u (d)-quark distributions in the proton.
The normalizations of the Pauli form factors at Q2=0 are
given by F q

2 (0) = ⇥q, where ⇥u and ⇥d can be expressed
in terms of the proton (⇥p) and neutron (⇥n) anomalous
magnetic moments as

⇥u ⇥ 2⇥p + ⇥n = +1.67 and ⇥d ⇥ ⇥p + 2⇥n = �2.03.

Having defined the flavor-separated Dirac and Pauli
form factors, we can also define the quantities

Su ⇥ Q2F u
2 /F

u
1 and Sd ⇥ Q2F d

2 /F
d
1 ,

which we have plotted in the bottom panel of Fig. 1. Each
individual data point corresponds to an experimental re-
sult onGn

E/G
n
M from Refs.[13-18]. Only the uncertainties

in the ratio Gn
E
/Gn

M
are included in the error bars of the

flavor-separated results because the other form factors
(calculated with the Kelly fit [20]) are known to much
higher accuracy, albeit dependent on the particular pa-
rameterization chosen. The behavior we see is completely
di�erent from that of the proton and the neutron. There
is a striking lack of saturation, and indeed the variation
of Su and Sd with Q2 appears to be quite linear. It is in-
teresting also that the slope associated with the d quark
is about six times larger than that of the u quark. When
we consider the matrix elements of u�µu and d�µd indi-
vidually, the relationship between the Pauli and the Dirac
amplitudes is quite di�erent from when we consider the
sum of the amplitudes that results in the full hadronic
matrix element (Eq. 2).
While it is instructive to plot Su and Sd so that we can

compare them directly with the widely discussed Sp for
the proton, the inclusion of the factor of Q2 masks the
detailed behavior as Q2 approaches zero. We thus plot
in the top two panels of Fig. 2 the quantities ⇥�1

u F u
2 /F

u
1

and ⇥�1
d F d

2 /F
d
1 . Here, a second aspect of the behav-

ior of the flavor decomposed form factors appears that is
quite intriguing. These ratios are relatively constant for
Q2 greater than ⇤ 1GeV2, but have a more complex be-
havior for lower values of Q2. This might be interpreted
as a transition between a region where the virtual pho-
ton coupling to the three-quark component in the wave
function dominates (higher Q2) and a region where the
inclusion of a coupling to a five-quark component is es-
sential (lower Q2). We note also that the ratio F2/F1

for the proton does not show a di�erent behavior above
and below 1GeV2 as one can see in the bottom panel of
Fig. 2. The calculation of the form factors in a relativis-
tic constituent quark model (RCQM) [21] (shown by the
blue curves in Fig. 2) deviates considerably from the data
which illustrates the discriminating power of the flavor
separated form factors. The empirical Kelly fit (which
predates Ref. [13]), corresponds to the black curves, and
is in reasonable agreement with the data, particularly at
lower Q2.

[G.D.Cates, et al, PRL106:252003 (2011)]



Large-Q2 Nucleon Form Factors from LQCD ECT* Workshop, Trento, Sep 23-27, 2019

    

Sergey N. Syritsyn

GEp/GMp Form Factor Ratio, Proton

0 2 4 6 8 10 12
Q2 [GeV2]

0.0

0.2

0.4

0.6

0.8

1.0

1.2

µ
p
G

p E
/G

p M
(Q

2 )

Phenom.

Plat., D5, ~p 0 = (�4, 0, 0)

2-state, D5, ~p 0 = (�4, 0, 0)

2-state, D5, ~p 0 = (�3, �3, 0)

2-state, D6, ~p 0 = (�5, 0, 0)

• No disconnected  diagrams 
• No discretization corrections

Black points: experiments 
Phenomenology curves : [Alberico et al, PRC79:065204 (2008)] 
Combined D5, D6 with 2-state fits analysis

Earler calculation: Feynman-Hellman method  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GEp/GMp Form Factor Ratio, Neutron • No disconnected  diagrams 
• No discretization corrections
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Light Flavor Contributions • No disconnected  diagrams 
• No discretization corrections
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FIG. 2: The ratios ��1
d F d

2 /F
d
1 , �

�1
u F u

2 /F
u
1 and ��1

p F p
2 /F

p
1 vs.

momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) �0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) �0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) �0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) �0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) �0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) �0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) �0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) �0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) �0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) �0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) �0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) �0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) �0.0337(24)

Up to Q2 ⇥ 1 GeV2 there is a constant scaling fac-
tor of �2.5 for F1 and �0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =

�
(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1
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The form factors Fu
1 , F d
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2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n
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form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.
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0.30 [17] 1.075(6) 0.505(12) 0.716(6) �0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) �0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) �0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) �0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) �0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) �0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) �0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) �0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) �0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) �0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) �0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) �0.0707(35)
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Up to Q2 ⇥ 1 GeV2 there is a constant scaling fac-
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

q 2F4
Q

q-1
!

0.1

0.2

0.3

u quark

 0.75"d quark 

]2 [GeV2Q
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

q 1F4
Q

0.0

0.5

1.0

u quark

 2.5"d quark 

FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =

�
(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

3
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momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) �0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) �0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) �0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) �0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) �0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) �0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) �0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) �0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) �0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) �0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) �0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) �0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) �0.0337(24)

Up to Q2 ⇥ 1 GeV2 there is a constant scaling fac-
tor of �2.5 for F1 and �0.75 for F2, between the u- and
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d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =

�
(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

Reproduce qual.features of flavor dependence [G.D.Cates, et al, PRL106:252003(2011)] 
Larger form factors: nucleon (+ exc.states?) on a lattice is more "compact"
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Disconnected Quark Loops

Hierarchical probing method [K.Orginos, A.Stathopoulos, ’13] :  
In sum over N=2nd+1 3D(4D) Hadamard vectors,  
near-(x,y) terms cancel:
1

N

X

i

zi(x)zi(y)
†
=

⇢
0, 1  |x� y|  2

k
,

1, x = y or 2

k
< |x� y|

Stochastic evaluation:
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D

�1
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�
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e

iqx
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iqx
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(contributions from                    )/
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(x 6= y)

E

⇥
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†(x)⇠(y)
⇤
= �

x,y

⇠(x) = random Z2-vector{

Exploit                  FALLOFF  to reduce                      :/

D

�1
(x, y)

X

x 6=y

| /D�1
(x, y)|2

Further decrease variance by deflating low-lying, 
long-range modes [A.Gambhir's PhD thesis]
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Disconnected & Strange Quark Contractions
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[J. Green, S. Meinel, et al; PRD92:031501 (2015)]
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Disconnected vs. Connected : Large Q2
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Indication for smallness of the strange form factor (up to Q2 ≲ 4 GeV2)

Ratio of disconnected to connected(U) contributions

|F s
1,2|

?

. |
�
Fu/d
1,2

�
disc

| . 0.1|Fu,d
1,2 | (Q2 . 4 GeV2)

(study with increased statistics underway)
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(assuming cV=0.05)

O(a1) correction : form factors of a hN |@⌫(q̄i�µ⌫q)|Ni

(Vµ)I = q̄�µq + cV a⇤� q̄i⇥µ�qImproved vector current

• No disconnected  diagrams

u 
qu

ar
k

d 
qu

ar
k

F1 F2



Large-Q2 Nucleon Form Factors from LQCD ECT* Workshop, Trento, Sep 23-27, 2019

    

Sergey N. Syritsyn

(u-d) Electric Form Factor for Q2 ≲ 1 GeV2
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Lattice @physical point vs. experiment
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(u-d) Electric Form Factor for Q2 ≲ 1 GeV2
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FIG. 5. Isovector magnetic form factor. The notation is the
same as that in Fig. 4. For the summation and two-state fit
methods, the largest sink-source separation included in the fit
is kept fixed at thighs = 14a = 1.3 fm.

FIG. 6. Isovector electric Sachs form factor as a function
of the momentum transfer squared (Q2). Symbols for the
plateau method follow the notation of Figs. 2 and 3. Results
from the summation method are shown with open diamonds
and for the two-state fit method with the crosses. The solid
line shows Gp

E(Q
2)�Gn

E(Q
2) using Kelly’s parameterization

of the experimental data [15] with parameters taken from Al-
berico et al. [16].

discrepancy given the consistency of our results at three
separations, as well as with those extracted using the
summation and the two-state fit method. This small dis-
crepancy could be due to suppressed pion cloud e↵ects,
due to the finite volume, that could be more significant
at low momentum transfer. For example, a study of the

magnetic dipole form factor G

M1

in the N ! � transi-
tion using the Sato-Lee model predicts larger pion cloud
contributions at low momentum transfer [17]. Lattice
QCD computations also observe a discrepancy at lower
Q

2 for G

M1

when compared to experiment [18]. Analy-
sis on a larger volume is ongoing to investigate volume
e↵ects not only in G

M

(Q2) but also for other nucleon
matrix elements and the results will be reported in sub-
sequent publications. Our results for the form factors
at all sink-source separations and using the summation
and two-state fit methods are included in Appendix A in
Tables VIII to XI. Preliminary results for the isovector
electromagnetic form factors have been presented for this
ensemble in Refs. [19, 20].

FIG. 7. Isovector magnetic Sachs form factor as a function of
the momentum transfer squared. The notation is the same as
that of Fig. 6.

2. Isoscalar contributions

We perform a similar analysis for the isoscalar contri-
butions, denoted by G

u+d

E

(Q2) and G

u+d

M

(Q2). As men-
tioned, we use the combination (u + d)

/3 in the matrix
element for the isoscalar such that it yields Gu+d

E,M

(Q2) =

G

p

E,M

(Q2) +G

n

E,M

(Q2). Having also the isovector com-

bination G

u�d

E,M

(Q2) = G

p

E,M

(Q2) � G

n

E,M

(Q2) the indi-
vidual proton and neutron form factors can be extracted.
While isovector matrix elements receive no disconnected
contributions since they cancel in the isospin limit, the
isoscalar form factors do include disconnected fermion
loops, shown schematically in Fig. 1. These disconnected
contributions are included for the first time here at the
physical point to obtain the isoscalar form factors.
The connected isoscalar three-point function is com-

puted using the same procedure as in the isovector
case. We show results for the connected contribution

mπ =130 MeV  a=0.094 fm 
[1706.00469(ETMC)]

GE(Q
2) = F1(Q

2)� Q2

4M2
N

F2(Q
2)

GEv = GEp �GEn

Lattice @physical point vs. experiment
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FIG. 5. Isovector magnetic form factor. The notation is the
same as that in Fig. 4. For the summation and two-state fit
methods, the largest sink-source separation included in the fit
is kept fixed at thighs = 14a = 1.3 fm.

FIG. 6. Isovector electric Sachs form factor as a function
of the momentum transfer squared (Q2). Symbols for the
plateau method follow the notation of Figs. 2 and 3. Results
from the summation method are shown with open diamonds
and for the two-state fit method with the crosses. The solid
line shows Gp

E(Q
2)�Gn

E(Q
2) using Kelly’s parameterization

of the experimental data [15] with parameters taken from Al-
berico et al. [16].

discrepancy given the consistency of our results at three
separations, as well as with those extracted using the
summation and the two-state fit method. This small dis-
crepancy could be due to suppressed pion cloud e↵ects,
due to the finite volume, that could be more significant
at low momentum transfer. For example, a study of the

magnetic dipole form factor G

M1

in the N ! � transi-
tion using the Sato-Lee model predicts larger pion cloud
contributions at low momentum transfer [17]. Lattice
QCD computations also observe a discrepancy at lower
Q

2 for G

M1

when compared to experiment [18]. Analy-
sis on a larger volume is ongoing to investigate volume
e↵ects not only in G

M

(Q2) but also for other nucleon
matrix elements and the results will be reported in sub-
sequent publications. Our results for the form factors
at all sink-source separations and using the summation
and two-state fit methods are included in Appendix A in
Tables VIII to XI. Preliminary results for the isovector
electromagnetic form factors have been presented for this
ensemble in Refs. [19, 20].

FIG. 7. Isovector magnetic Sachs form factor as a function of
the momentum transfer squared. The notation is the same as
that of Fig. 6.

2. Isoscalar contributions

We perform a similar analysis for the isoscalar contri-
butions, denoted by G

u+d

E

(Q2) and G
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(Q2). As men-
tioned, we use the combination (u + d)

/3 in the matrix
element for the isoscalar such that it yields Gu+d
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bination G
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(Q2) the indi-
vidual proton and neutron form factors can be extracted.
While isovector matrix elements receive no disconnected
contributions since they cancel in the isospin limit, the
isoscalar form factors do include disconnected fermion
loops, shown schematically in Fig. 1. These disconnected
contributions are included for the first time here at the
physical point to obtain the isoscalar form factors.
The connected isoscalar three-point function is com-

puted using the same procedure as in the isovector
case. We show results for the connected contribution
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Figure 3: The 8 ensemble data for the normalized electric form factor GE/gV . The overlaid red band
shows our dipole result given in Table 5. The black dashed line shows the phenomenological value
ME = 0.780(5) in both panels. The corresponding straight lines give their slopes, �r2

E/6, at Q2 = 0.
Experimental data paramterized by the Kelly curve is shown by the purple dotted line.

Table 3: Mean square electric charge radius hr2
Ei. The first column shows the terms included in the

chiral continuum extrapolation defined in Eq. (3). The rest is the same as in Table 2.

2-state 3⇤-state
dipole z2+4 z3+4 dipole z2+4 z3+4

a, ln M2
⇡, FV 0.473(32) 0.475(83) 0.529(160) 0.619(49) 0.638(124) 0.801(174)

a, ln M2
⇡ 0.531(21) 0.528(54) 0.730(097) 0.580(30) 0.561(071) 0.738(105)

5 The Magnetic Form Factor

The z�expansion fits to GM(Q2) are much less stable since the point F2(Q2 = 0) cannot be extracted
from Eq. (4); it is obtained from the fit in Q2. As a result, the z�expansion estimates in Table 4 are
only with terms up to z3. Results of fits with sumrules are even less stable and not presented here.
Using the data from the 8 ensembles, we perform the continuum-chiral extrapolations for the magnetic
charge radius rM and the magnetic moment µ using the ansatz:

hr2
Mi(a,M⇡, L) = cM

1 + cM
2 a + cM

3 /M⇡ + cM
4 /M⇡ exp(�M⇡L) , (8)

µ(a,M⇡, L) = cµ1 + cµ2a + cµ3 M⇡ + cµ4 M⇡

 
1 � 2

M⇡L

!
exp(�M⇡L) . (9)

The form of the chiral and FV correction terms in hr2
Mi are taken from Ref. [3]. The FV term in µ is

taken from Ref. [9]. The NLO chiral correction in µ has a known coe�cient, (g2
AMN)/(4⇡F2

⇡)M⇡(1 +
(3M⇡)/(MN) ln(M2

⇡/�
2)) [10], however, there is an additional chiral log at the same order, i.e., pro-

portional to M2
⇡, that involves unknown LEC. To include both chiral logs, an additional parameter is

needed. Since we have data over a limited range of M2
⇡ and with essentially three values of M2

⇡, we
neglect the chiral log corrections. For the same reason, we also leave cµ3 a free parameter rather than
take the form predicted by �PT. The results of the fits, with and without the respective FV correction
term, are summarized in Table 4.

mπ =130..310 MeV  a=0.06..0.12 fm 
[1801.01635 (PNDME)]

GE(Q
2) = F1(Q

2)� Q2

4M2
N

F2(Q
2)

GEv = GEp �GEn

Lattice @physical point vs. experiment
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(u-d) Electric Form Factor for Q2 ≲ 1 GeV2
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[RBC/LHP, in prep.]

6

FIG. 5. Isovector magnetic form factor. The notation is the
same as that in Fig. 4. For the summation and two-state fit
methods, the largest sink-source separation included in the fit
is kept fixed at thighs = 14a = 1.3 fm.

FIG. 6. Isovector electric Sachs form factor as a function
of the momentum transfer squared (Q2). Symbols for the
plateau method follow the notation of Figs. 2 and 3. Results
from the summation method are shown with open diamonds
and for the two-state fit method with the crosses. The solid
line shows Gp

E(Q
2)�Gn

E(Q
2) using Kelly’s parameterization

of the experimental data [15] with parameters taken from Al-
berico et al. [16].

discrepancy given the consistency of our results at three
separations, as well as with those extracted using the
summation and the two-state fit method. This small dis-
crepancy could be due to suppressed pion cloud e↵ects,
due to the finite volume, that could be more significant
at low momentum transfer. For example, a study of the

magnetic dipole form factor G

M1

in the N ! � transi-
tion using the Sato-Lee model predicts larger pion cloud
contributions at low momentum transfer [17]. Lattice
QCD computations also observe a discrepancy at lower
Q

2 for G

M1

when compared to experiment [18]. Analy-
sis on a larger volume is ongoing to investigate volume
e↵ects not only in G

M

(Q2) but also for other nucleon
matrix elements and the results will be reported in sub-
sequent publications. Our results for the form factors
at all sink-source separations and using the summation
and two-state fit methods are included in Appendix A in
Tables VIII to XI. Preliminary results for the isovector
electromagnetic form factors have been presented for this
ensemble in Refs. [19, 20].

FIG. 7. Isovector magnetic Sachs form factor as a function of
the momentum transfer squared. The notation is the same as
that of Fig. 6.

2. Isoscalar contributions

We perform a similar analysis for the isoscalar contri-
butions, denoted by G

u+d

E

(Q2) and G

u+d

M

(Q2). As men-
tioned, we use the combination (u + d)

/3 in the matrix
element for the isoscalar such that it yields Gu+d

E,M

(Q2) =

G

p

E,M

(Q2) +G

n

E,M

(Q2). Having also the isovector com-

bination G

u�d

E,M

(Q2) = G

p

E,M

(Q2) � G

n

E,M

(Q2) the indi-
vidual proton and neutron form factors can be extracted.
While isovector matrix elements receive no disconnected
contributions since they cancel in the isospin limit, the
isoscalar form factors do include disconnected fermion
loops, shown schematically in Fig. 1. These disconnected
contributions are included for the first time here at the
physical point to obtain the isoscalar form factors.
The connected isoscalar three-point function is com-

puted using the same procedure as in the isovector
case. We show results for the connected contribution

mπ =130 MeV  a=0.094 fm 
[1706.00469(ETMC)]
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Figure 3: The 8 ensemble data for the normalized electric form factor GE/gV . The overlaid red band
shows our dipole result given in Table 5. The black dashed line shows the phenomenological value
ME = 0.780(5) in both panels. The corresponding straight lines give their slopes, �r2

E/6, at Q2 = 0.
Experimental data paramterized by the Kelly curve is shown by the purple dotted line.

Table 3: Mean square electric charge radius hr2
Ei. The first column shows the terms included in the

chiral continuum extrapolation defined in Eq. (3). The rest is the same as in Table 2.

2-state 3⇤-state
dipole z2+4 z3+4 dipole z2+4 z3+4

a, ln M2
⇡, FV 0.473(32) 0.475(83) 0.529(160) 0.619(49) 0.638(124) 0.801(174)

a, ln M2
⇡ 0.531(21) 0.528(54) 0.730(097) 0.580(30) 0.561(071) 0.738(105)

5 The Magnetic Form Factor

The z�expansion fits to GM(Q2) are much less stable since the point F2(Q2 = 0) cannot be extracted
from Eq. (4); it is obtained from the fit in Q2. As a result, the z�expansion estimates in Table 4 are
only with terms up to z3. Results of fits with sumrules are even less stable and not presented here.
Using the data from the 8 ensembles, we perform the continuum-chiral extrapolations for the magnetic
charge radius rM and the magnetic moment µ using the ansatz:

hr2
Mi(a,M⇡, L) = cM

1 + cM
2 a + cM

3 /M⇡ + cM
4 /M⇡ exp(�M⇡L) , (8)

µ(a,M⇡, L) = cµ1 + cµ2a + cµ3 M⇡ + cµ4 M⇡

 
1 � 2

M⇡L

!
exp(�M⇡L) . (9)

The form of the chiral and FV correction terms in hr2
Mi are taken from Ref. [3]. The FV term in µ is

taken from Ref. [9]. The NLO chiral correction in µ has a known coe�cient, (g2
AMN)/(4⇡F2

⇡)M⇡(1 +
(3M⇡)/(MN) ln(M2

⇡/�
2)) [10], however, there is an additional chiral log at the same order, i.e., pro-

portional to M2
⇡, that involves unknown LEC. To include both chiral logs, an additional parameter is

needed. Since we have data over a limited range of M2
⇡ and with essentially three values of M2

⇡, we
neglect the chiral log corrections. For the same reason, we also leave cµ3 a free parameter rather than
take the form predicted by �PT. The results of the fits, with and without the respective FV correction
term, are summarized in Table 4.

mπ =130..310 MeV  a=0.06..0.12 fm 
[1801.01635 (PNDME)]

GE(Q
2) = F1(Q

2)� Q2

4M2
N

F2(Q
2)

GEv = GEp �GEn

Lattice results at physical mπ overestimate  
GEv(Q2=0.4 GeV2) by 15-20% 

finite volume? 
excited states?

Lattice @physical point vs. experiment
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Axial Form Factors
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GA(Q2) are measured in 𝜈-scattering, 𝝅-production; 
implications for neutrino flux norm. (e.g. in IceCube) 

Large uncertainty in GA(Q2) from model dependence 
[B.Bhattacharya,R.Hill,G.Paz, PRD84:073006(2011)] 
Will be accessible in LBNF [see e.g. R.Petti's talk, POETIC'19] 
clean probe (only EW interaction) 
flavor separation in CC interactions 

R4 Topical review
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Figure 1. Axial mass MA extractions. Left panel: from (quasi)elastic neutrino and antineutrino
scattering experiments. The weighted average is MA = 1.026 ± 0.021 GeV. Right panel: from
charged pion electroproduction experiments. The weighted average is MA = 1.069 ± 0.016 GeV.
Note that value for the MAMI experiment contains both the statistical and systematical uncertainty;
for other values the systematical errors were not explicitly given. The labels SP, DR, FPV and
BNR refer to different methods evaluating the corrections beyond the soft pion limit as explained
in the text.
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Figure 2. Experimental data for the normalized axial form factor extracted from pion
electroproduction experiments in the threshold region. Note that all results are shown for the
experiments where various theoretical models were used in the analysis to extract GA. For
orientation, the dashed curve shows a dipole fit with an axial mass MA = 1.1 GeV.

mass were determined from the slopes of the angle-integrated differential electroproduction
cross sections at threshold. The results of various measurements and theoretical approaches
are shown in the right panel of figure 1. We recall that [27, 38] were omitted from the fit
for lack of reasonable compatibility with the other results. In figure 2 we have collected the

[V.Bernard et at, J.Phys.G28:R1(2002)]

• No disconnected  diagrams 
• No discretization corrections

PRELIMINARY PRELIMINARY
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Summary

Initial results for high-momentum form factors up to Q2 ≲ 10 GeV2 

(No quark-disconnected contributions) 

Form factor results overshoot experiment x(2 ... 2.5) 
Discretization? Non-physical quark masses? Excited states?  
⇒ Will require ≳ O(106) statistics 

GEp/GMp , F2/F1  , GEn/GMn are in qualitative agreement with experiment 
Universality between ground & excited nucleon states? 

O(a) discretization effects grow with Q2 
Finer lattices + Non-perturbative vector current improvement needed 

Access to flavor-dependent contributions to nucleon vector  
and axial-vector form factors 

Comparison to experiment will (eventually) validate lattice methods  
for computing relativistic nucleon matrix elements 

Impact on lattice methodology for calculations of TMDs, PDFs, ...
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