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Chern-Simons Term in 3D (A, < isu(/\,))

Yang-Mills Action:

F;w = AI/,//, - A/‘«V - i[A/” AV]
Chern-Simons Term:

k 2
Scs = i / d®x e e (ALA, — §AHADAA)

» both terms are gauge invariant in the partition function
when k € Z

but Sywm is real in Euclidean space-time
while Sgg is imaginary



Chern-Simons Term in 3D (A, < isu(/\,))

.k
Seg = ’E / ABx M (AAL, — gANA,,AA)

» (bare) Chern-Simons level is quantized: k € Z

» dynamical quarks (say N; with masses my) yield shift

|m

1 ,
det(D + my) "X | det(D + my)|e (D)2

with the Dirac operator: D = v#(0,, — iA,)
and n-invariant: n(D) = trsign(—iD)

= renormalized Chern-Simons level: k, = k — N¢/2

Sign problem has two sources!



What has been observed?

> symmetry breaking pattern at fixed k,
U (Np) = U([Ne/2+kn]) x U ([ Ne/2—Kn])

= first order phase transitions when varying large quark
masses from positive to negative sign
» different phases also exist at vanishing masses
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Komargodski and Seiberg (2017); Armoni, Dumitrescu, Festuccia, and Komargodski (2019)



What does the spectral statistics look like?

Monte Carlo simulations
do not work (sign problem)!

We need an analytically feasible model!



Random Matrix Model




Drastic Simplification

Dirac operator — iH € i Herm(N)
Yang-Mills: e~ «— g NuH?/2

Chern-Simons: e—Scs «— ga(irH-2ik)?/2

Chern-Simons level k and ap < 1 can be chosen freely

_ N .
ap will be gauged to NiNTd in the end



Renormalization of the Chern-Simons Level

» each of the N; fermion determinants

1 ,
det(iH + my) "X | det(iH + my)|e™(H)/2

» phase from Chern-Simons part:
—2iagk wH "2 —rik n(H)

—a,=0.1,N=100
—a=1,N=1000

—a>=1,N=100

it tr H
=10, N=1000

=10, N=100 pSigﬂ(r) = <6 (I’ - >>
=100, N=1000 n(H)

— a0

= ap =1 — /N

= Ky =k — N;/2



Analytical Feasibility

» partition function:

Ne
Z/’VVf(m; k) — /d[H] e—NtrH2/2+a2(trH—2ik)2/2 Hdet(iH+ mf)
f=1

» GUE partition function: Z(’}V{JE(m) = Z,\’\,’f(m; K)|as=0
> relation to GUE:

ZM(m; k) o / dx exp {—(M?)N% +2/ka} ZM (m—ix)

Similar for other spectral quantities!



Level Density

N
N
R(\; M; k) o< exp _77% — 2iN(1 — y)k)\] TT¢x+ m)
f=1
ZV 2 (diag (m — iy\, —iy\, —iy\); k)
X
ZM (diag (m); k)

. Ny +1
N Ni+2

with ~



LRe[R(X:K)]

Non-linear Sigma Model
(Existence and Effects)

N=20 N=20, k=07

e[R(A:K)]

)
1]

——————————

Quenched system (N; = 0)




Technical Part (Map to Dual Space)

Evaluation of the partition function with supersymmetry
method (Hubbard-Stratonovich)

Z0¥ (diag (m); k) o / d[f] exp [_’;’(u A2k - o F/z]

x detN[H + diag (my, ..., my,)]

with H € Herm(N;)
Action to be minimized

S= %(trlzl — 2k)? + %tr A2 — trin(H)

because of small masses my < 1/N



Technical Part (Saddle point analysis)

Saddle point equation

N auxiliary variable
1 f A
xj—/\jzg Aj— 2k = 2\

J=1

with \; eigenvalues of A € Herm(Nr)

Saddle point solutions

A= Ao+ Liv/ A2 + 1, with L = +1 and Ag = Ag(k, M, k)

with 2k, = >, L

Global minimum at those k; closest to k!



Non-Linear Sigma Model

Global minimum at those k; closest to k!

Lagrangian for zero-momentum part = RMT model

my

LU) = wir U( ‘wf/02+m 1 0 ) Ut
1 nj2—k)
me
with scaling factor w = \/)\(2)?
UeU (Nf)
(S
U< 1N/20k,] 0 > Ut e U (N
—1 | nij2—k,] U ([Ne/2 + k1) x U([Ne/2 = K ))



k =

Phase Transition Points
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Masses of Order 1 Shift Points!

Ne=2, m=my=m, N=500

Curves are shifted for better visibility



Problem for Spectral Density

Ne
. C(Ne+1)N , . 2N .
R(X\; M; k) o exp 2(Nf+2))\ INf+2k/\ fl:[1(l)\+m)

Zy\ 2 (diag (m — i\, =iy, —iv\); k)
X
ZN (diag (m); k)

> Z," has N transition points
> Z\"2 has N; + 2 transition points

Microscopic limit does not exist for |k| > (Ny+ 1) /2!



ERe[R(A:K) ]

Problem for Spectral Density

Microscopic limit does not exist for |k| > (N; + 1) /2!

N=20 N=20, k=07 N=20, k=1

:ﬁvf \AL i VAAMMM MMM
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Re[R(Ask)]
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Spectral Density (N; = 2)
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oo
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= GUE-result

Ui2) - U(1)xu(1)

Im[R]/(Nw)

w = /A3 + 1 a scale factor; Nmy = Nmp = 0; Nmy = —Nm, = 1.5



Conclusions

Considered by us:

» complex representation:
U (Np) = U([Ng/2 + k1) < U([Ne/2 = K ])

> real representation:
USp (2Nr) — USp ([Ne + 2k, ]) x USp (| Ne — 2k ])

> quaternion representation:
O (N;) = O([N;/2+ k1) x O([Ne/2 — Ky ])

Academic (Mathematical) Question:

» What is with the general setting?
» @G alie group
» H a subgroup of G
> [s there a (signed) random matrix model with the
spontaneous breaking of symmetry G — H?
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