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Motivation: Physical Systems

» Topological modes, but more general framework

» The behaviour was seen before in several specific systems
» Wilson-Dirac Operator in finite-volume lattice-QCD

0 w A 0
D = a
(WT o)\ B
[Akemann, Damgaard, Splittorff, Verbaarschot [arXiv:1012.0752]]
[Kieburg, Verbaarschot, Zafeiropoulos [arXiv:1307.7251],[arXiv:1505.01784]]
» Coupled Chiral Systems

[Mielke, Splittorff [arXiv:1609.04252]]

» Difficult to distinguish topological and non-topological modes
[Bagrets, Altland [arXiv:1206.0434]]
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Intuition

Width proportional to a.

Single mode feels full ensemble S.

Bulk only perturbed at higher orders.

Breaks down if the perturbation touches the bulk.
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Set-up

» A and S deterministic.

» Broadening comes from averaging over change of basis.

Random Random

A =

K = A4a U S U
~~ ~~

Fixed Fixed
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Eigenvalue Equation

» Choice of basis

A — ( A = diag(Av+1,- -5 An) ‘ O(N—u)xy >
01/><(N—1/) ‘ O xv

usut = < ;1 22 > , S3 corresponds to zero modes
2 3

Uu = <51> ,Uris(N=v)x N, Upyisv x N
2
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Decoupling of Spectrum

Eigenvalue Equation

det (K — Aly)

A/ — aSl 0552
det (( S, a53) - >\1N>
= det (A +aS — My_,)
x det (aSg -1, — ?S (A + s — )\leu)_152)
ST det (A" +aS; — \) det (aS; — AL,)

Former zero modes are determined by Ss.
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Decoupling of Spectrum

Conditions

» Perturbation small enough
1 N
a = o
[IS1lop | Tr(A)~2

TS = 0

» Centred

» Sufficient mixing for limit

im g = oo,

N—oo
v/ TrS2
where q = rs e [1,VN]
[151]op
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» Possible for all Altland-Zirnbauer classes

» Result for non-chiral classes is

7N2Tr532}

(33) o exp [_W

lim
Nﬁ\oop
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» Consider S’ = kS3, with k = N /v/TrS?
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» Rewrite Haar-measure

g, dUaf(U2)6(1, — Uy Uf)
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» Starting point is therefore

From spectrum

—_—~
p(S) Iin})/ dU2/ dP/ dH exp[—€TrH? + iTr(S' — kU SUS)H]
«PJg, v v

x expleyNTr(1, — iP)*> +yNTr( 1, — U] )(1, — iP)]
—_——

From Haar-measure

» Interchange integrals and perform Us-integral

p(S) o lim / dP / dH exp[—€TrH? + iTrS'H]
7;LI v

e—0
xdet ™ "[yN1y ® (1, — iP) + ikS ® H|
x expleyNTr(1, — iP)2 + yNTr(1, — iP)]
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» Limit € — 0 can be taken for P, because determinant ensures
convergence

p(S") « Iim/ dP/ dH exp[—€TrH? + iTrS'H]
Pu v

e—0
xdet™ " [yN1y ® (1, — iP) + ikS ® H]
x exp[eyNTr(1, — i,’:’)2 + yNTr(1, — iP)]

» Saddlepoint approximation for N — oo is done on

e—0

p(S) « Iim/ dP/ dH exp[—€TrH? 4 iTrS'H]
Pu v

sdet ™[Iy, + i7 1 S/VIrS2 @ H(1, — iP) Y]
x exp[—iyNTrP]det "1, — iP]
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Non-chiral Classes
> After rescaling P — P/+/yN the saddlepoint is

N—o00 €0

lim p(S") o lim Iim/ dH exp[—€TrH? 4 iTrS'H]
N— oo M,
xdet™ [1n, + iy 'S/VTrS2 ® H]
» Expanding the determinant

_ S > S J .
Indet™ {1 u+i7®H} = Ty (,,’7) TeH
M VTS K ; J YWVTrS?

» Higher orders vanish
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Non-chiral Classes

» The result is

lim p(S") = Jo, dHexp[-TrH?/(27) + ITtS'H]  exp[—~TrS'/2)]

N—ro0 S, dS Sy, dH exp[-TrH? — TrS2/4] S, dS exp[—yTrS52/2]



Central Limit Theorem for Matrices

Non-chiral Classes

» The result is

_ , [5, dHexp[—TrH?/(27) + iTrS'H] exp[—7TrS"? /2]
lim p(S’) = “ =

N—oo fHV ds fHV dH exp[-TrH? — Tr52/4] IHV dS exp[—yTr52/2]

» The entries of S3 follows a Gaussian with standard deviation

o = ay/TrS?/(yN?)
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» Assume TrS2 ~ N and « fixed, the broadened modes scale as

VN
» From field theory N ~ V

/ N—2
> Keeping the scale o ~ w, % can identify former

zero modes
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Conclusion

» In perturbed systems with zero modes, the spectrum of the
zero modes decouples from the bulk

» The former zero modes spread out as a Gaussian ensemble for
all Altland-Zirnbauer classes

» The scaling of the zero mode width compared to the bulk
modes can identify systems with former zero modes



Thank you for your time!



Extra Slides

Eigenvalue Equation

0 = det(K— M)
~ et A +aS —Aly_, aS;
o (1,52T ‘ aS; — A1,
o / 1/\/,,, + Q(A/ o A:I-N77/)7151 ‘ («Y(A/ o )\1N71/)7152
= det(A"— Aly,)det ( aS) ‘ aSs — A1, .

= det (A"~ Ay det (In-y + (A = Mn-,) *UiSU] )
x det |:(},U25U; — AL, — albSUf (1/\/,1/ +a (A — /\1,\,7]/)*1 U15U1T>*1

x a (A = Aly-) "t USUL |

u}
o)
1
n
it
)
»
i)



Extra Slides

Eigenvalue Equation

0 = det(K— Aly)

det A +aS; — \1y_, ‘ aS,
¢ aS] [aS;— A1,




Extra Slides

Eigenvalue Equation

0 = det(K—Aly)
(A teS ool | s
- € asg ‘ 0153 — )\11/
_ : Iy + (A = My ) 'S [ oA = M) 'S
= det(A" — Aly_,)det ( oz52T ‘ aS; — A1,



Extra Slides

Eigenvalue Equation

0 = det(K—Aly)
(A teS ool | s
- € asg ‘ 0153 — )\11/
_ : Iy +a(A = My ) '8 [ oA = Ay) 'S,
= det(A" — Aly_,)det ( a52T ‘ aS; — A1,

= det (A’ — Aly_,) det (leu Fa(A - AlN,V)—lulsuf)
-1
x det {aUQSUg — AL, — albSUf (1N,V Fa(A = Apy,) UlsUI)

X a (A= Any) ' LaSUL|



Extra Slides

Eigenvalue Equation

» Write as Neumann sum

1 -1
(1w +a (A = A1) T UiSUY )
- S (-ay [(A’ “Aly,) 7! Ulsuf]

Jj=0

J



Extra Slides

Eigenvalue Equation

» Write as Neumann sum

1 -1
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» Write as Neumann sum
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Eigenvalue Equation

> Consider the squared norm of a U] (A") "1 Ui S |x)

_ a?Tr(AN)?
[ auwe sl usi = S st
K
2TI‘ A, —2 S g Condition on a
o ST SIE, coy
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Eigenvalue Equation

A former zero mode
~

det(K — Ay) S det (A) det (alsSUL - A1,)

Former zero modes are determined by Ss.
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