Nuclear matter calculation

with the tensor optimized
Fermi sphere method (TOFS)

Taiichi YAMADA
Kanto Gakuin Univ., Yokohama, Japan



Outline of the talk

1. Introduction

2. Formulation of the tensor optimized Fermi sphere method (TOFS)
3. A linked cluster expansion theorem in TOFS

4. Frist application of TOFS to nuclear matter with AV4’ force

5. Summary



OInterests in nuclear matter study

(1) High-density region: Neutron star, EOS  Roepke et al. PRL80 (1998)
(2) Low-density region: Alpha condensation (p < p,/4)
Alpha cluster structure in finite nuclei (ex. Hoyle state)

©Study of nuclear matter with realistic forces

* Non relativistic: ex. Pandharipande et al. with VCS, FHNC/SOC
= Relativistic: ex. Brocmann et al. with Relativistic BHF

Comparative study of various methods:Baldo et al. PRC86 (2012)
©Tensor optimized Fermi sphere method (TOFS)

A new nuclear matter calculation method

Nuclear matter w.f. T. Yamada, Annals of Physics 403 (2019), 1.

= Power-series-type and/or Exponential-type correlated w.f.s
supported by a linked cluster expansion theorem in TOFS

& The TOFS method is contrast to FHNC/0,/4,/SOC, using Jastrow-type w.f.
supported by a linked cluster expansion theorem by Fantoni & Rosati




Nuclear matter studies

« N lativistic: Brueckner et al., PR97 (1955)
on refativistic: Brueckner PR100 (1955)

Brueckner-Hartree-Fock cal. (BHF) Goldstone Proc. Roy. Soc. A239 (1957)
Brueckner-Bethe-Goldstone approach to third order
in hole-line expansion (BBG) Song et al., PRL81 (1998)
Variational method based on hypernetted chain summation method
(VCS, FHNC/SOC) Pandharipande et al., RMP51 (1979), Akmal et al., PRC56(1997)

Self-consistent Green’s function (SCGF) Fantoni & Rosati, NC43A (1978)
Frick et al., PRC71 (2005),Rios et al., PRC79 (2009)
Auxiliary field diffusion Monte Carlo (AFDMC)
Gandolfi et al., PRL98 (2007), PRC79 (2009)
Green’s function Monte Carlo (GFMC)

Carlson et al., PRC68 (2003)
Lattice calculation Abe & seki (2007)

= Relativistic: Brockmann et al. PRC42 (1990)

Relativistic Brueckner Hartree Fock calculation
3-body force caused by anti-particle and A-particle ?



Symmetric nuclear matter : Argonne potentials (no 3N force)
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*Dependence on calculation methods.
* A problem of numerical convergence .

4

Baldo et al., PRC86 (2012)

It is important to study the nuclear matter with a new method.



FHNC((/0., /4, /SOC) Linked cluster expansion theory

Jastrow-type Iwamoto, Yamada PTP17(1957) Diagram representation:

Fantoni et al. Nuovo Cimento A 20(1974)
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(1) “f; 7 independent of operators: Fantoni & Rosati NC A43, (1978) etc.

FHNC/0 eq. : “NODAL”+ “COMPOSITE” : Integral equations (FHNC eq.)

FHNC/4 eq. : “NODALS” + “COMPOSIT” +”Lowest ELEMENTARY (only 4th term)”
(2) “ f; 7 dependent on operators: Pandharipande et al., RMP51 (1979)

FH NC{L\SOC eq. (=VCSE? : “SOC-appro():(imabIe diagrams of NODALS”+”COMPOSITE”
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*Variation for two-body cluster energy = determination of “f “

= estimation of many-body terms by SOC eq.

*Neglection of "ELEMENTARY” diagrams: But, possible effects in 160 and 40Ca
G. Coetal, 1994

TOFS w=|1+r+ 1F2 n 1F3 n ] @, : Power-series (or Exponential) correlated w.f.
2! 3! energy variation with ¥

= “NODALS”, “COMPOSITE”, and “ELEMENTARY” are computable.




Formulation of TOFS and
Linked cluster expansion theorem




Formulation of TOFS method (on Hermitian form)
©Power-series type (Nth order)

T. Yamada, Annals of Physics 403 (2019), 1.
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Yy = zEFk D, _ 2kg
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. . (st
Fs = Ez (i, 1) =Ey y 7 fS(St)(L,])PiS.S ) Central-force type
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©Exponential type
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Expectation value in nuclear matter: Cluster expansion

Arbitrary M-body operator (Hermite, translationally invariant, symmetric)
A

0 = z O(il,iz,“',iM)
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). - (Wer|O|Wex)  (@o|exp(FT)Oexp(F)| o) i 5

(Pex|Pex) — (Doexp(F1) exp(F)|dg) &

Correlated Hamiltonian exp(FT)Oexp(F) = Hermit



Difference from “Coupled-cluster theory”

A-fermion wave function: exponential ansatz

— T H. Kummel et al., Phys. Rep. 36 (1978
|¥P) = e’ |Dy) vs. Rep. 36 (1978)

2 G. Baardsen et al., PRC88, (2013)
P z - G. Hagen et al., Rep. Progr. Phys. 77 (2014)
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A-particle Schrodinger eq. or CC energy eq.

~
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Set of CC amplitude equations:
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Expectation value of O with power-series-type w.f. ¥y,

Arbitrary M-body operator (Hermite, translationally invariant, symmetric)

A

0 = Z O(il, iz,“',iM)
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|Power-series type w.f. | Yy(a) = zk_ (aF)¥| @, a is a real number
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Linked cluster expansion theorem
in TOFS

We will show that a linked cluster expansion theorem
is established in the exponential type w.f. W,

T. Yamada, Annals of Physics 403 (2019), 1.




Expectation value of 0 with exponential type w.f. ¥,

Arbitrary M-body operator (Hermite, translationally invariant, symmetric)
A

0 — z O(il,iz,“',iM)
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| Exponential type w.f. | Y., = exp(F) ®, = Allim lE FFk D,
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B — A C by B . 1 kA ok
n =T k—lb_o n-k an = Z SR (Do|FFOF¥|D,)
= k=0

271
b, = — (Do | F™|Dy)




We have to evaluate the expectation value of the operator products, for example,

(Do|F* *OF*|®y) and (@ |F™| D)

The operator products, F*"*OF* and F", can be expanded as the sum of the multi-body
operators. For example,

A A
1 1
PP =) fap |5 F@)

i#]j i#]j

ZZf (i) + Z FNSGR) + 7 Z FF (k)

=] i#j*k li]ikil

= 2-body term + 3-body term + 4-body term

In general, if O is a 2-body operator, F*"*OF¥ is expressed as the summation from
the 2-body to (2n+2)-body terms.

Furthermore, the matrix element of the m-body term with respect to ®, has
an (m-1)-power dependence with density p.



For example, a correlated Hamiltonian with tensor force I/, having 5-operator product,
is expressed as

FoFsVeFsFo = | Y fo) || ) s || Y vy | D £y [ D foi)

i<j i<j i<j i<j i<j

= 2-body terms + ---- + 5-body terms + ---- + 10-body terms

Next, we will show one example of the 5-body terms.



One example of the 5-body terms in the previous-slide correlated Hamiltonian is given as

Os = z o (irix) fs(izia)Vr(izis) fs(izia) fp(izis) = (12)(34)%(35)

Matrix element of the 5-body term: composed of 5 ! =120 integrals (=12-dim. integral)

(@l05|®o) = A x p* X § sgn(B) j dr1,dT34dT350T14Gp (112,734, T35, T14)
B
1 24 2.
Ge({r}) = E 551,1552,1553,1X_45 § FES)(H'%BS)(313253)1:[;5)(12'34'35)(t1t2t3)

S1t1S2t253t3 xyuvpq

X fu(sltl)(7"12)(T12)x(r12)yfs(szt2)(7”34)VT(52t2)(7"34)(7"34)u(7"34)v s(sztz)(7”34)fD(53t3)(7"35)(7'35)p(r35)q93 ({r})

f: permutation

Each integral (5 ! =120 ) can be shown graphically, and is classified into linked and unlinked
diagrams: One ex. of unlinked (linked) diagrams

1 1
2 5 2 5
3 4 3
Unlinked (divergent) « volume 2 — oo Linked (convergent)
(12345 _ (12345
b= (12345) B = (53241)



Decomposition into linked and unlinked diagrams

<<1>0|F"1 OF™

c1>0> = <<1>0|F"1 OF™

c1>0> + <CI>0|F"1 OF™
C

q>0>
dis

First term in R.H.S: linked (=sum of linked diagrams) : convergent
Second in R.H.S.: unlinked (=sum of unlinked diagrams): divergent (o< 2™)

(Volume ) — o0)

We can prove the following recurrence formulas:
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(@olF™|@g) = )

k=0

(n—1)!
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nz!
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kl +k2=k

ny — k)lky! (ng — ky)!

<CDO|F"1 OFk

q)0> (q)o |Fn1+n2—k|q)o)
C

We can prove them by the characters of operator products and antisymmetrization
of Fermi-sphere w.f. ®,.

See ‘T. Yamada, Annals of Physics 403 (2019), 1/



In general, B,, has linked diagrams and unlinked diagrams.

But, applying the recurrence formulas shown in previous slide to a,, and b,,, we can prove
that all of the unlinked diagrams in B,, are canceled out. Consequently, we only have to
evaluate the linked diagrams in the present framework:

a b
B,=——) X

Eventually, we get the final expression as

(0) = (Vex|OWex) _ (®o|exp(FT)0exp(F)|®,)
X (Wex|Wex) (CDO |exp(FJf) eXP(F)|CDo>

oo oo oo 1 R
Sn-Ten- 3 cledmon

n=0 n=0 n=0 NN
nitn,=n

@)
C

This equation means that the expectation value of operator O with the exponential-type
correlated wave function ¥, is given as the sum of the linked diagrams.

In other word, a linked cluster expansion theorem is established.



Next, we will discuss the expectation value of 5, (5) v with Nth power-series

. 1
correlated nuclear-matter wave function ¥, = [ Mo FFk] Dy .

Taking into account the fact that W, is the Nth order polynomial with respect to F,
one may take the following expression for (5)N as an approximation of

the exponential-type case (5)ex,

<5> :<WN|0|LPN zi i <CI) |Fn1 OFm2
N (W) 4 Longing! °

(CI>0|exp(FT)5exp(F) |CI>O)
(cpolexp(F*) exp(F)|d>o>

Z Z <CI>0|F"1 OF™
n1' nz

n=0 NN
n{+n,=n

o

C

—— (0) =

N — oo

),

In the actual numerical calculation, the calculation of exponential-type (5)ex is difficult.

Therefore, we will use power-series-type (5)N in the actual calculation.



Binding energy per particle
in nuclear matter with TOFS




Hamiltonian

A A A
1 1
H=Zti+§zvij+g z Vijk
i=

i#] ESED 4

Binding energy per particle in n.m. with power-series-type v,

o L(WylH|Wy)
NTA (W W)

IR

P

nq =0 no =0

<CI>0|F”1 HF™

@)
C

We refer to evaluate By as the Nth-order TOFS calculation.

1
nl!nz!

15t order TOFS cal.

1
—Byn=1= 1 [(Do|H|Dg)e + (Po|FH + HF |®P) + (Po|FHF |Dg) ]

2"d order TOFS cal.
[(@olHI®o) + (@0 FH + HF @) + <c1>0 %FZH + FHF +
—By_,=—
A +<c1>0 %FZHF +%FHF2 c1>0> + <c1>0 21,2
) |

— F?HF?

1

2!

o

HF?

C

o

C




Gaussian expansion of Fg and F,

F=F+Fp
1 L
Fs = Ez fs (@) = 57 7 7 fs(St) (Tij)Pig-St) ) Central type
i#] s=0t=0 i#j
al= g&Y x y#~1 :size parameter
fs(St) (r) = Z CS(St)exp [—agﬁ)rz], S TS0

CS(St) - expansion coefficient

oo
1 1 e
Fp = Esz ) =§§: 7 S:fD(st) (Tij)7"5'512(l,])PiS-S )§51,  Tensor type

L#] s=0t=0 i#j
t t PR
29 Z c5Pexp [-afr?| apy=ape X y#~1  :size parameter
r)= exp|—ap , 7|,
’ m R ClgSt) : expansion coefficient

Variational condition of the binding energy B

0By 0By o (st) st
aC(st) =0, ac“” =0 I:> determination of Cs,u and CD,M
S,u D,u




15t order TOFS calculation with central NN force

WYy = (1 + F5)P
A

1
_ (5,t) p(st) (st) _ (st)..2') p(st)
Fs = Z CS’# FS’M , Fs,u = Ez exp (—aS,M rl-j) Pl.j
s,t,u =]
1
—Bn=1= 1 [(DPo|H[Pg)e + (Po|FsH + HFg| D) + (Do FsHFg|Pg)]
| (st) (st) (5,0 |
1 (@olH|Po)e + Z <(DO|E9'“ H+ HFZ?’“ q)0>c CS”" Quadratic form
= — St - (s,t)
A n o |F(st)HF(51t/)|cD C(s,t)C(sr,tr) with CS'“
01°s,u S,ur 0 . S,u =Ss,ur
s,;t,us’ t' ur
. _ 0By-1
From the variational condition, —75 =0,
(')Cs’”
1
(8t) g (s7t1) (sntr) _ (st) (st)
D @l ESOHES, |@o) ¢ = =Z (@0l ESH + HES|@0)
sntru!

Simultaneous linear equations with respect to {Cﬁ’f)}



st 1
In the 1%t order TOFS calculation, H=T+V = z t(i) + = z v(i, /)
we have to expand the operator products: 2

1
T = <§Zfs(i,j)>

i%j

1
(@D | = ) KGO +5 ) fENek)

INGE

e i=1 =] i#j*k
2-body term 3-body term
A
1 o\ ] /1 .
FVFs = (5 @D )5 v@n |5 A6
£ i#j I#]

= 2-body term + 3-body terms + === + 6-body term

In the TOFS calculation, we estimate the contributions from all of the many-body terms,
i.e., matrix elements up to the 6-body term.



2"d order TOFS calculation with central NN force

1
LIJN=<1‘l‘FZg"‘_P‘SZ)cI)O

2!
. A
_ (s,t) (st) (st) _ (st) (st) (st)_ _(st)
ks = Z Csp Fsu™ Fop™ = Ez ©xp (_aS.Su rl%-) By s = As,0
s,t,u =]
I 1 1
1 (Dy|H|DPy) + (Py|FsH + HF 5| D) + <<I>0 mFSZH + FGHF + ol
“Bv=2=7 R T 1 0
+<<DO ?FS HFS+ﬂFSHFS CI>0> +<CI>0 WFS HFE;“|®
c !

x yH1

HF?

o)

We have to estimate the matrix element up to 10-body term arising from Fg*V F*

A

i#]j

1 1 1 1 1
F?VEs? = (52 fs(i,j>> (52 fs(i,j>> RB) (52 fs(i,n) (52 5. J)
=] ]

i#]j

= 2-body term + 3-body terms + =*= + 10-body term
. e . 0B -
From the variational condition, a—’g's‘t)z =0,
C,
one should solve non-linear equations with respect to {Cgsif)} .

i#]j

c1>0> _
C

|



Difference from TOAMD (tensor optimized AMD)

TOAMD : Variational framework for ab initio description of light nuclei
T. Myo et al., Prog. Thor. Exp. Phys. 2017 (2017)
Lyu-san’s talk

Y(TOAMD) = [Arbitrary power-series form of Fs and Fp ] X ¢(AMD)

For example,

U= (1+Fs)(1+Fp)Pg
U= (1+Fs+ Fp)?®,
U= (1+4Fs+Fp+ Fz+4+Fp + FsFp + FpFg)®

These w.f.s successfully reproduce the properties of s-shell nuclei.

However, they are not allowed in nuclear matter calculation, because unlinked diagrams
are not canceled out in their calculations.

In nuclear matter, the following type w.f. is allowed
1 1
W= |1+ (Fs+ Fp) +§(FS + Fp)* +§(FS +Fp)? 4+ | D

In this w.f., all of unlinked diagrams are canceled out, and only linked diagrams remain.



15t order TOFS calculation
with AV4’ force

Yamada, Myo, Toki, Horiuchi, lkeda, arXiv1808.08120.




Nuclear force: AV4’ (only central)
R.B. Wiringa et al., PRC51 (1985)

3 GeV
3000 v_st
I av4’ potential I - —-v00
v10
2500 i
i — iG]
2000
2 1500} Deuteron B.E. = 2.24 MeV
< in 3S, channel
= 1000
500
O = ':-"'r T i N5 W NN : ]|
1 2
r [fm]

The NN phase shifts of 1S, 3S,, and 1P, channels are reasonably reproduced
up to 350 MeV/c. But, those of 3S; , and 3P, , , are not because of no tensor coupling etc.



1%t order TOFS cal. (symmetric nuclear matter)

1
—Byn=1 = 1 (Do |H| Do) + (PolFsH + HFs|Pg) + (Do |FsHFs|Pg) (]

= Kinetic (1-body + 2-body + 3-body + 4-body + 5-body ) terms
p2/3 p’p5/3 pZ’p8/3 p3’p11/3 p4’p14/3

+ Potential ( 2-body + 3-body + 4-body + 5-body + 6-body )
p p’ p? p* p°



How to calculate the matrix elements of many-body terms arising from operator products.

Ex. 1 1
FSVFS=<§ZfS<i,j)> Zv(z ) (Zfso n)

I#] i#j I#]
= 2-body term + 3-body terms + ==+ + 6-body term

6-body t _ 1 L, vk, _1123456
-body term = §i¢j¢k¢zl¢m¢nf5(l'])v( Dfs(mm) = 5 (12)(34)(56)
(@0] 5 12EHEO)| @) = 4% p° x Y sen(®) [ dlr) G,
B

1 1 34 34
G ({r}) = = S‘ ;‘ ;‘ EFﬂ(s)(12.34.56)(51, 5, 53)F,3(6)(12'34'56)(t1» t,, ts)

S1,t1 Sp,t2 53,03

6
f(sl tl)( 2) 2 tZ)( T34) f(s3 t3)( Ts6) 1_[ h(kron(B)),
n=1

h(x) —]1( ): slater function, f = (,311,322,33321,355,366>' pn(B) = Z6nﬁjrj — Ty

J1(x) : spherical Bessel function



Jj1(x)

Gaussian expansion of h(x) = Jj1(x) : spherical Bessel function

(X
h(x) = hi ) = z cpexp(—v,x?), X =kpXr
n

Damped oscillation

=

<

1

-
5 10
X

_05 -

<CI>0| % (12)(34)(56)|CI>0> = multi-dimensional (15t dim.) integral = Gaussian Integral

This reduces a lot of the computation cost.



15t order TOFS cal. (symmetric nuclear matter)

1
—Byn=1 = 1 [(Do|H|Dg) + (Po|FsH + HEg|Pg) + {DPo|FsHFs|Pg)]

= Kinetic (1-body + 2-body + 3-body + 4-body + 5-body ) terms
p2/3 p p5/3 p2’p8/3 p3 p11/3 p4’p14/3

+ Potential ( 2- body + 3-body + 4- body + 5-body + 6- body )

2 4

-Bp- -4.1 -7.4 -15.1 -26.6 -35.4

BHF -7.4 -11.2 -17.7 -26.4 -29.7

BHF results from “Baldo et al., PRC86 (2012)”, including the contribution from 3-hole lines
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Symmetric nuclear matter: Argonne potentials (no 3N force)
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Baldo et al., PRC86 (2012)



Radial behaviors of spin-isospin correlated functions

A
1 t
Fs=> ) ) 1E90)ps?

é?ko

p=0.170 fm-3
00 == +- :
R A 2 r [fm]

o B 10
/ —3E
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-10 ,J
/1E

-15

v(r) [MeV]

3000

2500

J—
[42)
o
o

500

2000 | \

1000

VE AV4'

Deuteron B.E. = 2.24 MeV




Contributions from many-body terms at p = 0.170fm?3

(0) One- Two-body
(@o|0|Pp)| body

(T) o

(FsT) O
(TFg) @)
(FsTFy) o

(V) O
(FgV) @) O @)
(VFg) O O @)
@) O O

1

O OO

(FsVFg)
23.0 -21.9 -25.5 11.

-B - -26.6

We can see important contributions from many-body terms.



Summary

The tensor optimized Fermi sphere (TOFS) method based on
Hermite form has been newlx proposed. In this formalism, the
correlated nuclear matter w.f. is taken to be the power-series-type
(and exponential-type) of the correlation function F. This was

_(Ie_gsi:tgre by the linked cluster expansion theorem established in

In TOFS, the correlation function is optimally determined in the
variation of the energy with respect to the nuclear matter w.f.

We have performed the 15t order TOFS calculation with AV4’ force,
where we took into account the contributions from all the many-
body terms (up to 6-body term).

We found the density dependence of E/A in nuclear matter is
reasonably reproduced up to p = 0.20 fm3, in comparison with
the other methods such as the BHF approach. We found important
contributions from the many-body terms.

Future plans: nuclear matter calculations with AV6’, AV8’ etc.
2"d order TOFS calculation etc.
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