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Motivation : What if we have twins ?

- Does hybrid neutron star exist?
- Does NS twin exist?
- Does CEP exist on QCD phas
diagram? 



Neutron star mass-radius relation 



Finite-size effects 
in mixed phase

The surface tension 
σ is unknown and 
used as free 
parameter. 



Mimicking the Pasta phase. 

Schematic representation of the interpolation function PM(µ),
it has to go though three points: PH(µH), Pc + ∆P and PQ(µQ). 



The Interpolation Method 



The Interpolation Method 



The results of pasta mimicking 



The results of pasta effects 



The realistic hadron and quark matter 
models 



Robustness of third family solutions 



Robustness of third family solutions



Dependence on surface tension 



Dependence on surface tension 



Dependence on surface tension 



Bayesian method 



Bayesian method 



Model EoS for Hybrid NS



Stabile NS Configurations 
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Λ1- Λ2 diagram 
and observational constraints



Lambda-Lambda diagram: Hybrid EoS
NS – NS merging  
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Hadron - Hadron
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Hybrid - Hadron
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Hybrid - Hybrid
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Hadron - Hybrid

0 250 500 750 1000 1250
L1

0

500

1000

1500

2000

L
2 32

33

22

23

90 %

50 %

µ< = 1150, DP = 0 %

1.1 1.2 1.3 1.4 1.5 1.6
Mass [MO. ]

100

1000

L

Primary massSecondary mass

µ< = 1150

(primary)
(s
ec
on
da
ry
)

Equation of State at ⇤1–⇤2 diagram
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The same phenomena were found in Montana, Tolos, Hanauske, Rezzolla.

PRD99, 103009 (2019) for polytropic models

More interesting results have been achieved by Prof. Armen Sedrakian for

triplet of compact stars produced by the fourth family.

The region ⇤2 < ⇤1 was called unphysical at Abbott et al. PRL121 (2018).



The parameter set for EoS model



Mass constraint



Likelihood of a EoS model for the mass 
constraint 



Likelihood for the Λ1-Λ2 constraint 
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The PDF �(⇤1,⇤2) has been reconstructed by the method
Gaussian kernel density estimation with ⇤1–⇤2 data given at LIGO
web-page https://dcc.ligo.org/LIGO-P1800115/public.



Likelihood of a model for the fictitious 
M-R constraint 



Likelihood of a model for the fictitious 
M-R constraint 



The fictitious M-R constraint 
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Likelihood fictitious measurements



The total likelihood and posteriori  
probability of the model parameters



Results with and without fictitious 
measurements 



Conclusions

The mixed phase interpolation method is very simple and well
describes quark-hadron pasta phase for any given surface
tension value.

The third family survives mixed phase e↵ects for the pasta
phase for the considered EoS models.

⇤1 � ⇤2 relation from GW170817 favours softer EoS and
hybrid stars with strong first order phase transitions (even
with no third family due to the mixed phase).

The region ⇤2 < ⇤1 has physical meaning in case of low-mass
twins, when heavier companion belongs to the second family
and the lighter one to the third family.

If NICER approves the “fictitious radius measurement” it will
support late onset for the considered models.



Simulations of Heavy Ion Collisions

Initial
state

hydrodynamic
evolution

Particlization Event simulation
at MPD detector

time

3-fluid hydro adapt the procedure
from existing hybrid model

GEANT, MPD

Parametrized EoS

Development
of EoS models

Bayesian analysis Data
analysis

Parameter optimization

MPD root

Physical analysis
of simulated data



Multifluid Dynamic of Heavy Ion 
Collisions

Yu. B. Ivanov, V. N. Russkikh, V. D. Toneev. 
Fluid Dynamics
of Heavy Ion Collisions, http://mfd.jinr.ru
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3-Fluid Dynamics, present version

Produced particles
populate mid-rapidity

) fireball fluid

Target-like fluid: @µJµ
t =0 @µTµ⌫

t =�F ⌫
tp + F ⌫

f t
Leading particles carry bar. charge exchange/emission

Projectile-like fluid: @µJµ
p =0, @µTµ⌫

p =�F ⌫
pt + F ⌫

f p

Fireball fluid: Jµ
f =0, @µTµ⌫

f =F ⌫
pt + F ⌫

tp�F ⌫
f p � F ⌫

f t
Baryon-free fluid Source term Exchange

The source term is delayed due to a formation time ⌧

Total energy-momentum conservation:
@µ(Tµ⌫

p + Tµ⌫
t + Tµ⌫

f ) = 0

EVENT SIMULATION BASED ON THREE-FLUID . . . PHYSICAL REVIEW C 94, 044917 (2016)
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FIG. 1. Pressure scaled by the product of normal nuclear density
(n0 = 0.15 fm−3) and nucleon mass (mN ) versus baryon density
scaled by the normal nuclear density for three considered equations of
state. Results are presented for three different temperatures T = 10,
100, and 200 MeV (from bottom upwards for corresponding curves).

Different EoS can be applied within the 3FH model. The
recent series of simulations [6–13] was performed employing
three different types of EoS: a purely hadronic EoS [34] (hadr.
EoS) and two versions of the EoS involving deconfinement
[35]. The latter two versions are an EoS with a first-order
phase transition (two-phase EoS) and one with a smooth
crossover transition (crossover EoS). The hadronic EoS is
well in agreement with known constraints [36], in particular
the flow constraint by Danielewicz et al. [37], see Ref. [38]
for an explicit comparison. Figure 1 illustrates the differences
between the three considered EoS.

The numerical scheme of the code is based on the modified
particle-in-cell method [39], which is an extension of the
scheme first applied in Los Alamos [40]. In the particle-
in-cell method, the matter is represented by an ensemble of
Lagrangian test particles. They are used for calculation of the
drift transfer of the baryonic charge, energy, and momentum.

In the present scheme, the test particle has the size of the cell.
Therefore, when a single test particle is moved on the grid, it
changes quantities in eight cells, with which it overlaps. These
spatially extended particles make the scheme smoother and
hence more stable. The transfer because of pressure gradients,
friction between fluids, and production of the fireball fluid
is computed on the fixed grid (so-called Euler step of the
scheme). Simulations are performed in the frame of equal
velocities of colliding nuclei. The numerical-scheme input of
the present 3FH calculations is described in detail in Ref. [5].

An application of the 3FH model is illustrated in Fig. 2
where the evolution of the proper (i.e., in the local rest frame
obtained by diagonalization of the energy-momentum tensor,
see the next subsection) baryon density in the reaction plane
is presented for a semicentral (impact parameter b = 6 fm)
Au+Au collision at

√
sNN = 6.4 GeV (Elab = 20A GeV).

The simulation was performed with the crossover EoS
without freeze-out. As can be seen from that figure, very
high baryon densities are reached in the central region of the
colliding system.

The freeze-out criterion used in the 3FH model is ε < εfrz,
where ε is the total energy density of all three fluids in their
common rest frame. More details can be found in Refs. [41,42].
The freeze-out energy density εfrz = 0.4 GeV/fm3 was chosen
mostly on the condition of the best reproduction of secondary
particle yields for all considered scenarios, see Ref. [5]. An
important feature of the 3FH freeze-out is an antibubble
prescription, preventing the formation of bubbles of frozen-out
matter inside the dense matter while it is still hydrodynamically
evolving. The matter is allowed to be frozen out only if it is
located near the border with the vacuum (this piece of matter
gets locally frozen out). The thermodynamic quantities of the
frozen-out matter are recalculated from the in-matter EoS,
with which the hydrodynamic calculation runs, to the hadronic
gas EoS.1 This is done because a part of the energy is still
accumulated in collective mean fields at the freeze-out instant.
This mean-field energy needs to be released before entering
the hadronic cascade in order to facilitate energy conservation.

1In this gas EoS 48 different hadronic species are taken into account.
Each hadronic species includes all the relevant isospin states; e.g., the
nucleon species includes protons and neutrons.

FIG. 2. Evolution of the proper baryon density (nB/n0) scaled by the the normal nuclear density (n0 = 0.15 fm−3) in the reaction plane for
a semicentral (b = 6 fm) Au+Au collision at

√
sNN = 6.4 GeV.

044917-3Au+Au collision at √sNN = 6.4 GeV 
(Elab = 20A GeV) with impact 
parameter b = 6 fm



Rapidity Distribution & Curvature at 
Midrapidity
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Net-Proton Rapidity distributions
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”peak-dip-peak-dip” irregularity at midrapidity

3FD model
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”peak-dip-peak-dip” irregularity at midrapidity
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Reduced Curvature at Midrapidity
To quantify the “peak-dip-peak-dip” irregularity, net-proton rapidity distributions are
fitted by (a, ys and ws are parameters of the fit)

dN
dy

= a (exp {�(1/ws) cosh(y � ycm � ys)}+ exp {�(1/ws) cosh(y � ycm + ys)})

A reduced curvature of the spectrum at midrapidity

Cy =

 
y3

cm
d3N
dy3

!

y=ycm

�✓
ycm

dN
dy

◆

y=ycm

= (ycm/ws)
2
⇣
sinh2 ys � ws cosh ys

⌘
.

4 8 12 16 20
√sNN [GeV]

 hadr. EoS
 exp. fit
 fit of prelim. data

0

4

8

12

16

C
y

convex

concave

4 8 12 16 20
√sNN [GeV]

 2-ph. EoS
 exp. fit
 fit of prelim. data

convex

concave

4 8 12 16 20
√sNN [GeV]

 crossover EoS
 exp. fit
 fit of prelim. data

convex

concave

Updated experimental results at energies 20A and 30A GeV are badly needed
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Hadron Ratios of Midrapidity
3FD model
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Hadron Ratios

Ratios of midrapidity yield of various hadrons
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Flows
Fourier transformation of 
azimuthal
particle distribution in 
momentum
Space yields coefficients 
of different order

Credit:   M.  Oldenburg



Directed Flow

3FD model
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Directed Flow
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Directed Flow
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Summary

• Varying EoS models
– Formulation and solution of the optimization problem for 

definition of free hydrodynamic parameters
– Development of hybrid EoS model construction

• Bayesian analysis for finding the best model parameter regions
– Heavy ion simulation with different EoS models (parameters)
– Collecting suitable experimental data around NICA energy range
– Formulation and performing the Bayesian analysis

• Simulation of heavy ion collision at MPD detector
– HIC simulation with the best models
– Physical analysis of the simulated data within MPDroot
– Comparing the results with the various experimental data






