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especially relatively light systems, exhibit a coexistence of the nucleonic liquid phase and
nucleon clusters, predominantly 4He nuclei (α-particles).

Clustering phenomena present a unique characteristic of nuclear structure and dynamics
from light even–even systems with an equal number of protons and neutrons to heavy and
superheavy elements, and from stable nuclei to exotic neutron-rich systems far from the
valley of β-stability. Some of the earliest models of nuclear structure were, in fact, formulated
in terms of aggregates of nucleon clusters [11–14]. Later it was suggested that although
nucleonic matter in nuclei at low energies behaves like a quantum liquid, cluster structures
should be observed as excited states close to the corresponding threshold energy for cluster
emission [15, 16]. Closeness to the continuum and geometric shape transitions (intrinsic
deformations) in light nuclei favour the formation of clusters. Their origin, however, lies in
the effective nuclear interaction [17]. Very recently it has been shown, using lattice effective
field theory, that in light even–even nuclei with equal numbers of protons and neutrons, a
first-order transition at zero temperature occurs from a Bose-condensed gas of α-particles to a
nuclear liquid [18]. The transition is determined by the strength of the α–α interaction, which
depends on the strength and locality of the nucleon–nucleon interactions. In an earlier study
based on nuclear energy density functionals (EDFs) [19], we demonstrated that conditions for
nucleon localization and formation of clusters can be related to the depth of the effective
potential that confines protons and neutrons in a nucleus. To gain a full understanding of the
mechanism of cluster formation, a consistent theoretical framework will have to be developed
in the future that encompasses both cluster and quantum liquid-drop aspects, taking into
account the principal characteristics of nuclei as finite, self-bound and open quantum systems;
a relatively small number of constituent particles that self-consistently generate the confining
potential, geometric shape transitions, surface effects, and coupling to the continuum.

2. Localization and clustering in nucleonic matter

Neutrons and protons in finite nuclei and extended nucleonic matter exhibit several phases.
Symmetric nuclear matter, in particular, is an idealized infinite and homogeneous medium of
an equal number of structureless protons and neutrons interacting by low-energy nuclear
forces, and no Coulomb force. At equilibrium nuclear matter behaves like a quantum (Fermi)
liquid characterized by a saturation density of 0.160r » nucleon/fm3 and binding energy
E 16B » MeV/nucleon. The quantum liquid nature of nuclei and nuclear matter was dis-
cussed by Mottelson [20], who used a previously introduced quantality parameter [21]:
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The quantality MotL is defined as the ratio of the zero-point kinetic energy of the confined
particle to its potential energy. The kinetic energy mr2 2� ¯ corresponds to the momentum
p r�= ¯ and the reduced mass m 2. The equilibrium inter-particle distance is r̄ and V0∣ ∣
denotes the depth of the potential. The transition between a solid phase (small kinetic energy
compared to the potential at equilibrium) and a liquid (relatively large kinetic energy in
comparison to the depth of the potential) occurs for 0.1MotL � . For small MotL the inter-
particle interaction dominates and the equilibrium state of the many-body system will be a
configuration in which each particle is localized with respect to its neighbours, whereas for

0.1MotL > the ground state is a quantum liquid in which the individual particles are
delocalized and the low-energy excitations (quasi-particles) have infinite mean free path [22].
In the case of nuclear matter r̄ is of the order of 1 fm, the strength of the bare nucleon–nucleon
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ratio of the zero-point kinetic energy of the 
confined particle to its potential energy. 

The transition between a solid phase (small kinetic energy compared to the potential at equilibrium) and 
a liquid (large kinetic energy in comparison to the depth of the potential) occurs for Λ Mot ≅ 0.1. 

Nuclear matter: ṝ ~1 fm, |V0| ~ 100 MeV → Λ Mot ~ 0.4 quantum liquid phase.

Liquid–cluster transition in finite nuclei 

potential barrier confining the α-clusters gradually decreases and, at some critical value Nc,
the self-trapped system becomes unbound. In the phenomenological study of [61] it has been
shown that Na states with J 0= + in α-conjugate nuclei from 12C to 40Ca occur at excitation
energies below 20MeV, and the critical number of α bosons is N 10c » .

More generally, we emphasize the role of the saturation property of inter-nucleon
interactions in the mechanism of cluster formation in finite nuclei and in dilute nuclear matter.
In excited configurations of light, deformed nuclei the nucleon density is reduced along the
deformation axis with respect to the equilibrium. This favours the formation of clusters
because it locally enhances the nucleonic density toward its saturation value, therefore
increasing the binding of the system. For a relatively light nucleus, and especially for α-
conjugate systems, the most effective way of increasing the density locally is the clustering of
nucleons into α-particles. Because of saturation the interaction between α-clusters is weak
and excited states near the na threshold energy can be described as a gas of α-clusters. In fact,
when the density of nucleonic matter is reduced below its equilibrium values, saturation
causes a Mott-like transition to a hybrid phase composed of clusters of α-particles. This effect
has been investigated in self-consistent mean-field calculations of even–even N=Z nuclei,
with a restriction to spherically symmetric configurations [35, 62]. It has been shown that by
expanding an n–α nucleus the corresponding total energy as a function of the nuclear radius
goes over a maximum before reaching the asymptotic low-density limit of a gas of α-
particles.

This transition is illustrated in figure 4, where we display the result of a constrained self-
consistent mean-field calculation of 16O, using the relativistic functional DD-ME2. The
equilibrium mean-field solution reproduces the empirical binding energy and charge radius of
16O. A constraint on the nuclear radius is used to gradually reduce the nucleon density by
inflating the spherical nucleus. As the size of the nucleus becomes larger the total energy of
the system increases with respect to the equilibrium configuration. When the density is
reduced to 1 3eqr r » , the system undergoes a Mott-like phase transition [25, 35, 62] to a
configuration of four α-particles. As shown in figure 4, this transition occurs at a radius of rc
= 3.33 fm, with the corresponding ratio of the critical radius to the ground-state radius
r r 1.3c g.s. » . Experimental evidence for α-particle clustering (simultaneous emission) in
excited expanding Na source nuclei 16O, 20Ne and 24Mg, was recently reported in a study of
fragmentation of quasi-projectiles from the nuclear reaction 40Ca on 12C [63].

5. Clustering in neutron-rich nuclei

In addition to N=Z systems, a particularly interesting topic is the formation of clusters in
unstable neutron-rich nuclei. In a number of light N Z> nuclei, low-energy cluster structures
can be described by molecular bonding of α particles by excess neutrons [4, 5, 30, 31, 64].
The conditions for the formation of molecular states include the presence of strongly bound α
cores, a weakly attractive α–α potential, which becomes repulsive at small distances, and
additional weakly bound single-particle orbitals occupied by valence neutrons [65].
Decomposing the total nucleon density into the α-clusters and the density of additional
valence neutrons, one obtains a picture of nuclear molecular states. For covalent bonding, a
negative-parity neutron orbital perpendicular to the α–α axis is called a π-orbital, whereas a σ
orbital denotes a positive-parity orbital parallel to the α–α direction [5, 65, 66]. While
‘molecular orbits’ of valence neutrons characterize cluster structures at threshold energies
(covalent bonding), at higher excitation energies excess neutrons tend to form atomic orbits
around individual clusters (ionic bonding) [4, 5].
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interaction V 100 MeV0 ~∣ ∣ , mc 940 MeV2 � is the nucleon mass and, therefore, 0.4MotL �
is a characteristic value for the nuclear quantum liquid phase.

At sub-saturation densities correlations in strongly interacting matter lead to clustering
phenomena [23] and, eventually, to a gas phase with nucleons and light clusters. As a result of
strong correlations bound states are formed at low density and, when nucleonic bound states
can be considered as bosons, that is, when formed from an even number of nucleons, Bose–
Einstein condensation may occur at low temperatures in nuclear matter. In the spin singlet
(S = 0) channel the interaction is not attractive enough to form a bound state. A bound
proton–neutron pair, the deuteron, materializes in the triplet (S = 1) channel. However, as
shown in [24], in the low-density limit the transition to triplet pairing does not take place
because four-nucleon correlations dominate. In chemical equilibrium, at low temperatures in
the low-density limit nuclear matter is characterized by condensation of α-particles (bound
states of two protons and two neutrons) that are much more strongly bound than deuterons.
The formation of well-defined clusters is predicted at densities well below the saturation
point. With increasing density clusters dissolve because of a reduction in their binding caused
by the Pauli blocking that leads to the Mott effect for vanishing binding [25, 26].

3. Liquid–cluster transition in finite nuclei

When the temperature decreases and density increases, a system of particles interacting
through a short-range force undergoes a transition to a quantum liquid state [27]. Quantum
effects become important when the typical dispersion of the constituent particles, that is, the
thermal de Broglie wavelength of a particle h p mkT2�l = � becomes comparable to
the average inter-particle spacing. In a transition to a quantum liquid state the constituent
particles are delocalized and the system reaches a homogeneous density (mean-field phase).
Both the bosonic/fermionic nature of a many-body system and the inter-particle interaction
determine the characteristic properties of a quantum liquid [27]. In a finite isolated system in
which temperature cannot be assigned unambiguously, the de Broglie wavelength can be
defined for the motion of particles as m E V2 2dB �l p= -( ) . For E 0~ and V V0= - ,
the de Broglie wavelength can be related to Mottelson’s quantality parameter [23]:

r 2 . 2dB Motl p= L¯ ( )
The quantality parameter is defined for infinite homogeneous systems and, therefore, in the
nuclear case it does not include any mass or size dependence. To analyse localization of
single-nucleon wave functions in finite nuclei one needs to consider a quantity that is
sensitive to both the nucleon number and the size of a nucleus. In [19] we introduced the
dimensionless parameter loca :

r
r

, 3loca =
Dˆ ¯

( )

where r̄ is the average inter-nucleon distance, and rD the spatial dispersion of the wave
function:

r r r . 42 2D = -⟨ ⟩ ⟨ ⟩ ( )

For large values of loca the orbits of individual nucleons will be delocalized and the nucleus
in the Fermi liquid phase. When loca is very small nucleons can be localized on the nodes of a
crystal-like structure. For 1loca » the spatial dispersion of the single-nucleon wave function
is of the same size as the inter-nucleon distance and, therefore, localization facilitates a
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…dimensionless localisation parameter:

 ṝ is the average inter-nucleon distance, and Δr the spatial dispersion of the wave function: 

III.	Results																																																			

Ebran, Khan, Niksic & Vretenar, PRC 87, 044307 (2013)    
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When the confining nuclear potential is approximated by a three-dimensional isotropic harmonic oscillator:

b is the oscillator length and r0 = 1.25 fm. Using the liquid-drop parameterization for the radius R = r0A1/3 

transition from the quantum liquid phase to a hybrid phase of cluster states. For finite systems
such as nuclei, this transition, of course, cannot be sharp, and cluster states coexists with
mean-field type states. The transition from the quantum liquid to the cluster phase is
controlled by the specific dynamics and length scale of the system under consideration
[18, 19] and, in particular, finite size effects are important.

When the confining nuclear potential is approximated by a three-dimensional isotropic
harmonic oscillator, the localization parameter loca takes the form:

b
r

R
r mV2

, 5loc
0 0 0

1 4

�
a =� ( ) ( )

where b is the oscillator length and r 1.250 = fm. Using the simple liquid-drop
parameterization for the radius R=r0A1 3, one obtains [28]:

A
mV r

A
2

0.67 . 6loc

1 6
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2 1 4

1 6�
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loca increases with A1 6 and, therefore, one expects that cluster states are preferably formed in
lighter nuclei. According to this simple expression based on a harmonic oscillator potential,
the transition from coexisting cluster and mean-field states to a Fermi liquid state should
occur for nuclei with A 20 30» - . For heavier systems loca is larger than 1 and, thus, heavy
nuclei consist of largely delocalized nucleons characterized by a large mean free path. The
mass dependence of equation (6) for loca has been verified by a fully self-consistent mean-
field calculation [28] based on global nuclear EDFs. While a harmonic oscillator potential can
be used to qualitatively analyse (de)localization of single-nucleon states, microscopic and
semi-empirical EDFs include many-body short- and long-range correlations through their
explicit dependence on nucleonic densities and, therefore, can account for the formation and
stability of cluster-like substructures in nuclei [29].

Two functionals were used in the study of [28] to calculate the localization parameter for
selected orbitals, as well as the values of loca obtained by averaging the microscopic dis-
persion equation (3) for all occupied proton and neutron orbitals in the self-consistent ground-
state solution. It was shown that, although both functionals reproduce empirical ground-state
properties, e.g. the binding energy and charge radius, with a typical accuracy of 1%, the
functional that produces a deeper self-consistent mean-field confining potential systematically
predicts smaller values of loca in lighter and medium mass nuclei and, consequently, gen-
erates equilibrium densities that are much more localized, often with pronounced cluster
structures. This result is in agreement with the discussion above related to the definition of the
quantality parameter MotL and confirms the findings of [19], where it was shown that con-
ditions for cluster formation can in part be traced back to the depth of the confining nuclear
potential, that is, to the effective nuclear interaction. The depth of the potential determines the
energy spacings between single-nucleon orbitals in deformed nuclei, the localization of the
corresponding wave functions and, therefore, the degree of nucleonic density clustering.

4. Clusters in light α-conjugate nuclei

The coexistence of nuclear mean-field states and cluster structures in light nuclei is illustrated
by the Ikeda diagram [4, 16, 30–32]. In a number of cases ground-state nucleonic densities
display pronounced localization [19, 29], and this facilitates the formation of clusters as
excited states close to the corresponding decay threshold [4, 32]. Such states cannot be
isolated from the continuum of scattering states and, therefore, clusters close to the threshold
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The transition from coexisting cluster and mean-field states to a Fermi liquid state occurs for A ~ 20 - 30. In 
heavier systems aloc > 1 → heavy nuclei consist of largely delocalized nucleons characterized by a large 
mean free path. 



Clusters in light α-conjugate nuclei 

Important role of nuclear shape deformation: 
removes the degeneracy of single- nucleon 
levels associated with spherical symmetry.

Self-consistent mean-field intrinsic reflection-asymmetric 
and reflection-symmetric axial densities of 20Ne.

The saturation of inter-nucleon forces, effective when both 
spin and isospin are coupled to zero, produces a 
particularly strong binding of the α-cluster and a central 
density that is by almost a third larger than central 
densities in most nuclei. 

potential barrier confining the α-clusters gradually decreases and, at some critical value Nc,
the self-trapped system becomes unbound. In the phenomenological study of [61] it has been
shown that Na states with J 0= + in α-conjugate nuclei from 12C to 40Ca occur at excitation
energies below 20MeV, and the critical number of α bosons is N 10c » .

More generally, we emphasize the role of the saturation property of inter-nucleon
interactions in the mechanism of cluster formation in finite nuclei and in dilute nuclear matter.
In excited configurations of light, deformed nuclei the nucleon density is reduced along the
deformation axis with respect to the equilibrium. This favours the formation of clusters
because it locally enhances the nucleonic density toward its saturation value, therefore
increasing the binding of the system. For a relatively light nucleus, and especially for α-
conjugate systems, the most effective way of increasing the density locally is the clustering of
nucleons into α-particles. Because of saturation the interaction between α-clusters is weak
and excited states near the na threshold energy can be described as a gas of α-clusters. In fact,
when the density of nucleonic matter is reduced below its equilibrium values, saturation
causes a Mott-like transition to a hybrid phase composed of clusters of α-particles. This effect
has been investigated in self-consistent mean-field calculations of even–even N=Z nuclei,
with a restriction to spherically symmetric configurations [35, 62]. It has been shown that by
expanding an n–α nucleus the corresponding total energy as a function of the nuclear radius
goes over a maximum before reaching the asymptotic low-density limit of a gas of α-
particles.

This transition is illustrated in figure 4, where we display the result of a constrained self-
consistent mean-field calculation of 16O, using the relativistic functional DD-ME2. The
equilibrium mean-field solution reproduces the empirical binding energy and charge radius of
16O. A constraint on the nuclear radius is used to gradually reduce the nucleon density by
inflating the spherical nucleus. As the size of the nucleus becomes larger the total energy of
the system increases with respect to the equilibrium configuration. When the density is
reduced to 1 3eqr r » , the system undergoes a Mott-like phase transition [25, 35, 62] to a
configuration of four α-particles. As shown in figure 4, this transition occurs at a radius of rc
= 3.33 fm, with the corresponding ratio of the critical radius to the ground-state radius
r r 1.3c g.s. » . Experimental evidence for α-particle clustering (simultaneous emission) in
excited expanding Na source nuclei 16O, 20Ne and 24Mg, was recently reported in a study of
fragmentation of quasi-projectiles from the nuclear reaction 40Ca on 12C [63].

5. Clustering in neutron-rich nuclei

In addition to N=Z systems, a particularly interesting topic is the formation of clusters in
unstable neutron-rich nuclei. In a number of light N Z> nuclei, low-energy cluster structures
can be described by molecular bonding of α particles by excess neutrons [4, 5, 30, 31, 64].
The conditions for the formation of molecular states include the presence of strongly bound α
cores, a weakly attractive α–α potential, which becomes repulsive at small distances, and
additional weakly bound single-particle orbitals occupied by valence neutrons [65].
Decomposing the total nucleon density into the α-clusters and the density of additional
valence neutrons, one obtains a picture of nuclear molecular states. For covalent bonding, a
negative-parity neutron orbital perpendicular to the α–α axis is called a π-orbital, whereas a σ
orbital denotes a positive-parity orbital parallel to the α–α direction [5, 65, 66]. While
‘molecular orbits’ of valence neutrons characterize cluster structures at threshold energies
(covalent bonding), at higher excitation energies excess neutrons tend to form atomic orbits
around individual clusters (ionic bonding) [4, 5].
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Dilute nuclear matter in excited configurations => the 
formation of clusters locally enhances the nucleonic 
density toward its saturation value, increasing the 
binding of the system. 

Constrained self-consistent mean-field densities of 16O.
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Beyond self-consistent mean field: collective correlations related to symmetry 
restoration and nuclear shape fluctuations 

Quadrupole and octupole collectivity and cluster structures in neon isotopes 
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The lowest positive- and negative-parity bands of 20Ne and neutron-rich even-even Ne isotopes are investigated
using a theoretical framework based on energy density functionals. Starting from a self-consistent relativistic
Hartree-Bogoliubov calculation of axially symmetric and reflection-asymmetric deformation energy surfaces,
the collective symmetry-conserving states are built using projection techniques and the generator coordinate
method. Overall a good agreement with the experimental excitation energies and transition rates is obtained.
In particular, the model provides an accurate description of the excitation spectra and transition probabilities in
20Ne. The contribution of cluster configurations to the low-energy states is discussed, as well as the transitional
character of the ground state. The analysis is extended to 22Ne and the shape-coexisting isotope 24Ne, and to the
drip-line nuclei 32Ne and 34Ne. The role of valence neutrons in the formation of molecular-type bonds between
clusters is discussed.
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I. INTRODUCTION

The formation of cluster states, a transitional phenomenon
between the quantum-liquid and solid phases in nucleonic
matter, stellar matter, and finite nuclei presents a very active
topic of experimental and theoretical research in nuclear
physics and astrophysics [1–8]. In addition to dedicated mi-
croscopic approaches that have been mainly applied to light
nuclei, more recently clustering phenomena have also been
analyzed using the universal framework of energy density
functionals (EDFs) [8]. Very interesting results have been
obtained but, although one can perform qualitative studies of
the formation and evolution of cluster structures already on
the mean-field level [9–12], for a quantitative analysis that
can be compared to experiment, the basic EDF framework
has to be extended by including collective correlations related
to symmetry restoration and nuclear shape fluctuations. In
the present study we develop an EDF-based framework that
includes configuration mixing of angular momentum- and
parity-projected axially symmetric and reflection-asymmetric
deformed mean-field states. The generator coordinate method
(GCM) is employed in a systematic calculation of low-energy
spectroscopic properties for the chain of neon isotopes, starting
from the self-conjugated 20Ne and extending to the drip-line
nucleus 34Ne. This analysis is entirely based on a universal
EDF, without any parameter of the interaction, basis states, or
method adjusted specifically to nuclei under consideration.

The self-conjugate nucleus 20Ne exhibits admixtures of
cluster configurations already in the ground state, that is, it is
characterized by a transition between homogeneous nucleonic
matter and cluster structures. Various theoretical approaches
have been used to analyze the low-energy structure of 20Ne:
the angular momentum projected Hartree-Fock model [13],
the resonating group method [14], the 5α generator coordinate

method [15], the antisymmetrized molecular dynamics (AMD)
model [16–18], and the generalized Tohsaki-Horiuchi-Schuck-
Röpke (THSR) wave function model [19]. An interesting
feature of this isotope is the dissolution of the reflection-
asymmetric α + 16O structure in higher angular-momentum
states by decreasing the equilibrium distance between two
clusters, α and 16O. This is unexpected because centrifugal
effects should in principle elongate the nucleus. Very recently
a beyond mean-field study of reflection-asymmetric molecular
structures and, in particular, of the antistretching mechanism in
20Ne was performed based on the relativistic EDF framework
[20]. It has been pointed out that a special deformation-
dependent moment of inertia, governed by the underlying shell
structure, could be responsible for the rotation-induced disso-
lution of the α + 16O cluster structure in the negative-parity
states. Furthermore, the formation of the cluster structures in
N ̸= Z nuclei includes, in addition to the N = Z clusters,
quasi-molecular bonding by the valence neutrons. One such
example is the chain of even-even Ne isotopes that can be
described as an α + 16O + xn system. The structure of the
lightest isotope with such a structure, 22Ne, was previously
analyzed with the AMD model [21], and both the molecular
orbital bands and the α + 18O molecular bands were predicted.

This study is organized as follows. In Sec. II we briefly
outline the theoretical framework of symmetry-conserving
configuration mixing calculation based on nuclear EDFs.
Section III presents an extensive analysis of the structure
of low-energy positive- and negative-parity bands of 20–34Ne
isotopes, and Sec. IV summarizes the results.

II. THEORETICAL FRAMEWORK

Nuclear energy density functionals (NEDFs) provide a
global theoretical framework for studies of ground-state
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I. INTRODUCTION

The formation of cluster states, a transitional phenomenon
between the quantum-liquid and solid phases in nucleonic
matter, stellar matter, and finite nuclei presents a very active
topic of experimental and theoretical research in nuclear
physics and astrophysics [1–8]. In addition to dedicated mi-
croscopic approaches that have been mainly applied to light
nuclei, more recently clustering phenomena have also been
analyzed using the universal framework of energy density
functionals (EDFs) [8]. Very interesting results have been
obtained but, although one can perform qualitative studies of
the formation and evolution of cluster structures already on
the mean-field level [9–12], for a quantitative analysis that
can be compared to experiment, the basic EDF framework
has to be extended by including collective correlations related
to symmetry restoration and nuclear shape fluctuations. In
the present study we develop an EDF-based framework that
includes configuration mixing of angular momentum- and
parity-projected axially symmetric and reflection-asymmetric
deformed mean-field states. The generator coordinate method
(GCM) is employed in a systematic calculation of low-energy
spectroscopic properties for the chain of neon isotopes, starting
from the self-conjugated 20Ne and extending to the drip-line
nucleus 34Ne. This analysis is entirely based on a universal
EDF, without any parameter of the interaction, basis states, or
method adjusted specifically to nuclei under consideration.

The self-conjugate nucleus 20Ne exhibits admixtures of
cluster configurations already in the ground state, that is, it is
characterized by a transition between homogeneous nucleonic
matter and cluster structures. Various theoretical approaches
have been used to analyze the low-energy structure of 20Ne:
the angular momentum projected Hartree-Fock model [13],
the resonating group method [14], the 5α generator coordinate

method [15], the antisymmetrized molecular dynamics (AMD)
model [16–18], and the generalized Tohsaki-Horiuchi-Schuck-
Röpke (THSR) wave function model [19]. An interesting
feature of this isotope is the dissolution of the reflection-
asymmetric α + 16O structure in higher angular-momentum
states by decreasing the equilibrium distance between two
clusters, α and 16O. This is unexpected because centrifugal
effects should in principle elongate the nucleus. Very recently
a beyond mean-field study of reflection-asymmetric molecular
structures and, in particular, of the antistretching mechanism in
20Ne was performed based on the relativistic EDF framework
[20]. It has been pointed out that a special deformation-
dependent moment of inertia, governed by the underlying shell
structure, could be responsible for the rotation-induced disso-
lution of the α + 16O cluster structure in the negative-parity
states. Furthermore, the formation of the cluster structures in
N ̸= Z nuclei includes, in addition to the N = Z clusters,
quasi-molecular bonding by the valence neutrons. One such
example is the chain of even-even Ne isotopes that can be
described as an α + 16O + xn system. The structure of the
lightest isotope with such a structure, 22Ne, was previously
analyzed with the AMD model [21], and both the molecular
orbital bands and the α + 18O molecular bands were predicted.

This study is organized as follows. In Sec. II we briefly
outline the theoretical framework of symmetry-conserving
configuration mixing calculation based on nuclear EDFs.
Section III presents an extensive analysis of the structure
of low-energy positive- and negative-parity bands of 20–34Ne
isotopes, and Sec. IV summarizes the results.

II. THEORETICAL FRAMEWORK

Nuclear energy density functionals (NEDFs) provide a
global theoretical framework for studies of ground-state
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the collective symmetry-conserving states are built using projection techniques and the generator coordinate
method. Overall a good agreement with the experimental excitation energies and transition rates is obtained.
In particular, the model provides an accurate description of the excitation spectra and transition probabilities in
20Ne. The contribution of cluster configurations to the low-energy states is discussed, as well as the transitional
character of the ground state. The analysis is extended to 22Ne and the shape-coexisting isotope 24Ne, and to the
drip-line nuclei 32Ne and 34Ne. The role of valence neutrons in the formation of molecular-type bonds between
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I. INTRODUCTION

The formation of cluster states, a transitional phenomenon
between the quantum-liquid and solid phases in nucleonic
matter, stellar matter, and finite nuclei presents a very active
topic of experimental and theoretical research in nuclear
physics and astrophysics [1–8]. In addition to dedicated mi-
croscopic approaches that have been mainly applied to light
nuclei, more recently clustering phenomena have also been
analyzed using the universal framework of energy density
functionals (EDFs) [8]. Very interesting results have been
obtained but, although one can perform qualitative studies of
the formation and evolution of cluster structures already on
the mean-field level [9–12], for a quantitative analysis that
can be compared to experiment, the basic EDF framework
has to be extended by including collective correlations related
to symmetry restoration and nuclear shape fluctuations. In
the present study we develop an EDF-based framework that
includes configuration mixing of angular momentum- and
parity-projected axially symmetric and reflection-asymmetric
deformed mean-field states. The generator coordinate method
(GCM) is employed in a systematic calculation of low-energy
spectroscopic properties for the chain of neon isotopes, starting
from the self-conjugated 20Ne and extending to the drip-line
nucleus 34Ne. This analysis is entirely based on a universal
EDF, without any parameter of the interaction, basis states, or
method adjusted specifically to nuclei under consideration.

The self-conjugate nucleus 20Ne exhibits admixtures of
cluster configurations already in the ground state, that is, it is
characterized by a transition between homogeneous nucleonic
matter and cluster structures. Various theoretical approaches
have been used to analyze the low-energy structure of 20Ne:
the angular momentum projected Hartree-Fock model [13],
the resonating group method [14], the 5α generator coordinate

method [15], the antisymmetrized molecular dynamics (AMD)
model [16–18], and the generalized Tohsaki-Horiuchi-Schuck-
Röpke (THSR) wave function model [19]. An interesting
feature of this isotope is the dissolution of the reflection-
asymmetric α + 16O structure in higher angular-momentum
states by decreasing the equilibrium distance between two
clusters, α and 16O. This is unexpected because centrifugal
effects should in principle elongate the nucleus. Very recently
a beyond mean-field study of reflection-asymmetric molecular
structures and, in particular, of the antistretching mechanism in
20Ne was performed based on the relativistic EDF framework
[20]. It has been pointed out that a special deformation-
dependent moment of inertia, governed by the underlying shell
structure, could be responsible for the rotation-induced disso-
lution of the α + 16O cluster structure in the negative-parity
states. Furthermore, the formation of the cluster structures in
N ̸= Z nuclei includes, in addition to the N = Z clusters,
quasi-molecular bonding by the valence neutrons. One such
example is the chain of even-even Ne isotopes that can be
described as an α + 16O + xn system. The structure of the
lightest isotope with such a structure, 22Ne, was previously
analyzed with the AMD model [21], and both the molecular
orbital bands and the α + 18O molecular bands were predicted.

This study is organized as follows. In Sec. II we briefly
outline the theoretical framework of symmetry-conserving
configuration mixing calculation based on nuclear EDFs.
Section III presents an extensive analysis of the structure
of low-energy positive- and negative-parity bands of 20–34Ne
isotopes, and Sec. IV summarizes the results.

II. THEORETICAL FRAMEWORK

Nuclear energy density functionals (NEDFs) provide a
global theoretical framework for studies of ground-state
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field framework based on global energy density functionals (EDFs). To build symmetry-conserving collective
states, axially symmetric and reflection-asymmetric solutions of the relativistic Hartree-Bogoliubov equations
are first projected onto good values of angular momentum, particle number, and parity. Configuration mixing
is implemented using the generator coordinate method formalism. It is shown that such a global microscopic
approach, based on a relativistic EDF, can account for the main spectroscopic features of 12C, including the
ground-state and linear-chain bands as well as, to a certain approximation, the excitation energy of the Hoyle
state. The calculated form factors reproduce reasonably well the available experimental values, and display an
accuracy comparable to that of dedicated microscopic cluster models.
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I. INTRODUCTION

The formation of clusters, as transitional states between
the quantum liquid and solid phases of finite systems, is a
common feature in light atomic nuclei [1– 5]. Particularly
favorable conditions for the appearance of cluster structures
are found in light self-conjugate nuclei, where various ex-
otic configurations have been predicted and some observed.
Probably one of the most prominent examples is the self-
conjugate nucleus 12C, in which axial oblate, triangular, linear
3α, and bent arm configurations are all predicted to coexist
at low excitation energies [6– 13]. New reorientation-effect
measurements have very recently confirmed the pronounced
oblate deformation in the ground-band 2+

1 state of 12C [14].
First experimental evidence of triangular D3h symmetry in
12C was reported by Marín-Lambárri et al., with K = 0 and
K = 3 bands reportedly merging to form a single rotational
band built on triaxial ground state [15]. Exceptional results
on the structure of the well-known 0+

2 (Hoyle) state have
been simultaneously reported by two independent groups
[16,17], indicating that this state predominantly decays by
intermediate emission of an α particle. In parallel with ex-
perimental advances, a number of theoretical methods have
been employed to study the variety of shapes in 12C, includ-
ing the antisymmetrized molecular dynamics (AMD) model
[6], the fermionic molecular dynamics (FMD) model [7,8],
the Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function
model [9,10], configuration-mixing Skyrme calculations [11],
and the cranking relativistic mean-field theory [12]. Both the
AMD and FMD calculations predict the Hoyle state to be a
weakly interacting assembly of 8Be + α configurations [6,8],
while the THSR model describes the Hoyle state in terms of
a condensate of α particles [9]. In addition, 3α linear chain
structures were predicted to occur in higher 0+ states, even

though the stability of these configurations against bending
remains an open question [6,8,12].

The framework of relativistic energy density functionals
(EDFs) [18,19] has been extensively used in studies of cluster
structures on both the mean-field level [20– 25] and, to a lesser
extent, using beyond mean-field [26,27] methods. Particu-
larly interesting results on the origins of nuclear clustering
have been reported in Ref. [22], where the appearance of
pronounced cluster structures has been linked to the under-
lying single-nucleon potential. However, in order to carry
out a quantitative analysis that can directly be compared to
experiment, it is necessary to extend the simple mean-field
picture by taking into account collective correlations related
to restoration of broken symmetries and configuration mixing.
Symmetry-conserving EDF-based methods have been used to
model a variety of structure phenomena over the entire nuclide
chart [19,28,29]. One of the major advantages of using such
an approach in studies of clusters is that it is not necessary
to a priori assume the existence of localized structures in
the model space. In fact, the EDF framework includes both
the quantum-liquid and cluster aspects of nuclear systems,
and clusterization may eventually occur as a result of the
self-consistent approach on mean-field level and/or the sub-
sequent restoration of symmetries and configuration mixing.
In addition, and this is important, the parameters of global
functionals are typically adjusted to data on medium-heavy
and heavy nuclei and the effective interaction itself does not
bear any information specific to light systems, or to cluster
states that one aims to describe.

In this work we employ the framework of symmetry-
conserving relativistic EDF to study cluster structures in
positive-parity states of 12C isotope. Axially symmetric and
reflection-asymmetric reference states are generated as solu-
tions to the relativistic Hartree-Bogoliubov (RHB) equations.
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Deformation energy surfaces of 12C in the β2-β3 plane: self-consistent mean-field RHB, angular momentum-, 
particle number-, and parity-projected for spin-parity values J π = 0+ , 2+ , 4+ . 
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ground-state and linear-chain bands as well as, to a certain approximation, the excitation energy of the Hoyle
state. The calculated form factors reproduce reasonably well the available experimental values, and display an
accuracy comparable to that of dedicated microscopic cluster models.
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I. INTRODUCTION

The formation of clusters, as transitional states between
the quantum liquid and solid phases of finite systems, is a
common feature in light atomic nuclei [1– 5]. Particularly
favorable conditions for the appearance of cluster structures
are found in light self-conjugate nuclei, where various ex-
otic configurations have been predicted and some observed.
Probably one of the most prominent examples is the self-
conjugate nucleus 12C, in which axial oblate, triangular, linear
3α, and bent arm configurations are all predicted to coexist
at low excitation energies [6– 13]. New reorientation-effect
measurements have very recently confirmed the pronounced
oblate deformation in the ground-band 2+

1 state of 12C [14].
First experimental evidence of triangular D3h symmetry in
12C was reported by Marín-Lambárri et al., with K = 0 and
K = 3 bands reportedly merging to form a single rotational
band built on triaxial ground state [15]. Exceptional results
on the structure of the well-known 0+

2 (Hoyle) state have
been simultaneously reported by two independent groups
[16,17], indicating that this state predominantly decays by
intermediate emission of an α particle. In parallel with ex-
perimental advances, a number of theoretical methods have
been employed to study the variety of shapes in 12C, includ-
ing the antisymmetrized molecular dynamics (AMD) model
[6], the fermionic molecular dynamics (FMD) model [7,8],
the Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function
model [9,10], configuration-mixing Skyrme calculations [11],
and the cranking relativistic mean-field theory [12]. Both the
AMD and FMD calculations predict the Hoyle state to be a
weakly interacting assembly of 8Be + α configurations [6,8],
while the THSR model describes the Hoyle state in terms of
a condensate of α particles [9]. In addition, 3α linear chain
structures were predicted to occur in higher 0+ states, even

though the stability of these configurations against bending
remains an open question [6,8,12].

The framework of relativistic energy density functionals
(EDFs) [18,19] has been extensively used in studies of cluster
structures on both the mean-field level [20– 25] and, to a lesser
extent, using beyond mean-field [26,27] methods. Particu-
larly interesting results on the origins of nuclear clustering
have been reported in Ref. [22], where the appearance of
pronounced cluster structures has been linked to the under-
lying single-nucleon potential. However, in order to carry
out a quantitative analysis that can directly be compared to
experiment, it is necessary to extend the simple mean-field
picture by taking into account collective correlations related
to restoration of broken symmetries and configuration mixing.
Symmetry-conserving EDF-based methods have been used to
model a variety of structure phenomena over the entire nuclide
chart [19,28,29]. One of the major advantages of using such
an approach in studies of clusters is that it is not necessary
to a priori assume the existence of localized structures in
the model space. In fact, the EDF framework includes both
the quantum-liquid and cluster aspects of nuclear systems,
and clusterization may eventually occur as a result of the
self-consistent approach on mean-field level and/or the sub-
sequent restoration of symmetries and configuration mixing.
In addition, and this is important, the parameters of global
functionals are typically adjusted to data on medium-heavy
and heavy nuclei and the effective interaction itself does not
bear any information specific to light systems, or to cluster
states that one aims to describe.

In this work we employ the framework of symmetry-
conserving relativistic EDF to study cluster structures in
positive-parity states of 12C isotope. Axially symmetric and
reflection-asymmetric reference states are generated as solu-
tions to the relativistic Hartree-Bogoliubov (RHB) equations.
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FIG. 4. Amplitudes of collective wave functions squared |g(β2,β3)|2 for the low-energy levels of 12C. Dashed contours in the β2-β3 plane
successively denote a 10% decrease starting from the largest value of the amplitude.

extended analysis that allows for additional breaking of axial
symmetry is necessary for a quantitative comparison. In ad-
dition, the asymptotic behavior of three weakly interacting α
particles is notoriously complicated to describe using the har-
monic oscillator basis [44,45]. Therefore, it remains an open
question whether self-consistent models based on harmonic
oscillator bases, even including triaxial shapes, will be able to
capture all the details of the Hoyle state density profile. Nev-
ertheless, we note that the calculated transition strength from
the 2+

1 state to the Hoyle state, B(E2; 2+
1 → 0+

2 ) = 1.7 e2fm4

compares favorably to the experimental value 2.6 ± 0.4 e2fm4

and to the AMD prediction (5.1 e2fm4) [6]. In addition, even
the transition strength from the 2+

2 state to the ground state,
B(E2; 2+

2 → 0+
1 ) = 1.3 e2fm4, is in qualitative agreement

with THSR prediction (2.0 −2.5 e2fm4) [10], when compared
to the experimental value (0.73 ± 0.13 e2fm4).

For completeness, we note that the measured low-lying
spectrum of 12C also includes a number of negative-parity
states. Most notably, the 3−

1 state at 9.6 MeV is considered a
candidate for the Kπ = 3−band head [5], a suggestion that is
supported by, for example, AMD [6] and 3αGCM calculations
[46]. On the other hand, recent measurements suggest possible
merging of this band with the Kπ = 0+ band by forming
a single rotational band built on triaxial ground state [15].
Furthermore, in the same work, the 1−

1 state at 10.84 MeV was
interpreted as a band head of the vibrational bending mode
whose lowest-lying rotational excitations consist of nearly
degenerate parity doublets of 2± and 3± states. However, since
only the corresponding 2−excitation has been observed so far,
this state could also represent a Kπ = 1−band head [6,46]. In
any case, the imposed symmetries of the present study restrict
our access to Kπ = 0± bands only and we do not account for
any of these two states. The lowest 1− and 3− states in our

calculation are found at 13.2 and 19.6 MeV, respectively, and
a rather large quadrupole transition strength between them,
B(E2; 3−

1 → 1−
1 ) = 3.6 e2fm4, suggests they are members of

the same band.

C. Collective states in the intrinsic frame

Figure 4 displays the amplitudes of collective wave func-
tions squared |g(β2,β3)|2 for the lowest 0+ and 2+ levels of
12C. Even though they are not observables, these amplitudes
provide a measure of quadrupole and octupole shape fluc-
tuations in collective states. Moreover, they can be used to
calculate expectation values of the deformation parameters β2
and β3 for each collective state:

⟨β2⟩J;NZ;π
α =

∑

i

∣∣gJ;NZ;π
α (q i )

∣∣2
β2i, (10a)

⟨|β3|⟩J;NZ;π
α =

∑

i

∣∣gJ;NZ;π
α (q i )

∣∣2∣∣β3i

∣∣, (10b)

where in the octupole direction we have taken the absolute
value of deformation parameter since ⟨β3⟩J;NZ;π

α vanishes
identically for all states with good parity. The values of
⟨β2⟩J;NZ;π

α and ⟨|β3|⟩J;NZ;π
α determine the dominant mean-field

configurations in a collective state, and thereby enable the
characterization of the corresponding intrinsic density. In
Fig. 5 we plot the characteristic intrinsic nucleon densities of
the first three 0+ and 2+ states of 12C. For each state the corre-
sponding prolate and oblate deformation parameters (β2,β3),
shown in parentheses, are calculated by averaging over the
prolate and oblate configurations separately [cf. Eqs. (10a)
and (10b)]. For the average prolate or oblate (β2,β3) we plot
the corresponding intrinsic total nucleon density in the xz
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…calculate the expectation values of deformation 
parameters β2 and β3 for each collective state: 
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Spectroscopic properties of low-lying states and cluster structures in 12C are analyzed in a beyond mean-
field framework based on global energy density functionals (EDFs). To build symmetry-conserving collective
states, axially symmetric and reflection-asymmetric solutions of the relativistic Hartree-Bogoliubov equations
are first projected onto good values of angular momentum, particle number, and parity. Configuration mixing
is implemented using the generator coordinate method formalism. It is shown that such a global microscopic
approach, based on a relativistic EDF, can account for the main spectroscopic features of 12C, including the
ground-state and linear-chain bands as well as, to a certain approximation, the excitation energy of the Hoyle
state. The calculated form factors reproduce reasonably well the available experimental values, and display an
accuracy comparable to that of dedicated microscopic cluster models.
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I. INTRODUCTION

The formation of clusters, as transitional states between
the quantum liquid and solid phases of finite systems, is a
common feature in light atomic nuclei [1– 5]. Particularly
favorable conditions for the appearance of cluster structures
are found in light self-conjugate nuclei, where various ex-
otic configurations have been predicted and some observed.
Probably one of the most prominent examples is the self-
conjugate nucleus 12C, in which axial oblate, triangular, linear
3α, and bent arm configurations are all predicted to coexist
at low excitation energies [6– 13]. New reorientation-effect
measurements have very recently confirmed the pronounced
oblate deformation in the ground-band 2+

1 state of 12C [14].
First experimental evidence of triangular D3h symmetry in
12C was reported by Marín-Lambárri et al., with K = 0 and
K = 3 bands reportedly merging to form a single rotational
band built on triaxial ground state [15]. Exceptional results
on the structure of the well-known 0+

2 (Hoyle) state have
been simultaneously reported by two independent groups
[16,17], indicating that this state predominantly decays by
intermediate emission of an α particle. In parallel with ex-
perimental advances, a number of theoretical methods have
been employed to study the variety of shapes in 12C, includ-
ing the antisymmetrized molecular dynamics (AMD) model
[6], the fermionic molecular dynamics (FMD) model [7,8],
the Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function
model [9,10], configuration-mixing Skyrme calculations [11],
and the cranking relativistic mean-field theory [12]. Both the
AMD and FMD calculations predict the Hoyle state to be a
weakly interacting assembly of 8Be + α configurations [6,8],
while the THSR model describes the Hoyle state in terms of
a condensate of α particles [9]. In addition, 3α linear chain
structures were predicted to occur in higher 0+ states, even

though the stability of these configurations against bending
remains an open question [6,8,12].

The framework of relativistic energy density functionals
(EDFs) [18,19] has been extensively used in studies of cluster
structures on both the mean-field level [20– 25] and, to a lesser
extent, using beyond mean-field [26,27] methods. Particu-
larly interesting results on the origins of nuclear clustering
have been reported in Ref. [22], where the appearance of
pronounced cluster structures has been linked to the under-
lying single-nucleon potential. However, in order to carry
out a quantitative analysis that can directly be compared to
experiment, it is necessary to extend the simple mean-field
picture by taking into account collective correlations related
to restoration of broken symmetries and configuration mixing.
Symmetry-conserving EDF-based methods have been used to
model a variety of structure phenomena over the entire nuclide
chart [19,28,29]. One of the major advantages of using such
an approach in studies of clusters is that it is not necessary
to a priori assume the existence of localized structures in
the model space. In fact, the EDF framework includes both
the quantum-liquid and cluster aspects of nuclear systems,
and clusterization may eventually occur as a result of the
self-consistent approach on mean-field level and/or the sub-
sequent restoration of symmetries and configuration mixing.
In addition, and this is important, the parameters of global
functionals are typically adjusted to data on medium-heavy
and heavy nuclei and the effective interaction itself does not
bear any information specific to light systems, or to cluster
states that one aims to describe.

In this work we employ the framework of symmetry-
conserving relativistic EDF to study cluster structures in
positive-parity states of 12C isotope. Axially symmetric and
reflection-asymmetric reference states are generated as solu-
tions to the relativistic Hartree-Bogoliubov (RHB) equations.
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