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The chiral PHASE TRANSITION temperature

R. D. Pisarski, F. Wilczek,
Remarks on the chiral phase transition in chromodynamics,

Phys. Rev. D 29 (1984) 338(R)

Abstract:

The phase transition restoring chiral symmetry at finite temperatures is
considered in a linear o model. For three or more massless flavors, the
perturbative e expansion predicts the phase transition is of first order.

At high temperatures, the UA(1) symmetry will also be effectively restored.

— since 35 years it is understood that critical behavior in strong-interaction matter
is due to chiral symmetry restoration

— the phase transition temperature in the chiral limit of QCD is one of the fundamental
scales in strong-interaction physics

— neither the order of the transition in 2 or (2+1)-flavor QCD nor the value of the
transition temperature have been established so far
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Phase diagram of QCD with two light flavors of mass m as
calculated from random matrix theory
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Phase diagram of QCD with two light flavors of mass m as
calculated from random matrix theory
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Phase diagram of QCD with two light flavors of mass m as
calculated from random matrix theory
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Phases of strong-interaction matter
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determination of TC puts an upper limit on T’ , If >0 (not yet known)
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Critical behavior in QCD

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

p 1 — — =
i = s MZ(V, T, i) = —hC=Pf (2 /1/E0) — £ (V, T, fi)

.- : i T — Tc m
,\ critical line: £ o 1 Ko (ﬁ) L h~
T/ t=0, h=0 T. T T.

here only: Hg = 0

guestion: Where is the chiral
PHASE TRANSITION for
m, = mgq = 0 located?
What is its influence on
observables at the pseudo-critical
temperature?
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Critical behavior in QCD

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

p . o .
T4 — VT3 In Z(V, T, ji) = —h(? )/Bdff(t/hl/ﬁa) — fr(V, T, [i)
4 T T 2\
e ()
T. “\T
Pseudo-critical temperatures g h o~ "";;q )
response functions @ magnetic mixed thermal
znd
order cumulants 921n Z 921n Z 921n Z
Oh? Oh Ot ot?
(" O(4) critical ) (ml)1/5—1 (ml>(ﬁ—1)/ﬁ5 (ml)—a/ﬁ6
exponents ~ [ — ~ [ — ~ [ —
a = —0.21 T, ﬁ T ﬁ T. ﬁ
8= 0.38
~ —0.79 ~ —0.34 ~ +0.11
\ 0= 482 )
divergence: strong moderate none
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Pseudo-critical temperatures from chiral observables
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Phases of strong-interaction matter
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Scaling in the thermodynamic (infinite volume) limit

— approaching the chiral limit — some definitions
— order parameter M and it's susceptibility
M = h'Y%fg(2) + four(T, H)
xv = hg 'R L (2) + faun(T, H)

for ANY fixed z:

Tpc(H) =T (1 -+ iHl/ﬁ‘s> + sub leading
Z0

700

conventional steps to determine TCO M
600 |
?,I
— choose a characteristic feature of X 500 1 N8 /
. max /
— the maximum X j s 400 | ;,;47
y
— in the scaling regime this is located at zp, 300 /' «
e
_ _ 200 | s
— using the scaling ansatz for T;,.(H) o 0%
allows to extract T, 00y e g BaeT
A. Lahiri et al, QM 2018, arXiv:1807.05727 oL . . . . TIMV
H.T. Ding et al, arXiv:1903.04801 130 135 140 145 150 155 160 165 170 175 180
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Chiral PHASE TRANSITION temperature
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Hx I X (z)
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Finite size scaling functions of the 3-d, O(4) spin model

M = hl/éfG(zazL)—l_.fsub(TaHaL)
xm = hg'hY°T (2, 20) + feun(T, H, L)

Hx _ Ix(z52L)
M .fG(za ZL)

i (H XM) 1
Iim — _
L— oo M ~—0 0

volume dependence controlled by z; ~ 1/miVCL , 2. >~ 1

+ sub leading

H 1
define z5(z1) as the value z for given zr, at which ( XM) =
zs5(zL)

Ts(H,L) = TCO (1 + MHVM) + sub leading
20

zs(0) =0

zs ~ 0 = weak H-dependence of T5 even at finite H and/or L
— almost perfect estimator for T, inthelimt H — 0, L — oo
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Chiral extrapolation in the Quark Meson Model

Ta. (0] = / d*z {q(@ + gme)q + 93(o + iF - Fvs)g + %(aﬂczs)z + UAUV<¢)}

—yws/TS my= 235 MeV -
| W 135 MeV - -
T ~ o 45 MeV - -

0 MeV —

AT = Tpo(mP'¥*) — T.(0) ~ 30 MeV

] N m— o —

0 0.5 1 1.5 T/, 2

m.[MeV] 0 45 135 230
T ) [MeV] | 100.7 | ~ 110 | ~ 130 | ~ 150 | T,.(m,) almost linear in 1,
T?[MeV] | 100.7 113 128 — even for m, = mP"vs

trivial?
put O(4) in, get O(4) out?
J. Berges, D.U. Jungnickel, C. Wetterich,
Phys. Rev. D59 (1999) 034010
F. Karsch, RMT@ECT* 2019

— strong pion mass dependence of Tpe (M)
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Chiral extrapolation and f|n|te volume effects
|n the 0(4) gb model
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105 s
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3.5 157.9 MeV 206.3 MeV 249.0 MeV
o0 178.1 MeV 208.3 MeV 249.3 MeV

— increasing volume dependence with decreasing pion mass

J. Braun, B. Klein, H.-J. Pirner, A.H. Rezaeian,

Phys. Rev. D73 (2006) 074010
F. Karsch, RMT@ECT* 2019
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Finite size scaling functions of the 3-d, O(4) spin model
vV = L3
(Nda)g

M = h'Y°fc(z,2L) + fous(T, H, L)
xv = hg BT fi(z,z0) + Fsun(T, H, L)

any "characteristic" z becomes a function of z| :

Tpc(H, L) = T? (1 + MHUB‘S) + sub leading
<0

zp, = zp(zL)

1.6 ‘ ‘ . . ‘ ‘ . . ‘ 0.5
fa(z,z =
141 G( L) Z|_=1-2 - 0.45 | Z 1.2 = |
° 10 o
. 04 | 08 a
v 0.35 | 06 v
0.3 t
0.25
0.2
0.15 | .
2=t/h /PO
0.1 S

4 05 0 05 1 15 2 25 3
J. Engels, FK, Phys. Rev. D90 (2014) 014501

F. Karsch, RMT@ECT* 2019 16



mailto:RMT@ECT

Finite size scaling functions of the 3-d, O(4) spin model

V = L3
(Naa)s

M = h'Y°fe(z,z0) + four(T, H, L)
xm = hgthY°7 f (2,20) + feun(T, H, L)

HXM _ fx(za ZL)
M fa(z, zL)

i (HXM> 1
Iim - _
L—o0 M 2—0 0

defines zg ~ 0O

+ sub leading

fx(z,zL)/fG(z,zL)
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Finite size scaling functions of the 3-d, O(4) spin model

M = hY°fg(z,21) + four(T, H, L)

vV = L3
(Naa)s

XM — halhl/a_lfx(zazL) +fsub(T9 H9 L)

HXM _ fx(za ZL)
M fG(Za ZL)

lim T5(L) =T?

L—co

1 . . / .

fx(z,zL)/fG(z,zL)
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\
+ sub leading

quark mass dependence arises
only as a finite volume effect (+s.l.)

" Ts(H,L) = Tc0 (1 + Mﬂl/ﬁd)

<0
y
finite volume effects ~ 1/V? = 1/L°
0 T T T T T T T T
-0.2 z5 ®
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Chiral PHASE TRANSITION in (2+1)-flavor QCD

A. Lahiri et al, QM 2018, arXiv:1807.05727
H.T. Ding et al (HotQCD), arXiv:1903.04801

— physical strange quark mass
— vary light quark mass

55 MeV < m, < 160 MeV

0.40

0.35

— use new estimators for pseudo-critical
temperatures

Ts, Teo

0.30 r
0.25

0.20
— control finite volume effects

2<m,.L<5
— extrapolate to infinite volume limit

and chiral limit
1/aT =6, 8, 12

0 Zp %60 fa(zp) Ix(2p) x(0)/ fx(2p)
(2) | 4.805 | 2.00(5) | 0.10(1) || 0.548(10) | 0.3629(1) 0.573(1)

) | 4.780 | 1.58(4) | -0.005(9) || 0.550(10) | 0.3489(1) 0.600(1)
(4) | 4.824 | 1.37(3) | -0.013(7) || 0.532(10) | 0.3430(1) 0.604(1)

0.15 r

0.10

0.05 |

0.00
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Chiral PHASE TRANSITION in (2+1)-flavor QCD

T OInZ(T,V,my, mg, my)
Vv Bmf

(YY) = ((PY)u + (Y)a)/2

renormalization group invariant order parameter: M = 2 (ms(zhb)l — ml@@b)s) /Fr

(Pih) ¢

chiral susceptibility: xar = ms(0y + 0a) M

: . 3
lattice sizes: N> X N;, 4< N,/N; <8
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7 2 ¥ 160| 55 —~ 300 | é
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H.T. Ding et al, arXiv:1903.04801
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Chiral PHASE TRANSITION in (2+1)-flavor QCD

use two novel observables for the determination of the chiral PHASE TRANSITION
TEMPERATURE, which in the infinite volume limit correspondtoz ~ 0, i.e. in the
scaling regime they have almost no quark mass dependence

Tx(H,L) = TCO (1 + MHU’%> + sub leading , X = 4§, 60

<0
Hy 1
- max M
Xn,e0 = 0.6 = Tgo T = = Ty
M 0
450 . . . i . . . 1.0 . e
A . N2 0.9 | HyM @
400 | g.--lan. No=40 &~ &
L /4 9 Ng=56 —o— 0.8 |
/ \ ) Mi=12 f
350 | " 4 \ ] 0.7 } = i‘
’? \ my/m=80 '_I]’J'
o o \ 0.6 | /
U DY \ ] o B Ng=48 ~Eh-
g/ \ 0.5 | /
2/ \ ¥ No=60 S
250 i @@ N.=8 \Q 1 0.4 v ] *;" Nuz?E i
/ : \ _ 4
200 | " mg/m=80 \ | 0.3 (=1 —‘_,-@’
4 0.2 | »E—B——115
T [MeV] o1 e T [MeV]
150 I i i i I L . i i i I i i i i
135 140 145 150 155 160 165 170 125 130 135 140 145 150 155 160 165 170

H.T. Ding et al, arXiv:1903.04801
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Finite size & and quark mass scaling

Ts(H,L) = T? (1 + MHU&) + sub leading

<0
_ _ zs5(zL)
(Ts(H,L)/T° —1) H™Y/P% — ¢, g~/ = 222722
<0
v
- mg\ ¢ N,
leading regular term 2L = 210 ( ) T
my No-
ve =v/30
150 | - - - - 150 . . .
1127 m/m,=80 : filled
Lﬁ&’@@ﬁﬁ“ﬂ-—u‘ B | %__ m¢/m=80
145 o140 0 © 127 41160 —_“E‘;’;-;: 1451 S
1#413%'“1--...55 =ae T—E
> 1407 m 127 i < 140 T e
@ 1/40 M_=6 = \JM'\"\‘ @ L ‘
= ~ B, = ., N =6
v - ] 8 @~ 1/40 & | .ﬂ'!ﬁ T -
— 135 | 12 - ; — 135 | - N=8 -5~
' _ R N_=6, 8, 12 -
I N.=6.8, 12 Yy . e \.‘ N=12 -5~
130 BN -8, 12 - 130 _- C '""'“-.LH_. ]
| 1BE.3 2 [ a
| [N/N(m/m;) "B | NN ﬂmﬁ“!..
125 . I:{G s, . . 125 . . (N/Ng) .
00 05 10 15 20 25 30 35 0.000 0.005 0.010 0.015 0.020

z5(zr) for O(4) from
J. Engels, FK, Phys. Rev. D90 (2014) 014501
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Finite size & and quark mass scaling

Ts(H,L) = T? (1 + MHl/ﬁ‘s) + sub leading
<0

160 . - ' | '
T [MeV]
155 -
T9-136.9 + 2.2 MeV
0_
150 I Te=134.3 £ 2.5 MeV | Tpc: N,=6, 8, 12
Too : N¢=6, 8, 12 HEH
Te:Ne=g,12mm | (¢) L — oo
145 - Tpe 1 N¢=8, 12 e ..
0 + 05 ey Te : N=6, 8, 12 Wl (1) a — 0
nggg-g + g-g MZV To:Ne=6.8.12 % §(444) H — 0
140 c=130.3 £ 9. s Tg : No=8, 12
- — |—V—|
T0-132.9 + 0.7 MeV To:Ne=5, 12 -
135 g 4 TeiNes6.8.12 B I (i)+(iii) combined
Eums Tc:Ne=8, 12 O(4) ansatz

¥
130
T2-129.4 + 1.1 MeV
H=mymg
! | 1 | ! ] !

0 0.01 0.02 0.03 0.04
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The chiral PHASE TRANSITION temperature

— using extrapolations linear in 1/V and m
as well as O(4) scaling ansatz

— extrapolations with and without data from coarsest lattice

— averaging results for Ty and Ty,

++ (1)V=es, O(4); (2)a=0; (3m=0
N:=6.8,12 _._. (1)V—=es, Linear; (2)a=0; (3)m=0

o (1)V— & m=0 combined O(4); (2)a—=0
,_._,. (1)V—)W, 0(4), (2)a-0; (S)m—)O
N,=8,12 o (1)V, Linear; (2)a0; (3Im-0
3 (1)V—0 & Mm->0 combined O(4); (2)a~>0

Tg [MeV] from T; (Squares); from Ty, (Circles)
124 126 128 130 132 134 136 138

3
T, = 1327 MeV
H.T. Ding et al, arXiv:1903.04801
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Crossover, chiral phase transition at g = 0
and the (tri)-critical pointat g > 0

(156.5 £ 1.5) MeV T4 .
13212 MeV T

the critical point is

a possible tri-critical point
will show up only at

T < 135 MeV

likely to be located at
T < 130 MeV

UB

- A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov,
Random Matrix Model J.J.,M. Verbaarschot, Phys. Rev. D58 (1998) 096007

QCD&RMT M. Stephanov, Phys. Rev. D73 (2006) 094508

NJL M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361
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The chiral PHASE TRANSITION temperature
- evidence for a 2" order transition in the chiral limit-

in the thermodynamic limit:  suppose there occurs a 1* order transition for H < H,.

M(T,H) ~ (H — H.)'° fc(z) (M is “almost” an order parameter)
x(T, H) ~ (H — H)'° 7' £, (2) + ...

: M fa(z) 700 ——
fOf ANY flxed Z _— Y (H — HC) |::> bound On HC Im ||Ilml"‘§ mg/m;| m_ [MeV]
X M fx(z ) 600 'd’ \ 20 [ 160 &~
sl we  J N @
/ \ 40 (110 —&—
400 ’f" gty \\\ 80| 80 —=—
j Y 60| 55 v~
300 / « N
‘& & __,_.@---\._“@M“. )
200 g T o9 o
e = . o=
55 8090 110 140 160 55 8090 110 140 160 m,[MeV] 0] g B8e°
0_1 D T T T T T T T T T T T T "‘J' 0_30 0 T [Mev]
M/n (M @0.6 (76~ s 130 135 140 145 150 155 160 165 170 175 180
008 1 cig:N,-6 % ol Prahe
0.06 opan:N;s ) ey y, 41 0.20 XM WOUId d|Verge
P half-filled : N=12 'Eﬂ ] | o5 already for non-zero
oo | w | H,
- 1 0.10
m L colored : O(N)
0.02 | L @m>e 1| black solid : Z2)@H=11120 | o
B ® black dashed : Z(2)@H=1/240 )
N S S & 4 o 0.00
\\:\‘b \@ \\‘b \\b‘ \\q’ )Q\q’ \\’\‘b \fb \\‘b \\b‘ \ﬂ’ \G’ ml‘{ms

A. Lahiri et al, QM 2018, arXiv:1807.05727
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Crossover transition parameters

PDG: Particle Data Group hadron spectrum

1

£ [GeV/im?) DGR p/T =0
0.8 |
. physical quark masses
0.6 | oc
Tpe = (156.5 = 1.5) MeV

041 | €pe = (0.42 £ 0.06)GeV /fm®
0.2 |

. , , , T [MeV]

130 140 150 160 170 180

compare with:

nucl. mat. ~_ 3
A. Bazavov et al. (HotQCD) , € ~ 150 MeV /fm

Phys. Rev. D90 (2014) 094503 enucleon ~ 450 MeV /fm®
and arXiv:1812.08235
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Crossover transition parameters
— and chiral limit -

PDG: Particle Data Group hadron spectrum

1

£ [GeV/im?) DGR p/T =0
0.8 |
. physical quark masses
0.6 | oc
Tpe = (156.5 & 1.5) MeV
047 | €pe = (0.42 £ 0.06)GeV /fm®
T chiral limit
0.2 | : 13
T. = 1327, MeV
0 . . . TIMeVl| ¢. ~ 0.15(5) GeV /fm®
130 140 150 160 170 180

compare with:

nucl. mat. ~_ 3
A. Bazavov et al. (HotQCD) , € ~ 150 MeV /fm

Phys. Rev. D90 (2014) 094503 enucleon ~ 450 MeV /fm®
and arXiv:1812.08235
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Transition parameters in the chiral limit

What drives the chiral transition?

— hadron resonance gas in the interval (132-156.5) MeV
— pion mass varies from 0 to its physical values

in the range T ~ (130 — 156.5) MeV :

contributions to total energy density and pressure change by a factor 3
but, pion density stays roughly constant

ny ~ 0.12/fm?

0.8

0.6
e(T)/e(156.5MeV) —

0.4 | p(T)/p(156.5MeV) —
Np(T)/ng(156.5MeV) —

0.2

T[MeV]
135 140 145 150 155
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Conclusions

— no evidence for a 1* order transition in QCD for pion masses m, > 55 MeV

— the chiral phase transition in QCD is likely to be 2" order

— the chiral phase transition is (20-25) MeV smaller than the pseudo-critical
temperature for physical values of the quark masses

3
T = 1327 MeV
— the chiral phase transition occurs at a pion density
3
ny ~ 0.12/fm

— a critical endpoint with TCEP < 140 MeV makes it difficult to be

observed in experimental searches at RHIC
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Critical behavior and higher order cumulants
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The Chiral PHASE TRANSITION In
(2+1) -flavor QCD
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