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Scattering Amplitudes ;ﬂ

® Very healthy status
@Progress @ High Loops
@Progress @ High Legs

&New Ideas in the multi-loop integral evaluation
P 5
& Differential Equations and Path ordered exponential

& Iterated integrals and special/pure Functions

&New Ideas exploiting the (hidden symmetries) of the integrands
& Unitarity and on-shell methods beyond one-loop
& Double-copy relations

&New Ideas and tool to boost the Automated Algorithms
& Exploiting Finite Field Arithmetic

& Advanced linear system resolution algorithm



Scattering Amplitudes 13

® Very healthy status
&Progress @ High Loops

&Progress @ High Legs

® a couple of interesting directions | have been involved in:

QNe &The proposal of a new CERN experiments for the muon (g-2)
: & NNLO QED corrections required

& Calculation relevant for di-muon in e+e- collision and t-tbar production

& Fffective Field Theory approach to General Relativity

& New applications of Feynman Calculus to Gravitational Wave Physics

for the investigation of physical problems that admit a field-theoretic perturbative approach:

computation of multi-loop Feynman integrals cannot be considered as optional.



Feynman Integrals

® Momentum-space Representation

L loops, E+1 external momenta,

L ddk' N 1 1 : :
H i H ' N = LE +5L(L+1) (generalised) denominators

T
I
3
2
]
N\

—_

total number of reducible and irreducible

—_
S,

scalar products

't Hooft & Veltman
Passarino & Veltman

N-denominator
generic Integral

Laporta, Remiddi, Baikov, Smirnoy,

: - vanRitbergen, Melnikov, Gehrmann,
® Integratlon-by-parts Identites Tkachov; Chetyrkin & Tkachov ;

Weinzierl...
...many of us here...

N
1 .
/H d/2 (9k“ (vﬂ H D%n) T Ll Uu(pia kj) arbitrary
n=1

The role of the Integration Domain is hidden



Feynman Integrals :: Baikov Representation

® Denominators as integration variables .,

{D1,...,Dn} = {21,..., 28} =2 Volume
B Biz)=rdeulg gy
i - Ia a EKd, ii dz B(z)” . i
D o ( Sg)/cz (z) Ezzn L (4o plap Y

q=1{pi,kj} Sij =Di Pj

B(0C = 0)
Fundamental property
N-denominator
generic Integral

® 1-loop Nonagon ® 2-loop Box

1
N=LE+;L(L+1)

B(z)Y
/dzl/\.../\dzg nl(z) =
C Zl ...29

B(z), C, v depend on the graph.



Feynman Integrals :: Baikov Representation

® Denominators as integration variables .,

{D1,...,Dn} = {21,..., 28} =2 Volume
B Biz)=rdeulg gy
i - Ia a EKd, ii dz B(z)” . i
D o ( Sg)/cz (z) Ezzn L (4o plap Y

q=1{pi,kj} Sij =Di Pj

B(0C = 0)
Fundamental property
N-denominator

generic Integral

® Integration-by-parts Identites 71,10 1arsen: Lee;

N
/d (h(z) B(z)” H Can) =40 h(z) arbitrary rational function
C :

B(AC) = 0

Fundamental property



Integration-by-parts identities

® Relations among Integrals in dim. reg.

Pinches

N-denominator N-denominator (n<N)-denominator
generic Integral Master Integrals Master Integrals
[subtopologies]



Integration-by-parts identities

® Relations among Integrals in dim. reg.

o)

N-denominator
generic Integral

N-denominator

Master Integrals

Homogenous Term

-
Pinches e
(n<N)-denominator

Master Integrals
¢ [subtopologies]

_J

Non-Homog. Term



Integration-by-parts identities :: byproducts

® 1st order Differential Equations for Mls Barucchi, Ponzano; Kotikov; Remiddi, & Gerhmann;

...Weinzierl, Adams, Bogner ... Henn; Lee;
Argeri, diVita, Mirabella, Schubert, Tancredi, Schlenck & P.M.; ...

a@{éﬁ :

® Dimension-Shift relations

i

d+2

(5 )
(2 2)
EL WEL - B |
Pinches e
i v, \_ k.
Homogenous Term Non-Homog. Term
Bern Dixon Kosower; Tarasov; Lee; Bernstein-Tkachov;
+ related work by Gluza, Kajda, Kosower; Remiddi, Tancredi
( i)
(i )
e
MBS WES - MEL] | 5
Pinches e
% J \_ i)

Homogenous Term

Non-Homog. Term



Basics of Intersection Theory

Aomoto, Cho, Kita , Mazumoto,
Mimachi, Mizera, Yoshida, ...

Consider an integral I over the variables z = (21, 22, . . ., Zm)

1= [ u@) e

u(z) is a multi-valued function u(0C) =0

©(z) = p(z)d™z is a differential m-form.




Basics of Intersection Theory

Consider an integral I over the variables z = (21, 22, ..., Zm)

:/Cu(z) @)

" twisted

twisted  cocycle
cycle

u(z) is a multi-valued function

Aomoto, Cho, Kita , Mazumoto,
Mimachi, Mizera, Yoshida, ...

u(0C) =0

©(z) = p(z)d™z is a differential m-form.




® Equivalence classes, Integration-by-parts Identities, and Covariant Derivative

there could exist many forms ¢ that integrate to give the result I.

(m—1)-differential form &

o= [atut)= [une+uar= [u(Lrra)e= [uv

w = dlogu Yoy = 0 2= A

wl®p] 1 o~ @+ V€. /CUSOZ/CU(SOJFwa)



® Equivalence classes, Integration-by-parts Identities, and Covariant Derivative

there could exist many forms ¢ that integrate to give the result I.

(m—1)-differential form &

o= [atut)= [une+uar= [u(Lrra)e= [uv

w = dlogu Yoy = 0 2= A

wl®p] 1 o~ @+ V€. /CUSOZ/CU(SOJFwa)

® Space of m-forms :: Twisted cohomology Group
Ee= - formsion, | Viwm =01 AN ol

® Dual space

Bl Vs = @ — 5 A



PairingS Of CYCIES and CO'CYCIES Aomoto, Cho, Kita , Mazumoto,

Mimachi, Mizera, Yoshida, ...
® Basic building blocks

o= 01(z) € H, lor) = ¢r(z) € H, Cr] = /CL u(z) Grif= /CR u(z) ™!



Pairings Of CYCIES and CO'CYC'ES Aomoto, Cho, Kita , Mazumoto,

Mimachi, Mizera, Yoshida, ...
® Basic building blocks

o= 01(z) € H, lor) = vr(z) € HT, Cr] = /CL u(z) Cr| = /CR w(z) ™!
® Integrals :: pairings of cycles and co-cycles (oL |CL ] = /CL u(Z) oz
® Dual Integrals :: pairings of cycles and co-cycles [Cr | vr) = /CR u(z)"! or(z) = I
® Intersection numbers for cycles :: pairings of cycles | Ci | Cr | = intersection number

® Intersection numbers for co-cycles :: pairings of co-cycles (L | pr ) = / L(L) A PR
C

® Riemann Twisted Period Relations (orlor)={wr|C][CICr] " [Cr|¢r)

Cho & Mazumoto (1994)



PairingS Of CYCIES and CO"CYCIES Aomoto, Cho, Kita , Mazumoto,

Mimachi, Mizera, Yoshida, ...
® Basic building blocks

pl=pu@ e BT nzen@enn,  lal=[ w@ = [ ue
® Integrals :: pairings of cycles and co-cycles (o |Cr | = /CL w(z) pr(z) = I
® Dual Integrals :: pairings of cycles and co-cycles [Cr | vr) = /CR u(z)"! or(z) = I
® Intersection numbers for cycles :: pairings of cycles | Cr. | Cr | = intersection number

® Intersection numbers for co-cycles :: pairings of co-cycles (¢L | yr ) = / (L) A R
C

® Riemann Twisted Period Relations e | ) =

Cho & Mazumoto (1994)



Integral Decomposition from Differential Forms

I = (p|C]

Consider a set of v MIs,

Jz-:/u(z)e?;(z):(ei\(?], =l et i
C
I:ZCiJi
i=1

(] = ZCi @



Vector spaces of differential forms

® Space Dimensions

v=dim HY |
v = number of independent forms (twisted cocycles)

= {the number of solutions of w =10

® Basis :: bra <ez‘ =Sl SR a5 oV
® dual-Basis :: ket [l i L2 e
® Metric Matrix Cij — <€@‘h]>

intersection number

Lee, Pomeransky (2013)



Master Decomposition Formula ... o 00

+ Frellesvig, Gasparotto, Laporta,
Mandal, Mattiazzi (2019)

® Decomposition of differential forms

projecting (| onto a basis of (e;]

vV
e E . —1 :
2,7=1

® Proof
for an arbitrary |¢)

(<<p|¢> (p|lh1) (p|ha) ... <g0|h,,>\ (v+1) x (r+1) matrix M

e e1|h1) {(e1lho) ... {e1|hy .
M — iellii 262:h1§ EeJhii ée;:hi - (“DW AT) det M = det C <<¢|¢> —ATC 1B> —0
. 3 : i : o B C v b
\<ey‘|¢> <ey\.h1> <ey\'h2> <e,,\.hy>) (o) = ATCTIB = Z (p|h;) (C™1) 45 (eg]ep)

B,J=1



Intersection Numbers :: 7-forms

® 1-form {(yp| = ¢(z2) dz ¢(z) rational function

® Zeroes and Poles of W w = dlogu

v = {the number of solutions of w = 0}
P={z| zis apoleof w}

P can also include the pole at infinity if Res,—(w) # 0.

® Intersection Numbers (for cocycles)
Matsumoto (1996, 1998)

I-forms o7, and g

o [omln — 5 e (wp sOR)

peP

Y, is a function (0-form), solution to the differential equation V¢ = ¢r,, around p



Intersection Numbers :: 7-forms

® Solving a 1st ODE

d
Vot = oL —Ytwy =L
dz
® Way-1 :: Laurent expansions
T=2 =
known: ¢r, , and wy
max . .
ansatz: i, = Z wz(,j)T] O () ® Fixing the coefficients ==>
j=min ==> solving a simple, triangular system

® Way-2 :: Variation of parameters NEW

v=3 fue (prtn) = Y Resecpd ([uen) (w7 o) |

pEP

® left term :: series expansion + integration

® right term :: series expansion

® Residue extraction :: no system-solving required!



Feynman Integrals & Intersection Theory

Mizera & P.M. (2018)

® Baikov representation u«= B", v=(d—E—-L-1)/2

w = dlog(u) = vdlog(B)

_ ~ N A
szgpd Z, szzalzag...za]\ra
1 ~2 N

dNZEdzl/\dZQ/\---/\dZN




Feynman Integrals & Intersection Theory

Mizera & P.M. (2018)

=) Loop-by-Loop (LBL) Baikov l‘epl"n Frellesvig, Gasparotto, Laporta, Mandal,
Frellesvig, Papadopoulos (2017) Mattiazzi, Mizera & P.M. (2019)
u = Bi“B;Q - Bm

m

w = dlog(u) = Z% dlog(B;)
=1 (N — M) ISPs
— 5dM A [z, 2m) integrated out
Y = Z, Y = "a1 a2 ans
1 ~2 M

f rational function

dMZEdzl/\dZQ/\“°/\dZM




Integrals reduction and Master Integrals

Mizera & P.M. (2018)
La— {the number of solutions of w = O} Frellesvig, Gasparotto, Laporta, Mandal,

. Mattiazzi, Mizera & P.M. (2019)
® Basis of Master Forms <€z| |hj) h—l i

® Master Integrals = RE S with

® Integral Decomposition

I OIC] — Zcz



Basis choices

=12 ..., v

dz

T

z; are poles of w

® dLog Basis (ei] = (pi| =

® Monomial Basis (e;| = (@] = 2 1dz

® Orthonormal Basis

1P = Uh e S A S pick two special ones, say 2,41 and z,19

(e;| = dlog Sl ; |h;) = Res,—,.(w) dlog

2 — Zy+1 e )

e

v

Cij = 0i (0] = Z<¢|hz><ez| ® Gram-Schmidt method
=t

® ...or any arbitrary rational basis...



Dimensional Recurrence Relation

® MIs in (d+2n) dimensions

Ji(d+2n) = K(d + 2n) E£d+2n) Ei(d+2n) = (B"¢;|C] = /u (Bie)s i=12
C
® Master Decomposition Formula
el
e =) ¢ (% n=0,1,
n=0
® Recurrence Relations for Master Forms
v
Yl e = o —l
n=0
® Recurrence Relations for Master Integrals
174
Z 879 Ji(d+2n) — (0 Op = Cn/K(d 0 2’)1)

n=0



System of Differential Equations

® External Derivative

Wl 0. (0|C| = 0, / Hiio— /u(axu A +8x>90 = ((0z + 0)p|C] o= 0;logu
C €

Uu

O:(e;| = ((Or + oN)e;| = (D]

® Master Decomposition Formula

(@] = (@s]hx) (C71),; (es] = Qe Q=FC! Fii. = (D;|hy)

The C-matrix is important!

® System of DEQ for Master Forms

8x<62’ = Qij <€j’ , () = Q(Cl, x)




System of Differential Equations

® System of DEQ for Master Integrals
ik, with FE; = (e;|C],

Okl = Bl A=Q+K K = 9, log(K)I

® (Homogenous) Solutions

For each 7, the v independent solutions

Pij:<ei\Cj]:/uei, i,j:1,2,...,V,
Cj
v X v matrix P ® Basic math :: Resolvent matrix
® De Rahm int. th. :: (Riemann) Twisted Period matrix
® Example :: Derivative basis
)th

v-dimensional basis formed by (e;| and its derivatives up the (v — 1)""-order

P = Wronski matrix



Contiguity relations for Special Functions




Euler Beta Integrals

InE/uz”dz, u= B"7, B=2z2(1-2),
C

® Direct Integration
'+ +~+n)

J =

I'(2 + 27 + n)
® Integral relation
Tl I'(2+4 2
a relation between I,, and I lre— /e OIE: s ) I
I'(l+y)T(2+2v+n)

® Specialcase 7. =1 = 5]@

C

0,1]



Euler Beta Integrals

InE/uz”dz, u= B"7, B=2z2(1-2),
C

® IBP identities
/ (B T =
C

(¥ £ 1)1 — (L + 29 + n)I, =0

® Specialcase 7. =1 I = =1

C =10,1]



Euler Beta Integrals

® Intersection Theory
I, = / UGnt1 = wiPnt1|C] Pnt1 = 2 dz
C

1 1
— 7 j— — p— — == T p—
= B B — ) w = dlogu W(Z—I—z_l)dz P = {0 el

® Monomial Basis

1 master integral Iy = J{#1|C]

® Integral relation

c1{(¢1]|

e — ¢y R (P2

c1 = (P2|d1)(d1]1) ™"

® Master Decomposition Formula

Ci; has just one element Ci; = (¢1|¢p1)

(#1]h1) = Res,—co(Voo 1) = - |l = %

W&y = )2y 210
(ool e WRIE s R ) — Gl

42y —1)(2v+ 1)




Feynman Integrals Decomposition
:: on the maximal cut :: 1-forms

&On the maximal cut :: simpler integrals

& 1-forms :: univariate integral representations

®Operation required :: Intersection Numbers for 1-forms



Two-Loop Non-Planar Triangle

P
P, > Di=ki, Dy=ki—m?, Ds=(p1— k1)’ , Dy = (p3— k1 + k2)> — m?, 2 A
D5:(k‘1—k2)2—m2,D6:(p2—k2)2—m2. Z:D7:2(p2+k1) _pl
Ps
=8 BZ(22—7'12) (Z2—7'22), 71 = 5v/1 + (4m)2/s, (=
Fl i 2vz (22:2 - 7'12 = 7'22>
el = dz , kL3 P={—71,—T2,7T2,T1,X
o 2D = 13) L
i 1 1 1 1 i
- is. = — a7 = — do — — a
gloe bagls e <7‘1—|—Z 7'2+z) 5 i (72+z ZTQ) 7 (2—7'2 2—7'1>
J& Sl
(e1lp1) (e1lp2) {o1les) e fo 2100 121
C = | (paler) (palpa) {palps) | == -1 2 -1 Grs gl
(w3le1) (psle2) (psles) Ue=l 2 It
00 : Ciom Al e ) il . .
the projection of ¢1 = dz is | — {o1| + (2| + (3] verified with REDUZE.

47+1¢1 4y +1 4y +1



Two-Loop Non-Planar Triangle

Py
p‘l
P3
. : : 1 . IS
System of Differential Equations P o(x) = 0z log (B(Z, ) ) e :
T9 o = 2
(®;(z)| = (0 + o(x)) ;] ol e (2y732® — 2973z + T3z + ez — 2% — T2) o
(T2 + 2) (Tox — 2) (T2 + 2) 2 ’
4773:{3
@ ==
O S mr e e
s (277'22:1:2 — 277'22313 + 7'22x e ng)
<¢3($)| L (7_2 = Z) (7_23: = Z) 2 (7_23: T Z) dZ
722 4+2x—1 it 2 Sl
(w—l)a:éw—i—l) Z:—l w(ac2—|—1)
Fi; = (®i|p;) I = boa1 e e ey
el N Tx242z—1
z(x+1) =1 (z—1)z(x+1)
Agpdigp| ik 1
(z—1)z(z+1) = x(zr+1)
@, Fc—l s B 2 D i 2
= = z—1D)(z+1) z+1  (z—1)(=z+1) ®
1 i Az’ +x—1
z(z+1) r (z—1)z(z+1)



Non-Planar Contribution to H+4j Production

p P ’ :
1 o 4 Loop-by-Loop form of the Baikov representation
D=k, Dy=(ki+p1)?, Ds=(k1—ps—ps)°,
Dy=(kg—p3)2—m? Ds=ki—m?, Dg=(ki—ky)?—m?2, Zi—l) S (5] —p3)2
D7=(k¢1—/<:2—p4)2—m%.
Do — (ko T
2 d—5 2 2\ 452
P, P, u:(—mH+s+t+z) (z(mH—s—z)+4smt) 2 |
V2 (=md +5+2)
2 3 4
eI (D 2 g3 2 g Z a
W = 5 > > 0 Uil
2z (—mH+s+z) (—mH+s+t+z) (z (—mH+s+z) —4smt)
P ={0, m—s, 5(my—s—p), 3(mi—s+p), my—s—t, o}, p = \/m — 2om¥ + 1653 + 5.

Mixed Bases i = hLii11110 = (e1lCl, J2 = Lin11111:0 = {€2|Cl, J3 = T1,1,1,2,1,1,1,0 = (e3|C] and Jy = I11.1.191.1:0 — (e4|C]8

5 1 1
s e e
5 :(d—5)(m‘}q—m%{(Zs—l—t—i—z)+52+5(t+z)+2tz) e 1 i 1
. s(cm +5+t+2)2 ’ -my+s+z L(-mi+p+s)+z’
b (d—5)(s+2) i . 1 = 4 1
z(m% — s —2z) +4sm?’ ol =i == paRe) S F i = s 2
(d—5)(m}; - 2) s 1 1

Cu =

z(m% — s —z) +4sm2

i,j=1

LSS G i ey oiehe €3 I3 el



Non-Planar Contribution to H+4j Production

p p : .
1 o 4 Loop-by-Loop form of the Baikov representation
D=k, Dy=(k1+p1)?, Ds=(k1—ps—ps)°,
Dy=(ka—p3)®—mi Ds=ki—m;, De=(ki—k2)?—m;, i) — (kl —p3)2
D7:(/<:1—k:2—p4)2—m%.
Dy = (k2 + p1)°
2 d=5 ) 2\ 45
P, P, u:(—mH+s+t+z) (z(mH—s—z)+4smt) 2

9

\/z (—m2, + s + 2)

e GO+ qaz+epz+az’+aq . ( o )
= 2 [Uii= 21
22(—m%{+3+2) (—m%{+s+t+z) (z(—m%+s+z)—4sm?)

2 :{07 m%{_‘% %(m%l_s_p)7 %(m%{_s—*—p)a m%{_s_ta OO} 3 e \/mé}{ i 28m%{ + 168mt2 a3 5%,

Mixed Bases Ji=Thi1111110 = {elCl, 2 = hiz1111100 = {e2|Cl, Js = T1,1,21,1,1,0 = (es|C] and Jy = I3 1.1.1.21,1,0 = (€4|C],

Checks.G(IRA, leaves us with 6 MIs,) 2 more: J5=1111,1121.00, Je = 11,1,2,1,1,1,1,0,0 -

PR 2UT) =)0

. o i L i gy M L i it b i (ol e @)
S mis S mygs
: o
@ B e o = s DS Do, I8 o o e (on the cut)
miy + S mi + S

after using these 2 extra relations KIRA is in perfect agreement

(V = 4 verified with a numerical evaluation of the integrals on the maximal cut + PSLQ [80 digits])




Other Applications :: proof of concepts

Integral family | Sec. | viBL | Vstd Integral family | Sec. | viBL | Vstd

7 1 1 143 4 6
8 3 3 151] 3 3
9 1 1
152 | 3 3
10 2 1
16 3 3
11 2 2
// P
16 | 3 3 o@
12 3 4

13.1 2 2

16 3 3 g

Py P,

132 3 4 16 3 3

13.3 3 4 16.1 3 3

siretpsttetistisihstiz

14.1 4 4 17.1 9 92

14.1 4 4 17.2 3 3

14.2 4 6 17.3 3 4

RO:A:G6:0:0:0: Q: AR

Table 1: Comparisons of the number of masters obtained by the LP criterion, from

Loop-by-Loop (v1,p1,) and standard Baikov parametrization (vgq).




Feynman Integrals Decomposition
:: n-forms ::

Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M.
arXiv:1907.02000

&n-forms :: n-variable integral representations

& Operation required :: Intersection Numbers for n-forms

&n steps down in the decomposition

® 1-loop Nonagon e %L(L T ® 2-loop Box
: \
/le SRR TAL dZQ nlB(Z) 9
€ Sl
i

@ Int. Num. for 8-forms & Int. Num. for 7-forms



n-Forms

e — / u(z) p(z) oz =— (77 d"z =dz; e
C

® Number of Master Integrals v =dim HY} |

1) Counting Critical POintS Lee, Pomeransky (2013)

n
w = dlogu(z) = Z W; dz; v = number of solutions of the system of equations
n=1l

w; = 0, logu(z) =0, ji=Al

2) Euler Characteristics Aluffi, Marcolli (2008)

Bitoun, Bogner, Klausen, Panzer (2017)

v == e a2

in terms of the Euler characteristic x(P,,) of the projective variety P, defined as the set of poles of w.
Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)



Multivariate Intersection Numbers

Mizera (2019)
I (I1-1 )-form Vector Space: known! Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

n— —1 n-— n—
Call Y (Cay), = el

® n-form decomposition: n = (n-1) + (n)

o = o) A g 1y & o)
EREDY () (07 Zm WA
=

& Intersection Numbers for n-forms :: Recursive Formula (1)

W lei) = =7 Res (aoa(pl h" ) pl)

PEPn

Mizera (2019)



Multivariate Intersection Numbers

Mizera (2019)
I (I1-1 )-form Vector Space: known! Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

n— —1 n-— n—
Call Y (Cay), = el

® n-form decomposition: n = (n-1) + (n)

o = o) A g 1y & o)
EREDY () (07 Zm WA
=

& Intersection Numbers for n-forms :: Recursive Formula (11)

(n) (n) E : E : (n) (1) (2) (n—1) (1)
n (P19 Res v Res |00 W10, Vigia * Vin_ain_1 Yinia
anPn p1€771
Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

V. Q<n>¢(n)- . — % [ e i e

Tm—1 Tm 1'Lm>



Feynman Integrals Reduction




Massless Box

d—>5

u(z) = ((st—sza—t23)® — 2tz1(s(t+223—22—24)+t23)+ 5725 + 1727 — 2522(t(s—23)+24(s+2t))) =

® Integral Decomposition

+ o >Q<—|-03€3




Example. / o
H 0 A e R

e Cutsq 31 : i - o
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in agreement with the IBP decomposition.



To Conclude:



Amplitudes Decomposition:
Z the algebraic way

a = axl ayi + azk

&Basis: {i j k}

&Scalar product/Projection:
to extract the components

ax = a.i dy = a.j az= a.k



Summary

® Novel Math for Quantum Field Theory

® De Rahm (co)Homology and Intersection Theory

& Rich theory :: Differential and Algebraic Geometry, Topology, Number Theory

® Novel Property Discovered

& The algebra of Feynman Integrals (and not only) is controlled by Intersection Numbers

& Intersection Numbers ~ Scalar Product/Projection between Feynman Integrals

& Exploiting the geometric properties of the integrands, dictated by graph polynomials

® Novel Formulae for Multivariate Intersection number
& Useful in Physics and Math

® (towards a) Novel Decomposition Method

& Direct decomposition into a Integral Basis
& Direct construction of system of differential equations for the Integral Basis

& Direct construction of finite difference equations for the Integral Basis



1 he unreasonable effectiveness of mathematics
E. Wigner

Wigner was referring to the mys-
terious phenomenon in which areas of
pure mathematics, originally constructed
without regard to application, are sud-
denly discovered to be exactly what 1s
required to describe the structure of the
physical world.

M. Berry






Gauss 2 f7 Hypergeometric Functions
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Gauss 2 f7 Hypergeometric Functions

® Monomial Basis {{(¢i|}i=12 dn+1 = 2"dz

® Metric c — [ (91l61) (1]¢2)
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® Master Decomposition Formula (Pn| = Z (Pn|P;) (C_l)ﬂ- (¢
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® Gauss’ contiguity relation

(p3|C] = B(b+ 2,c — b)oFi(a,b+2,c+ 2;1)
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Gauss 2 f7 Hypergeometric Functions
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® Canonical System of Differential Equations
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Appell F; Functions
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Lauricella /' Functions

ﬁ(a,c—a)FD(a,bl,bg,...,bm,c;azl,...,a}m):/ugaz w{p|C]
C

m
w= " =y e H(l e
i=1

G0N =0\ w = dlog(u),

(V:m+1,) 772{0,%1,%2,...,%,1,00}

v =dimHL, = [number of P-poles - 2] = [number of P-poles - (1+1)]

Is this relation accidental?




(other) Parametric Representations:

® Schwinger Parameterization

® Lee-Pomeransky Parameterization

Gamma Function :: 1-variate InterX

E(ls) = / e

=0

() = aT e € 0,59

w::dlnu:(s_1—1>d;z: yv=1

X

iy — /Cugbn 0, O Oty

¢o = ldx F(0) := (| C] (¢o| o) = s —1
01 = zdx o € ($1] d0) = s(s — 1).

® Master Decomposition Formula

(1] = (P1| do) {Po| o) " (o] =s{do] = I(1)=sI(0)

I'(s+1) = sI(s).

P =0 esl

Frellesvig, Gasparotto, Mandal, Mattiazzi,
Mizera, Ossola, Sameshima & P.M.

(in progress)



Box w/ self-energy
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® Integral Decomposition
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in agreement with the IBP decomposition.
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in agreement with the IBP decomposition.



Contiguity relations for Special Functions




Hypergeometric 3F>
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Mathematica: ok



