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Chern-Simons Term in 3D (Aµ ∈ isu(Nc))

Yang-Mills Action:

SYM = − 1
4g2

∫
d3x tr FµνFµν

Fµν = Aν,µ − Aµ,ν − i[Aµ,Aν ]

Chern-Simons Term:

SCS = i
k

4π

∫
d3x εµνλ tr (AµAλ,ν −

2
3

AµAνAλ)

I both terms are gauge invariant in the partition function
when k ∈ Z

but SYM is real in Euclidean space-time
while SCS is imaginary



Chern-Simons Term in 3D (Aµ ∈ isu(Nc))

SCS = i
k

4π

∫
d3x εµνλ tr (AµAλ,ν −

2
3

AµAνAλ)

I (bare) Chern-Simons level is quantized: k ∈ Z

I dynamical quarks (say Nf with masses mf ) yield shift

det(D + mf )
|mf |�1
≈ | det(D + mf )|eiπη(D)/2

with the Dirac operator: D = γµ(∂µ − iAµ)
and η-invariant: η(D) = tr sign(−iD)

⇒ renormalized Chern-Simons level: krn = k − Nf/2

Sign problem has two sources!



What has been observed?
I symmetry breaking pattern at fixed krn

U (Nf)→ U (dNf/2+krne)× U (bNf/2−krnc)

⇒ first order phase transitions when varying large quark
masses from positive to negative sign

I different phases also exist at vanishing masses

,
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⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</latexit>

SU(N)
k+ N

f
2 �1

<latexit sha1_base64="fqDNh3TvOX8gpN0Cm0TMRUE0Qzc=">AAACA3icbVDNSsNAGNzUv1r/ot70sliEiliSKuix6MVTqWjaQhvCZrupSzebsLsRSgh48VW8eFDEqy/hzbdx2+agrQMLw8x8fPuNHzMqlWV9G4WFxaXlleJqaW19Y3PL3N5pySgRmDg4YpHo+EgSRjlxFFWMdGJBUOgz0vaHV2O//UCEpBG/U6OYuCEacBpQjJSWPHPv1qk0jrx0eJw2vAD2Ih2GtQye2Jlnlq2qNQGcJ3ZOyiBH0zO/ev0IJyHhCjMkZde2YuWmSCiKGclKvUSSGOEhGpCuphyFRLrp5IYMHmqlD4NI6McVnKi/J1IUSjkKfZ0MkbqXs95Y/M/rJiq4cFPK40QRjqeLgoRBFcFxIbBPBcGKjTRBWFD9V4jvkUBY6dpKugR79uR50qpV7dNq7easXL/M6yiCfXAAKsAG56AOrkETOACDR/AMXsGb8WS8GO/GxzRaMPKZXfAHxucPPAOV+g==</latexit>

SU(N)
k+ N

f
2

<latexit sha1_base64="45Ye7T+7tB2cUrFb+4OKuD73mig=">AAACAHicbVDNSgMxGMzWv1r/Vj148BIsQkUou1XQY9GLp1LRbQttWbJptg3NJkuSFcqyF1/FiwdFvPoY3nwb03YPWh0IDDPz8eWbIGZUacf5sgpLyyura8X10sbm1vaOvbvXUiKRmHhYMCE7AVKEUU48TTUjnVgSFAWMtIPx9dRvPxCpqOD3ehKTfoSGnIYUI20k3z648yqNEz8dn6YNP4Q9YcKwlmW+XXaqzgzwL3FzUgY5mr792RsInESEa8yQUl3XiXU/RVJTzEhW6iWKxAiP0ZB0DeUoIqqfzg7I4LFRBjAU0jyu4Uz9OZGiSKlJFJhkhPRILXpT8T+vm+jwsp9SHieacDxfFCYMagGnbcABlQRrNjEEYUnNXyEeIYmwNp2VTAnu4sl/SatWdc+qtdvzcv0qr6MIDsERqAAXXIA6uAFN4AEMMvAEXsCr9Wg9W2/W+zxasPKZffAL1sc39ouVXg==</latexit>

(p = Nf )
<latexit sha1_base64="f1KXqc2Mg5kFNS7cL8JZoAzVbag=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCroRim5cSQX7gCaEyXTSDp08mLkRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1+IrgCy/o2CkvLK6trxfXSxubW9o65u9dScSopa9JYxLLjE8UEj1gTOAjWSSQjoS9Y2x9eT/z2A5OKx9E9jBLmhqQf8YBTAlryzANHsAAqCb7Et17gSN4fwIlnlq2qNQVeJHZOyihHwzO/nF5M05BFQAVRqmtbCbgZkcCpYOOSkyqWEDokfdbVNCIhU242vX6Mj7XSw0EsdUWAp+rviYyESo1CX3eGBAZq3puI/3ndFIILN+NRkgKL6GxRkAoMMZ5EgXtcMgpipAmhkutbMR0QSSjowEo6BHv+5UXSqlXt02rt7qxcv8rjKKJDdIQqyEbnqI5uUAM1EUWP6Bm9ojfjyXgx3o2PWWvByGf20R8Ynz//z5RJ</latexit>

(p = N
f � 1)

<latexit sha1_base64="YWGFnI/5Ia+tyPDfRbhWJ1mm7Aw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKSVEE3QtGNK6lgH9CEMJlO2qGTBzM3Qold+CtuXCji1t9w5984bbPQ6oELh3Pu5d57/ERwBZb1ZRQWFpeWV4qrpbX1jc0tc3unpeJUUtaksYhlxyeKCR6xJnAQrJNIRkJfsLY/vJr47XsmFY+jOxglzA1JP+IBpwS05Jl7jmABVBJ8gW+84Nh2JO8P4Mgzy1bVmgL/JXZOyihHwzM/nV5M05BFQAVRqmtbCbgZkcCpYOOSkyqWEDokfdbVNCIhU242vX+MD7XSw0EsdUWAp+rPiYyESo1CX3eGBAZq3puI/3ndFIJzN+NRkgKL6GxRkAoMMZ6EgXtcMgpipAmhkutbMR0QSSjoyEo6BHv+5b+kVavaJ9Xa7Wm5fpnHUUT76ABVkI3OUB1dowZqIooe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4B48eUuw==</latexit>

U(N
f )U(N

f � 1)⇥ U(1)

<latexit sha1_base64="zuow0zKgwdZlgIZ8RafE6Yvnnso=">AAACDHicbVDLTgIxFL2DL8QX6tJNIzGBhWQGTXRJdOPKYOIACRDSKR1o6HQmbceETPgAN/6KGxca49YPcOffWIZZKHiTJuece25u7/EizpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhLgl5KNseVpQzQV3NNKftSFIceJy2vPH1rN96oFKxUNzrSUR7AR4K5jOCtZH6xVLilm/7fgV1Q2NDKTl1DNUsoMpwpzI1Lrtqp4WWgZOBEmTV6Be/uoOQxAEVmnCsVMexI91LsNSMcDotdGNFI0zGeEg7BgpsVvWS9JgpOjHKAPmhNE9olKq/JxIcKDUJPOMMsB6pxd5M/K/XibV/2UuYiGJNBZkv8mOOdIhmyaABk5RoPjEAE8nMXxEZYYmJNvkVTAjO4snLoFmrOmfV2t15qX6VxZGHIziGMjhwAXW4gQa4QOARnuEV3qwn68V6tz7m1pyVzRzCn7I+fwCLxZjC</latexit>

⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</latexit>

SU(N !1)k + Nf  
<latexit sha1_base64="/cyJG6GLIfM7713XQpUSsfbFPdE=">AAACEXicbVDLSgNBEJyNrxhfqx69DAYhooTdKOgx6MVTiGgekA3L7GQ2GTI7u8z0KiHkF7z4K148KOLVmzf/xsnjoNGChqKqm+6uIBFcg+N8WZmFxaXllexqbm19Y3PL3t6p6zhVlNVoLGLVDIhmgktWAw6CNRPFSBQI1gj6l2O/cceU5rG8hUHC2hHpSh5ySsBIvl24qRUq2FO82wOiVHyPPS5DGBz6fXyEK36IvWPsJZr7dt4pOhPgv8SdkTyaoerbn14npmnEJFBBtG65TgLtIVHAqWCjnJdqlhDaJ13WMlSSiOn2cPLRCB8YpYPDWJmSgCfqz4khibQeRIHpjAj09Lw3Fv/zWimE5+0hl0kKTNLpojAVGGI8jgd3uGIUxMAQQhU3t2LaI4pQMCHmTAju/Mt/Sb1UdE+KpevTfPliFkcW7aF9VEAuOkNldIWqqIYoekBP6AW9Wo/Ws/VmvU9bM9ZsZhf9gvXxDbKym6k=</latexit>

Komargodski and Seiberg (2017); Armoni, Dumitrescu, Festuccia, and Komargodski (2019)



What does the spectral statistics look like?

Monte Carlo simulations
do not work (sign problem)!

We need an analytically feasible model!



Random Matrix Model



Drastic Simplification

I Dirac operator −→ iH ∈ i Herm(N)

I Yang-Mills: e−SYM ←→ e−Ntr H2/2

I Chern-Simons: e−SCS ←→ eα2(tr H−2ik)2/2

I Chern-Simons level k and α2 < 1 can be chosen freely

I α2 will be gauged to
N

N + Nf + 1
in the end



Renormalization of the Chern-Simons Level

I each of the Nf fermion determinants

det(iH + mf )
|mf |�1
≈ | det(iH + mf )|eiπη(H)/2

I phase from Chern-Simons part:

−2i α2k tr H
N�1≈ −πik η(H)

0 1 Π
2 2 3

1

2

3

r

� s
ig
n�r�

a�2�0.1, N�100
a�2�1, N�1000
a�2�1, N�100
a�2�10, N�1000
a�2�10, N�100
a�2�100, N�1000
a�2�0

ρsign(r) =
〈
δ

(
r − tr H

η(H)

)〉

α2 = 1− α̃2/N

⇒ krn = k − Nf/2



Analytical Feasibility

I partition function:

Z Nf
N (m; k) =

∫
d [H]e−Ntr H2/2+α2(tr H−2ik)2/2

Nf∏

f=1

det(iH +mf )

I GUE partition function: Z Nf
GUE(m) = Z Nf

N (m; k)|α2=0

I relation to GUE:

Z Nf
N (m; k) ∝

∫
dx exp

[
−(Nf + 1)N

2
x2 + 2i Nkx

]
Z Nf

GUE(m−ix)

Similar for other spectral quantities!



Level Density

R(λ;M; k) ∝ exp

[
−γN

2
λ2 − 2iN(1− γ)kλ

] Nf∏

f=1

(iλ+ m)

×
Z Nf+2

N−1 (diag (m − iγλ,−iγλ,−iγλ); k)

Z Nf
N (diag (m); k)

with γ =
Nf + 1
Nf + 2



Non-linear Sigma Model
(Existence and Effects)
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Technical Part (Map to Dual Space)

Evaluation of the partition function with supersymmetry
method (Hubbard-Stratonovich)

Z Nf
N (diag (m); k) ∝

∫
d [H̃] exp

[
−N

2
(tr H̃ − 2k)2 − N

2
tr H̃2

]

× detN [H̃ + diag (m1, . . . ,mNf)]

with H̃ ∈ Herm(Nf)

Action to be minimized

S =
1
2
(tr H̃ − 2k)2 +

1
2

tr H̃2 − tr ln(H̃)

because of small masses mf ∝ 1/N



Technical Part (Saddle point analysis)

Saddle point equation

1
λj
− λj =

Nf∑

j=1

λj − 2k =

auxiliary variable︷︸︸︷
2λ0

with λj eigenvalues of H̃ ∈ Herm(Nf)

Saddle point solutions

λj = λ0 + Lj

√
λ0

2 + 1, with Lj = ±1 and λ0 = λ0(k ,Nf, kL)

with 2kL =
∑Nf

j=1 Lj

Global minimum at those kL closest to k !



Non-Linear Sigma Model

Global minimum at those kL closest to k !

Lagrangian for zero-momentum part = RMT model

L(U) = ω tr




m1
. . .

mNf


 U

(
11dNf/2+kLe 0

0 −11bNf/2−kLc

)
U†

with scaling factor ω =
√
λ2

0 + 1

U ∈ U (Nf)

⇓

U
(

11dNf/2+kLe 0
0 −11bNf/2−kLc

)
U† ∈ U (Nf)

U (dNf/2 + kLe)× U (bNf/2− kLc)



Phase Transition Points

k =

[
1 +

1
24

1
(Nf + 1)2 +

17
1920

1
(Nf + 1)4 + . . .

](
n +

1
2

)
, n ∈ Z
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Masses of Order 1 Shift Points!
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Curves are shifted for better visibility



Problem for Spectral Density

R(λ;M; k) ∝ exp

[
−(Nf + 1)N

2(Nf + 2)
λ2 − i

2N
Nf + 2

kλ
] Nf∏

f=1

(iλ+ m)

×
Z Nf+2

N−1 (diag (m − iγλ,−iγλ,−iγλ); k)

Z Nf
N (diag (m); k)

I Z Nf
N has Nf transition points

I Z Nf+2
N−1 has Nf + 2 transition points

Microscopic limit does not exist for |k | > (Nf + 1)/2!



Problem for Spectral Density

Microscopic limit does not exist for |k | > (Nf + 1)/2!
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Spectral Density (Nf = 2)

kL ! 0
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Conclusions

Considered by us:
I complex representation:

U (Nf)→ U (dNf/2 + kLe)× U (bNf/2− kLc)

I real representation:
USp (2Nf)→ USp (dNf + 2kLe)× USp (bNf − 2kLc)

I quaternion representation:
O (Nf)→ O (dNf/2 + kLe)× O (bNf/2− kLc)

Academic (Mathematical) Question:
I What is with the general setting?

I G a Lie group
I H a subgroup of G
I Is there a (signed) random matrix model with the

spontaneous breaking of symmetry G→ H?
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