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Intriguing hints and the goal of BESII

Where on the QCD phase boundary is the CP?

Hadron Gas

0 200 400 600 800 1000 1200 1400 16000

50

100

150

200

250

300

Te
m

pe
ra

tu
re

 (M
eV

)

Baryon Chemical Potential μB(MeV)

Vacuum
Nuclear 
Ma�er

14.5
19.6

11.5

9.1

7.7

200 √s = 62.4 GeV

27
3927

60

BES II-

Quark-Gluon Plasma

Color 
Superconductor

The Phases of QCD

1st Order Phase Transition
Critical
Point

Equilibrium κ4

vs T and µB :

“intriguing hint” (2015 LRPNS)

Motivation for phase II of BES at RHIC and BEST topical collaboration.
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Equation of state near CP
EOS is an essential input for hydro.

Universality: QCD pressure is as
singular as the Ising model Gibbs
free energy:

PQCD(µ, T ) = −GIsing(h, r)

+ less singular terms ,

(from Parotto et al.)

h(µ, T ) = hT∆T + hµ∆µ = −cosα1∆T + sinα1∆µ

wTc sin(α1 − α2)
;

r(µ, T ) = rT∆T + rµ∆µ =
cosα2∆T + sinα2∆µ

ρwTc sin(α1 − α2)
,

GIsing(h, r) is universal and known, but α1 and α2 are not.
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Mean field EOS

P (µ, T ) = −min
φ

Ω(φ, µ, T ) .

Ω(φ, µ, T ) = Ω0 − hφ+
r

2
φ2 +

u

4
φ4 + . . . .

Note reparametrization invariance.

Note the Z2 symmetry:

φ→ −φ, h→ −h, r → r .

and scaling:
φ ∼ r1/2, h ∼ r3/2, Ω− Ω0 ∼ r2 .
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Subtlety of mapping r

h(µ, T ) ∼ cosα1∆T + sinα1∆µ

r(µ, T ) ∼ cosα2∆T + sinα2∆µ

While mapping of h is straightforward: h = 0 is the transition line,

the mapping of r is a little tricky. Since h ∼ r1+1/2 � r, admixture of h
in r is impossible to discern without considering also subleading order
scaling terms.

In Ω ∼ r2 that means ∼ r2+1/2, i.e., φ5.

In addition, mixing h and r violates Z2 symmetry, and so does φ5.
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The effect of φ5

Ω = Ω0 − h̄φ+
1

2
r̄φ2 +

u

4
φ4 + vuφ5 +O(φ6),

This (nonlinear) reparametrization removes φ5:

φ→ φ+ vφ2 + const

and modifies h and r:

h = h̄+O(r̄2),

r = r̄ + 2vh̄,
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Critical point near tricritical point
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Mean-field theory near QCD tricritical point

P (µ, T,mq) = −min
Φ

Ω(Φ, µ, T,mq)

where
Ω(Φ, µ, T,mq) = V (Φ, µ, T )−mqΦ

V (Φ, µ, T ) = V0 +
a

2
Φ2 +

b

4
Φ4 +

c

6
Φ6 + . . . ,

Scaling:

Φ ∼ a1/4, b ∼ a1/2, mq ∼ a5/4 V − V0 ∼ a3/2 .

TCP at Φ = 0: a = b = 0.
CP at V ′ = mq, V ′′ = V

′′′
= 0:

Φc =

(
3mq

8c

)1/5

, ac = 5cΦ4
c , bc = −10c

3
Φ2
c .
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Expand Φ = Φc + φ:

Ω =
(

Ωc + h̄φ+
r̄

2
φ2 +

u

4
φ4 + vuφ5

)
+ ∆bΦcφ

3 +
c

6
φ6 + . . . ,

where

h̄ = −(∆a+ ∆bΦ2
c)Φc ,

r̄ = ∆a+ 3∆bΦ2
c ,

u =
20Φ2

c

3
, v =

3

20Φc
.

⇒ h = −
(
∆a+ ∆bΦ2

c

)
Φc,

r =
7

10
∆a+

27

10
∆bΦ2

c .

tanα1 = −
(
dT

dµ

)
h=0

=
hµ
hT

=
aµ + bµΦ2

c

aT + bTΦ2
c

;

tanα2 = −
(
dT

dµ

)
r=0

=
rµ
rT

=
aµ + 27bµΦ2

c/7

aT + 27bTΦ2
c/7

.

As Φc ∼ m1/5
q → 0: α1 − α2 ∼ m2/5

q → 0.
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Slope difference

tanα1 − tanα2 =

(
dT

dµ

)
r=0

−
(
dT

dµ

)
h=0

=
20

7a2
T

∂(a, b)

∂(µ, T )
Φ2
c +O(Φ4

c)

∼ m2/5
q .

α1 > α2
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RMM of Halasz et al

D =

(
0 X + T + iµ

X† + T + iµ 0

)
P (µ, T,mq) = −N min

φ
ΩRMM (Φ;µ, T,mq) ,

where

ΩRMM = Φ2−1

2
ln
{[

(Φ +mq)
2 − (µ+ iT )2

]
.
[
(Φ +mq)

2 − (µ− iT )2
]}
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Baryon number susceptibilities χ2 ≡ Pµµ, χ3 ≡ Pµµµ, χ4 ≡ Pµµµµ:
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For mq = 5 MeV: α1 ∼ 13◦, α2 ∼ 1◦ .

Observaions:

both slopes are negative
the sign of χ3 is negative on crossover line
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The slope of h-axis and the sign of χ3

The sign of χ3 on crossover (h = 0) line
is related to the slope of r = 0 line (i.e., α2):
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Ginzburg region

Breakdown of mean-field approximation, Ginzburg criterion:

~

Ginzburg region:
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Beyond mean-field

In d = 4 there are two Z2-odd perturbations of dimension 5:

φ5 and φ2∇2φ.

Only one linear combination can be represented by r − h mixing:

V3 = uφ5 − φ2∇2φ

(
= φ2 δΩ

δφ

)
.

Indeed, ∆3 = βδ − 1 = 1/2 +O(ε2), same as of h/r.

Another linear combination is

V5 = uφ5 − (10S5/3)φ2∇2φ,with S5 = O(ε)

due to mixing . ∆5 = 1/2 + ε+O(ε2).

More irrelevant, because in d = 3, ∆5 ≈ 1.3− 1.6 > ∆3 ≈ 0.56.
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Beyond mean-field

tanα1 − tanα2 =

(
dT

dµ

)
r=0

−
(
dT

dµ

)
h=0

=
7

10
CMF(1 + S5(ε) +O(ε2))m2/5

q +O(m4/5
q )

Psing(µ, T ) = −r2−α
(
g(hr−βδ) + v5r

∆5g5(hr−βδ)
)
,
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Conclusion

The slope difference α1 −α2 vanishes as m2/5
q in the chiral limit.

For small mq the slope of h-axis is negative: 0 < α2 < α1.
Confirmed by RMM.

χ3 < 0 and is experimentally measurable.

α2 ∼ 0 enhances CP effects on cumulants of baryon number:
e.g., ∂2G/∂h2 ∼ r−γ vs ∂2G/∂r2 ∼ r−α, where γ ≈ 1 and α� 1.
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