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Introduction

Scale invariant QF Ts prove useful in the theoretical description of
many physical phenomena

e Critical phenomena (second order phase transitions)

o Ferromagnet-paramagnet

o Liquid-vapour



Introduction

They appear in theoretical investigations in different areas of
physics

e Beyond the Standard Model

o Conformal Technicolor
o Dynamical electroweak symmetry breaking

o Asymptotic safety scenario

e AdS/CFT corrspondence
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Introduction

Under general conditions, i.e. unitarity and Poincaré invariance,
scale invariance is promoted to conformal invariance:

in 2d

in 4d ., (perturbative)
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Introduction

Approaches to conformal invariant QFT

Lattice models

Exact renormalization group

Conformal bootstrap

Epsilon expansion
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Introduction

Approaches to conformal invariant QFT

Lattice models

Exact renormalization group

Conformal bootstrap

renormalization group

Epsilon expansion
conformal field theory
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e-expansion:
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e-expansion:
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compare to experimental value v = 0.63
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Functional perturbative RG

Jack, Osborn '83], ...
O’'Dwyer, Osborn '07]
Codello, M.S, Vacca, Zanusso '17]
Osborn, Stergiou '17]

[
[
[
[

Standard Renormalization group, but promoted to functional level
(here in dimensional regularization and M S)
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Functional perturbative RG
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Functional perturbative RG

L=3(90)*+V(¢)
background-field method:

V(g +f) = Z v<"

V()
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Functional perturbative RG

L=300)>+V(p) d=4—¢
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Functional perturbative RG

Allows to calculate (perhaps infinitely) many critical quantities in
one shot
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Functional perturbative RG

Il
B

L=2100)?2+g10+ g20” + 930> + uo* +---  d

Dimensionful beta functions (dim.reg. and MS)

B1 = 12 gag3 — 108 g5 — 288 g2g3g4 + 48 9193
Bz = 249492 + 18 g3 — 1080 g5 g4 — 480 gag]
By = 729493 — 3312 g30;

Ba = T2gj — 3264 g}
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Functional perturbative RG

Gives more insight into the structure of flow equations
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Functional perturbative RG

L=2108)2+V(p) d=4

By = a(V)2 4 pv @ (v 3))2
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Functional perturbative RG

L=2108)2+V(p) d=4

By =3 (V@) + vy
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Functional perturbative RG
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Functional perturbative RG

L=13(00°+V(p) d=4

By = (V@) 4+ v (v )2

2 — loops
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Multicritical theories
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10/3 |3 [ 14/5 | 8/3

O'Dwyer, Osborn [arXiv:0708.2697 [hep-th]], Annals Phys
Codello, M.S, Vacca, Zanusso [arXiv:1705.05558 [hep-th]], Eur.Phys.J.C
Codello, M.S, Vacca, Zanusso [arXiv:1706.06887 [hep-th]], Phys.Rev.D
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Multicritical theories

Notable examples (d. > 3)

m=4 ¢* d=4—¢ Ising
m=3 ¢ d=6—c¢ Lee-Yang

m=5 ¢ d=10/3—¢ Tricritical Lee-Yang

18 /59



Functional perturbative RG

L =10¢;00; + V(9)
background-field method:

¢+,f Z n 1112 fhflz
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Functional perturbative RG

L=300°+V(p) d=4d-¢

i i Vi k
. "’ . @ N
J J l

Vint

By = 3Vi;Vij + %VijVilejkl
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Renormalization group and epsilon expansion

for multi-scalar models
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Quartic model with three flavours

One-loop beta function of dimensionless potential in d =4 — ¢

d—2 1
Po = —dv+ ——ivi + Jvijvij

22 /59



Quartic model with three flavours

One-loop beta function of dimensionless potential in d =4 — ¢

d—2 1
Po = —dv+ ——ivi + Jvijvij

Bijki = —€Xijkt + 3Xap(ij Met)abs v(¢) = FrAijkt Pididrdy
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Quartic model with three flavours

One-loop beta function of dimensionless potential in d =4 — ¢

d—2 1
By = —dv + ?@Ui + S visvis
Bijkt = —€Xijrt + 3Xap(ij Met)abs v(¢) = JXijkt Pidbidrdy

Two-flavour model studied in [Osborn, Stergiou '17]
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Quartic model with three flavours

One-loop beta function of dimensionless potential in d =4 — ¢

d—2 1
By = —dv + ?@Ui + S visvis
Bijkt = —€Xijrt + 3Xap(ij Met)abs v(¢) = JXijkt Pidbidrdy

Concentrate here on the three-flavour model:
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Quartic model with three flavours

One-loop beta function of dimensionless potential in d =4 — ¢
By = —dv + %@'Uz‘ + %Uz‘jvij
Bijkt = —€Xijrt + 3Xap(ij Met)abs v(¢) = JXijkt Pidbidrdy
Concentrate here on the three-flavour model:

Kinetic term invariant under

U € 0(3), UvTu =1
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Quartic model with three flavours

One-loop beta function of dimensionless potential in d =4 — ¢
By = —dv + %@'Uz‘ + %Uz‘jvij
Bijkt = —€Xijrt + 3Xap(ij Met)abs v(¢) = JXijkt Pidbidrdy
Concentrate here on the three-flavour model:

Under U couplings transform as

Aijkt = UiaUjpUrkcUre Aapee

22 /59



Quartic model with three flavours

(4+3—1

4 ) =15 couplings

1

v(e) = 5 (M1 + Ah2¢26% + AN3d307 + 6Xa3dT + 6A7¢367
+12X5¢2¢3¢7 + AA6P3P1 + AN 12¢3¢1 + 12X 10¢2¢3¢1
+12X3¢3¢3¢1 + Xod3 + 1565 + AN 1ad2d5 + 6X13050% + 4A1103¢3)
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Quartic model with three flavours

(i, J5] = d€iji Jn (J2, J3) <> (j,m)

15=1H6509
7 0 2 4
V2 (3 (M + 2 s — 87 + Ao — 8A13) + 8A15) g1
30 (A5 + A11) — 4014 g2
40X12 — 30 (/\3 + /\8) g3
—10 (A1 — 67 — Xg + 6X13) g4
rg = —20 (A2 + X6 — 6A10) = g5
70 ()\11 — 3)\5) ge
70 (A3 — 3Xg) g7
35 ()\1 — 64 + )\9) 98
140 ()\2 — )\6) 99
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Quartic model with three flavours

J3-

m=0,41,+2, +3, +4

g1
92
g3
94
g5
g6
g7
g8
99

92
—93
294

—2g5
396
—3g7
4gs
—4g9
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Quartic model with three flavours

J3-

g1
92
g3
94
g5
g6
g7
g8
99

—93
g2
—2g5
294
—3g7
396
—4g9
4gs
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Quartic model with three flavours

g — g1
g1 0
92 —9g3 <92) — R(0) (92)
g3 go g3 g3
94 —2gs 94 g4
Js-| g5 | =i| 20 exp(—if.J3) : (gs) — E(20) (95)
g6 —3g7
g7 396 (‘%) — R(30) (96)
g8 _499 g7 gr
99 4gs (98) — R(46) (gs)
99 99
cosf —sinf
R(0) = (sine cos 6 )
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Quartic model with three flavours

V2 (A1 + 20 — A7+ X9 — A1z — 2)15)
6 (A5 + A11 + A1a)
rs = —6 (A3 + As + A12)
=3 (A1 4+ A7 — X9 — A13)
—6 (A2 + X6 + A10)

gi10
gi11
g12
gi13
g14
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Quartic model with three flavours

V2 (A1 +20a — A7 + X9 — A3 — 2)15) gio

6 (A5 + A11 + A1a) g11

r5 = —6 (A3 + As + A12) =1 912
—3(A1+ A7 — X9 — A13) 913

—6 (A2 + A6 + A10) g14

gio — 4gio0

g10 0
g11 —9g12 g11 g11
Jz-| g12 | =1t g11 exp(—ifJs) : (912) — k() (912)
g13 —2g14 913 g13
2 — R(260
- g12 (42) — neo (22)
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Quartic model with three flavours

V2 (A1 + 20 — A7+ X9 — A1z — 2)15)
6 (A5 + A11 + A1a)
rs = —6 (A3 + As + A12)
=3 (A1 4+ A7 — X9 — A13)
—6 (A2 + X6 + A10)

g10 0
g11 —9g12
Jz-| 912 =1 g11 exp(—i0J3) :
g13 —2g14
g14 2913

gi10
gi11
g12
gi13
g14

gio —> 4gi0
(911) — R(0) (911)
g12 g12

(22) — reo (22)

1= A1+ 2 + 27 + X9 +2M13 + A5 = 915
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Quartic model with three flavours

B(R-g) = R-B(g) Blg*x) =0 = B(R-g*x)=0
O(3)-related fixed points are equivalent

One may use this freedom to set some couplings to zero

and simplify the fixed point equations

(911)HR(911) ([/))
g12 gi2 912
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Quartic model with three flavours

Alternative representation (N flavours):

Aijkt = KO(i50k1) + P(i50k1) T Tijkl, pu=0, oiju=0

3 6 1
= m)\aabm Pij = m ()\ijaa - Néij)\aabb)
6 3
Tijkl = Nijkl — N 46(1j>\kl)aa + m)\aabba(ijakl)

For three-flavour model one can make the following identification

K1y, Pij <> T5, Tijkl <7 T9

Use freedom to diagonalize p;; <& set gi11 =g12 =914 =0
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Quartic model with three flavours

2793 4915 10v2g10 392
= —eg1 + + - + f

AL 9 980\f 9 ( 49 2a50v3 | a9 Y2910
1

Bs = —cgs + 95 (3V201 + 40v2g10 + 112915)
140

1o = —cgro— 4797, ( 5791 19915) 91 93
1472 4902 15 196\f 2450/2
11 1942

B15 = —egis5 + gl”‘ + 984 910

* 280 280 4900 84
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Quartic model with three flavours

Fully interacting fixed points

N Anomalous dimensions Symmetry Name
1 ﬁ Zo Ising
2 (100 00 o0 | o@)
(751> 751> 300) 0@ | o)
3 (&, &, &) (Z2)3 x S3 | cubic
(0.01004,0.01042,0.01042) | Z x O(2) | biconical

1 2
Vio0(3) = 0 (67 + 83 + ¢3)

1
VS,Cubic =

V3 biconical = 0.0105352 (47 + ¢3)? + 0.0287745 ¢3 (7 + ¢3) + 0.00843668 ¢

o5 (01 + 03 4 0f + 36103 + 0103 + #309))
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Quartic model with three flavours

Fully interacting fixed points

N Anomalous dimensions Symmetry Name
1 ﬁ Zo Ising
2 (100 00 o0 | o@)
(751> 751> 300) 0@ | o)
3 (&, &, &) (Z2)3 x S3 | cubic
(0.01004,0.01042,0.01042) | Z x O(2) | biconical

1 2
Vio0(3) = 0 (67 + 83 + ¢3)

1
VS,Cubic =

o5 (01 + 03 4 0f + 36103 + 0103 + #309))

Aijaa X dij

V3 biconical = 0.0105352 (47 + ¢3)? + 0.0287745 ¢3 (7 + ¢3) + 0.00843668 ¢
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Quartic model with three flavours

Fully interacting fixed points

N Anomalous dimensions Symmetry Name
1 ﬁ Zo Ising
2 (100 00 o0 | o@)
(751> 751> 300) 0@ | o)
3 (&’ &’ &) (Z2)3 x S3 | cubic
(0.01004, 0.01042,0.01042) | Zz x O(2) | biconical Nijaa  8i;

1 2
Vio0(3) = 0 (67 + 83 + ¢3)

1

Vaeunic = 1oz (1 + 03 + 8 +3(6763 + 0763 + 0343))

V3 biconical = 0.0105352 (47 + ¢3)? + 0.0287745 ¢3 (7 + ¢3) + 0.00843668 ¢
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Cubic model with three flavours

One-loop beta function of dimensionless potential in d =6 — €

d—2 2
Bv = —dv + — Givi + divijuj — 3 Vig Uik Vki
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Cubic model with three flavours

One-loop beta function of dimensionless potential in d =6 — €

d—2 2
Bv = —dv + T%‘m + ivijvj — 3Vig Uik Uk
1 1
v(p) = 3 Xijk $i®j Pk, Yij = §>\iab>\jab

1
Bijk = —5€Nijk T AabeAab(iNjk)e — 4NiabAjbeAkea
2

31
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Cubic model with three flavours

One-loop beta function of dimensionless potential in d = 6 — ¢
d—2 2
Bv = —dv + 5 Givi + divijuj — 3Vig Vik Uk
1 1
v(9) = 5 Aijk 0P, Vij = gAiabAjab
1
Bijk = —3€ Aijk + AabeAab(iNjk)e — 4NiabAjbeAkea

Three-flavour model:
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Cubic model with three flavours

One-loop beta function of dimensionless potential in d = 6 — ¢
d—2 2
Bv = —dv + 5 Givi + divijuj — 3Vig Vik Uk
1 1
v($) = 31 Nk 9i0iP, Yij = gAiabAjab
1
Bijk = —3€ Aijk + AabeAab(iNjk)e — 4NiabAjbeAkea

Three-flavour model:

Kinetic term invariant under

U € 0(3), vtu =1
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Cubic model with three flavours

One-loop beta function of dimensionless potential in d = 6 — ¢
d—2 2
Bv = —dv + 5 Givi + divijuj — 3Vig Vik Uk
1 1
v($) = 31 Nk 9i0iP, Yij = gAiabAjab
1
Bijk = —3€ Aijk + AabeAab(iNjk)e — 4NiabAjbeAkea

Three-flavour model:

Under U couplings transform as

Aijk = UiaUjpUgcAabe

31
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Cubic model with three flavours

One-loop beta function of dimensionless potential in d = 6 — ¢
d—2 2
Bv = —dv + 5 Givi + divijuj — 3Vig Vik Uk
1 1
v(9) = 5 Aijk 0P, Vij = gAiabAjab
1
Bijk = —3€ Aijk + AabeAab(iNjk)e — 4NiabAjbeAkea

Three-flavour model:

( 3+ g -1 ) =10 couplings

1
v= (A163 + 3A2207 + 3A3¢367 + 3Mad3e1 + 3A70361
+ 65020301 + X6d3 + M0@h + 3hod2¢3 + 3Asd33)
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Cubic model with three flavours

move to basis split into irreps:

100=7d3

2\/5(3 (A3 4+ Ag) — 2M10) g1 g1 0

A2+ Xg — 49 g2 g2 —9g3

—A1 — g +4M7 g3 gs g2
r7 = 10 (Mg — A3) = 94 |, J3-| g4 | =) —295
—20)s5 g5 95 294
5(X6 —3X2) g6 g6 —397

5(A1 —3X4) g7 g7 396

V2 (A3 + s + A1o) gs gs 0
r3 = A2 + A6 + Ao =1 99 |, Js-| 9o =i | —gi0
—A1— A — A7 gio g1o g9
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Cubic model with three flavours

move to basis split into irreps:
10=7®3

|m| = 0 - transforms trivially under exp(—i6.J3)

2v/2 (3 (A3 + As) — 2X10) g1 g1 0
A2 + Ag — 49 g2 g2 —9g3
=1 — A+ 4Ny g3 g3 g2
r7 = 10 (As — A3) =| g1 |, J3-| g4 | =) —295
—20X5 gs g5 294
5 (X6 — 3X2) g6 g6 —3g7
5(A1 —3X4) g7 g7 396

V2 (A3 + As + A1o) gs gs 0
r3 = A2 + A6 + Ao =1 9 |, J3-| g9 | =i —g10
—A1 — A — A7 g10 gio go
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Cubic model with three flavours

move to basis split into irreps:
10=7®3

linear combination of |m| =1 couplings
transform under exp(—i0.J3) with R(|m|0) = R(0)

2V2 (3(A3 4+ As) — 2A10) g1 g1

A2 + Ag — 4Xg g2 g2

—A1 — Ay + 4N g3 g3

rT = 10 (As — A3) = 94 ) J3- g4
—20As g5 g5

5(X6 — 3X2) ge ge

5 ()\1 — 3)\4) g7 g7

V2 (A3 + As + A1o) gs gs
r3 = A2 + X6 + Ao =1 9 |, Js-| 99 =1
A1 — A\ — A7 g10 gio

—93
g2
—2gs5
294
—3g7
396
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Cubic model with three flavours

move to basis split into irreps:
10=7®3

linear combination of |m| = 2 couplings
transform under exp(—i6.J3) with R(|m|0) = R(20)

2v2 (3(A3 4+ As) — 2A10) g1 g1

A2+ A6 — 49 92 92

—A1 — A4 +4)7 93 93

ry = 10 ()\g — )\3) = ga s Js- g4
—20A5 g5 g5

5(X6 — 3X2) ge ge

5 ()\1 — 3)\4) g7 g7

V2 (A3 + As + A1o) gs gs
r3 = A2 + X6 + Ao =1 9 |, Js-| 99 =1
A1 — A\ — A7 g10 gio

—93
g2
—2gs5
294
—3g7
396

32/59



Cubic model with three flavours

move to basis split into irreps:
10=7®3

linear combination of |m| = 3 couplings
transform under exp(—i0J3) with R(|m|0) = R(30)

2V2 (3(A3 4+ As) — 2A10) g1 g1

A2 + Ag — 4Xg g2 g2

—A1 — A +4X7 g3 g3

rT = 10 (As — A3) = 94 ) J3- g4
—20As g5 g5

5 (X6 — 3X2) g6 96

5(A1 —3\) g7 g7

V2 (A3 + As + A1o) gs gs
r3 = A2 + X6 + Ao =1 9 |, Js-| 99 =1
A1 — A\ — A7 g10 gio

—93
g2
—2gs5
294
—3g7
396
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Cubic model with three flavours

move to basis split into irreps:
10=7®3

|m| = 0 - transforms trivially under exp(—i6.J3)

2v/2 (3 (A3 + As) — 2X10) g1 g1 0
A2 + Ag — 49 g2 g2 —9g3
=1 — A+ 4Ny g3 g3 g2
r7 = 10 (As — A3) =| g1 |, J3-| g4 | =) —295
—20X5 gs g5 294
5 (X6 — 3X2) g6 g6 —3g7
5(A1 —3X4) g7 g7 396

V2 (A3 + As + A1o) gs gs 0
r3 = A2 + A6 + Ao =1 9 |, J3-| g9 | =i —g10
—A1 — A — A7 g10 gio go
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Cubic model with three flavours

move to basis split into irreps:
10=7®3

linear combination of |m| =1 couplings
transform under exp(—i0.J3) with R(|m|6) = R(6)

2v2 (3(A3 4+ As) — 2A10) g1 g1

A2+ A6 — 49 92 92

—A1 — A4 +4)7 93 93

rr = 10 (As — A3) = 94 ) J3- g4
—20As g5 g5

5(X6 — 3X2) ge ge

5 ()\1 — 3)\4) g7 g7

V2 (A3 + As + A1o) gs gs
r3 = A2 + X6 + Ao =1 99 |, Js-| 99 =1
A1 — A — A7 g10 g10

—93
g2
—2gs5
294
—3g7
396
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Cubic model with three flavours

r3 = fundamental representation of O(3)

gs gs g5
rg:(gg)—)R(gg):(O), 0(3) — 0(2)
g10 g10 0

33/59



Cubic model with three flavours

r3 = fundamental representation of O(3)

ry = ga exp(—i6J3) :
g5 (g4> — R(26) (9
° g5
ge
97 (96> — R(30) (9
g7
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Cubic model with three flavours

r3 = fundamental representation of O(3)

g — q1

v (52) = = (5) = ()
re=1| g4 exp(—i0J3) : (g4>

— R(26) (94
95 95

: (3) — non ()

Use O(3) freedom to set g2 = gg = g10 =0
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Cubic model with three flavours

B1 = 91 + ﬁ (91 +2g1 (693 +393 +39% — 293 —29%) + 12v/2g3 (9497 — 9596 — gsg4)>
+ 1 (397 + 1793 — 295 — 202 — g8 — 93) 98 — B+ g
25 1 3 4 5 6 7 50 8 5 8
1
B2 = ~ 100 ((1293 + 93 — 92)96 + 2949597 — V291 (9ag6 + g5 (293 + 97)))

1
+— + —18
5% (9ag6 + g5 (g7 g3))

1
500 (2493 + 169793 + 29393 + (693 + 692 — 8(g3 + ¢7)) g3
f 2 2
— 4949596 + V291 (39596 + g4 (93 — 397)) + 2(g1 — 95)g7>
11 1
- 2 V2(g4 (3 - —g3g?
1200 % ( 9193 + V2 (94 (393 + g7) g5ge)) + 9395
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Cubic model with three flavours

Fully interacting fixed points

Anomalous dimensions / € Symmetry | Name
—% None Lee-Yang
(%, %) Ss3 3-state Potts
(— 505 —06) & 22
(—%, - %, - é Sa 4-state Potts
(0.167418,0.093267,0.093267) 0(2) 0(2)
(=051~ 7951> ~ 7501) S | S3
(%’ 1571_639\8/56ﬁ7 157-{639@) Lz X L2
(0.168983,0.1653200, —0.059256) Zo
(—0.063434, —0.055612, —0.047844) Zo
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Cubic model with three flavours

Fully interacting fixed points

N Anomalous dimensions / € Symmetry | Name
1 —% None Lee-Yang
5 (%, %) Ss3 3-state Potts
(— 505 —06) & 22
(- %7 - %, —% Sy 4-state Potts
3 (0.167418,0.093267,0.093267) 0(2) 0(2)
(=051~ 7951> ~ 7501) S3 | S3
(i, roaym wreagsst) | g,z
(0.168983,0.1653200, —0.059256) Zo
(—0.063434, —0.055612, —0.047844) Zo
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Cubic model with three flavours

Fully interacting fixed points

Anomalous dimensions / € Symmetry | Name
—% None Lee-Yang
(%, %) Ss3 3-state Potts
(— 505 —06) & 22
(—%, - %, - é Sa 4-state Potts
(0.167418,0.093267,0.093267) 0(2) 0(2)
(=051~ 7951> ~ 7501) S | S3
(%’ 1571_639\5{5677 157-{639@) Lz X L2
(0.168983,0.1653200, —0.059256) Zo
(—0.063434, —0.055612, —0.047844) Zo

Fixed points do not split at NLO
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Cubic model with three flavours

7
V35, = §¢1¢2¢3

V3.0(2) = 0.187016 ¢3 (#7 + ¢35 — 0.420329 ¢3)

i (13v260% + 30v/26 (3 + 63) é3 — VI009 61 (67 — 303) )

Va o, =
855 12¢/11991
63 (3VIT(#3 — 63) — 3v33(65 + 63) + 4v/33¢3 )
Vazaxz = 12v/566
Vaz,-1 = $2(0.258794% — 0.09099¢3 + 0.01418¢2)
+i¢3(0.0615643 — 0.07055¢2 — 0.06948¢3)
Vaz,_11 = % (¢3(0.67445¢3 + 0.72878¢7 + 0.2809543)

+ ¢2 (0.4686547 — 0.058091¢3 — 0.13685¢3))
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Quintic model with two flavours

Three-loop beta function of dimensionless potential in d = 10/3 — €

d—2 1 3
By = —dv + 7@% + ¢ivijvj + JVidktVigkmUim = 5 VijkVitmVjkim

1 1
v=o Aijkim Pi®j Prd1Pm, Yij = %Aiabchjabcd
3 1
Bijkim = —35€ Aijkim + E)‘abcde)‘abcd(i)‘jklm)e

0
+§)‘abcd(i/\klm\de\>‘j)abce —45 Aabe(ijA|abcd\m)‘kl)cde
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Quintic model with two flavours

Two flavours :

(5+§_1) =6 couplings

1

50 (M1@T + 5A2d20T + 10A30307 + 10X10567 + 5A503h1 + A693)

Under O(2): 6-dim representation is split into three 2-dim irreps
o= (M 22 A5 _ (g1

! A2+2X\+2X6 ) T \ g2
b = [ TATT2A3 4325\ _ (93

3 =32 —=2M\+X )~ 94

A1 —10A3 +5X5\ _ (g5
52 — 10X 4+ X6 / — \ g6

T5
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Quintic model with two flavours

1
B1 = o (—1099g398 — 294 (61293 + 1099g5) g6 + g5(—61293 + 10999593 + 61293))

3 1
B2 = —Sgr+ oo (95 — (75392 + 75393 + 3670(g2 + 92)) g2

—6594 g4g3 + 69495 (109995 — 1224g3) + 12(306(g5 — g3) + 1099g395) g6 )

3 1
Bz = —Sgs+ oo (~244593 — 2519395 — (244597 + 13466(93 + 95)) 93

+4g2 ((612g3 + 1099g5) g6 — 612g4g5) + 3672(g5 — 3g593))
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Quintic model with two flavours

3 1
Bs = 59+ o5 (—3672g5 — 134669493 + 110169296 — 25193 g4
494 ( — 1346692 — 2445(g3 + g3)) + 292 (109992 — 12249395 — 109992 — 12249496))

3 1
Bs = ~505 + oo (— 18350503 + (63949495 + 93(6594g5 — 367291)) a2
—68(24393 + 38995)9¢ + g5 ( — 2645292 + 165249395 — 20199(g3 + ¢3))
1330489495 g6>
Bo = —2go+ — ( 2645292 — 165249492
6 = 296 1920 96 9496

— (183593 + 65949492 + 26452¢2 + 20199(g3 + g3) + 330489395 g6

+16524g492 + 692 (306(g3 — 93) + 10999395))
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Quintic model with two flavours

Fully interacting fixed points

N Anomalous dimensions Symmetry | Name
1 N
1 — 1850 None Tricritical Lee-Yang
(1%, 13 ) D5 Pentagonal
1 1
2 (_ﬁv _ﬁ) S3 Potts3
(—0.000589, —0.000718) Zo Zs

1

& (561 — 104303 + ¢3)

Va ,Pentagonal =

Vit (63— 363) (42 + 63)
2,Potts — 48\/@

Va,7, = —i ¢2 (0.000739091 ¢35 + 0.00605538 ¢ $3 + 0.00248364 ¢7)
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Epsilon expansion from conformal field theory

for multi-scalar models



€ expansion from CFT

e Conformal invariance (d = d. — ¢€)

o 6a
(Oa(@)0p(y)) = —Salab Ay =ad+7a

|z —y[2Aa

Ca be

(Oa(z)O0p(y)Oc(2)) = oy Ratie—Be[y—z|AvtAcBa | —gActRa—Ay

e Schwinger-Dyson equation

<§—z(x) O1(y) 02(2)---> =0

43 /59



€ expansion from CFT

1 2m
Vi= Vi @iyt Gigns de =

m+N—1)

Number of monomials for N fields = (
m
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Field anomalous dimension

~ ~ &0 ; -
Gi@)0sw) = b b= Radn,  RTR=1
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Field anomalous dimension

at leading order:

cm—1 - - 16 6.(6c + 1)va
|z — y[2(m—1)dc Vair i1 Voig-ip_1 $=0 = |z — y|20c+4 ¢ab
5. ™ oo 1 I ()
N m—2’ Anr 7e
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Field anomalous dimension

at leading order:

cm—1 - - 16 6.(6c + 1)va
(7 = gem=nge Vairime Vbirima | o = T msga Cdab
5. ™ oo 1 I ()
‘T m-2 41 wle

simplified and written in ¢; basis:

(m-2) —2
Yab = 39ml c™ Vaivio i1 Voitio-im_1
d
Yab = RacRpcYe, M@% = —Yab Pb

46 /59



Anomalous dimensions of higher order operators (m = 2n)

C1 g k1
— | Ak AR 1AL |y _ | AR 1A
ly — | |z — |

<¢(x)¢k (y)¢k+1(z)> - |q; — y|A1+Ak*Ak+l
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Anomalous dimensions of higher order operators (m = 2n)

C1 ke, k+1
— 2| ARTAR1AY | — g A1TA k1

<¢(x)¢k(y)¢k+1(z)> = |CL‘ — y|A1+Ak*Ak+l ‘y

C1 ok kt1
P o — y| BBkt |y — | ArtAE 1AL |5 — | ArtA k1A

(Ped(@)¢" (y)¢" 1 (2)) = D
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Anomalous dimensions of higher order operators (m = 2n)

C1,k,k+1
_ Z|Ak+Ak+1*A1 |z — x|A1+Ak+1*Ak

<¢(x)¢k(y)¢k+1(z)> = |:L‘ — y|A1+Ak*Ak+l ‘y

C1 ok kt1
z |z — y|A ARkt |y — 2| ARtAR+1781 | — g BBkt 1Dk

(Ped(@)¢" (y)¢" 1 (2)) = D

@LO

f £
g ConZa kkt1 2 kst
-1 = —— (V1)

2k 2 2k 2
= yf2ly =271 Pz — el P o —yl2ly — 2|71 2|z — ] T
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Anomalous dimensions of higher order operators (m = 2n)

2 k!
(n=2)!n! (k—n+1)

1T

T An mde

k>n—1

Vi1 = Tk = <"+ 0(g%),
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Anomalous dimensions of higher order operators (m = 2n)

2 k!
(n=2)!n! (k—n+1)

1T

T An mde

k>n—1

Vi1 = Tk = <"+ 0(g%),

2(n—1)

: —1 2

Yo =
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Anomalous dimensions of higher order operators (m = 2n)

o — Sk = Siyiybiy o di,

=y
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Anomalous dimensions of higher order operators (m = 2n)

o — Sk = Siyiybiy o di,

=y

(s@)e" WP (2))  —  (6:@) SkW)Sks1(2))
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Anomalous dimensions of higher order operators (m = 2n)

S Syg.. g . _— A o o
(’7k+1 =Yg ) Siiy i Siyvif, = Cnk ‘/“1"'74n]1“'Jn—lSJl"'Jnflll“‘lk+17nsl1'“lk+17n7'1'“74n

et k!
2(n —2)In! (k —n+1)!

Cn,k =
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Anomalous dimensions of higher order operators (m = 2n)

S S
(’Yk+1 — Y% ) Siiq -

'stihm

cnt k!
2n—2)n! (k—n+1)!

Cn,k =

11 =0V3?), cur=0 k<n—1

LO
in_1Sirin 1 = Cnn—1Viigipjign1 g1 Sinin

50

ikS,-r..ik = Cn,k ‘/;:il"'injl"'jnflsjl"'jn—lll”'lk 1—nSll"'lk 1—mi1-in
+ +
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Anomalous dimensions of higher order operators (m = 2n)

S S — L o S
(7k+1 = Vi) Siig-ig, Sigvig, = Cnjk ‘/”1'“anl"'JnflS]l"']n—lll"'lk+1—nsll"'lk+l—w,11"'ln

et k!
2(n —2)In! (k—n + 1)!

Cn,k =

11 =0V3?), cur=0 k<n—1

Sg.. . ;Lo 3 o
Vi Sty vin—1 Siyvin_1 = Cnn—1Viji - gnitino1 S i1 G din
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Anomalous dimensions of higher order operators (m = 2n)

S S _ . L . i . .
(7k+1 -) Siiyevig Sigig = Cnk ‘/”1'“17LJ1"'JnflS]l"']n—lll"'lk+1—nSll"'lk+l—w,1l"'

cnt k!
2n—2)n! (k—n+1)!

Cn,k =

11 =0V3?), cur=0 k<n—1

Sg. . LO A <P
Vi Sivevvin = Cnn=1Viijpir-in Si1-in

50

in
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Anomalous dimensions of higher order operators (m = 2n)

S Syg.. g . _— A o o
(7Ic+1 =Yg ) Siiy i Siyvif, = Cnk ‘/“1"'74n]1“'Jn—lS]l"'Jn—lll“‘lk+17nSll'”lk#»lfnll'“zn

et k!
2(n —2)In! (k —n+1)!

Cn,k =

_1)en—1 !
s _(n=1c "t (n41)!
Tt Sining = 505 0 VitednGinein Singacin g Ddrdn
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Anomalous dimensions of higher order operators (m = 2n)

S Syg.. g . _— A o o
(7Ic+1 =Yg ) Siiy i Siyvif, = Cnk ‘/“1"'7'nJ1“'Jn—lSJI"'Jn—lll“‘lk+17nSll'”lk#»lfnll'“ln

et k!
2(n —2)In! (k —n+1)!

Cn,k =

_ -1 |
s _(n=1c "t (n41)!
7n+lSi1“‘in+z = 2 n j1-"jn(il'-'inSin+1"'in+z)jl~-jn,

Can be solved once the symmetry is known
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Anomalous dimensions of higher order operators (m = 2n)

S Syg.. g . _— A o o
(’7k+1 =Yg ) Siiy i Siyvif, = Cnk V“1mln]l'“]n—lSJ1"'Jn—1ll‘“lk+17nSll'“lk+17n’b1'“zn

et k!
2(n —2)In! (k —n+1)!

Cn,k =

s _(n=1c" ! (n+ 1)
TntSin i = T 0 VitednGinein Singacin g Ddrdn

Hypercubic theories:
Antipin, Bersini [arXiv:1903.04950 [hep-th]]

50 /59



Anomalous dimensions of higher order operators (m = 2n)

(pi(z) Sk (y)Sk+41(2)) Son—1=V; = U¢;

k=2n—2: (¢i(2)S2n—2(y)V;(2))

k=2n—1: (¢:i(2)V;(y)S2n(2))
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i S _ 3 )
(V3n-1 — ’7271—2)‘/1']'12”725[27172 = cn2n—2Vil,J, 157, 1K, 1 VK, 11,j

S ) — . ;
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Anomalous dimensions of higher order operators (m = 2n)
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Anomalous dimensions of higher order operators (m = 2n)
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Anomalous dimensions of higher order operators (m = 2n)
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Anomalous dimensions of higher order operators (m = 2n)

(pi(z) Sk (y)Sk+41(2)) Son—1=V; = U¢;

k=2n-—2: <¢i (2)S2n—2(y)V;(2) > = Dz<¢i x)Szn—z(y)¢j(Z)>

k=2n—1: ($i(2)V;®)S2n(2)) = Oy(di(2)0;(y)S2n(2))

Oz0y <¢1 (z)¢J (y)S2n—2 (z)>
020y (¢ (2) 7 (1)S2n (2))
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Anomalous dimensions of higher order operators (m = 2n)

Og0y <¢1 (z)¢J (y)S2n—2 (Z)>
020y (¢ (2) 7 (1)S2n (2))

7 S — g .
(Yan—1 = Van—2) Vijlan 2512, = en2n—2Vir, g, 1S5, 1Ky 1 VKn_11nj

S ) —
(V3 — 72"’1—1)5]‘121L71‘/i12n71 = cn2n—1 VI, Vidy 1 KnSKpln
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Anomalous dimensions of higher order operators (m = 2n)

Dny<¢i(z)¢j (y)32n*2(z)>
020y (¢ (2) 7 (1)S2n (2))
[O¢;] = [¢i] +2

7 S — g .
(Yan—1 = Van—2) Vijlan 2512, = en2n—2Vir, g, 1S5, 1Ky 1 VKn_11nj

S ) —
(V3 — 72"’1—1)5]‘121L71‘/i12n71 = cn2n—1 VI, Vidy 1 KnSKpln
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Anomalous dimensions of higher order operators (m = 2n)

DwDy<¢i(1)¢j (y)$2n*2(z)>
020y (¢" (2)¢7 (1) San(2))
(B¢i] = [¢i] +2

i S . y — g y . )
(Yon—1 = Van—2) Vijlon_25T,_o = cn2n—2Vir, g, 1S5, 1K, VK, _11,j

S i —
(V3 — 72”1—1)5]‘12n71%12n71 = cnon-1Vj1, 0,1 Vid, 1 Ko SKal,
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Anomalous dimensions of higher order operators (m = 2n)

020y (¢ (2)¢? (1) S2n—2(2))
0204 (0" (2)¢7 () San (2))

S ) _ . g’
(Yon = Van—1) Silan_1Vilan_1 = cn2n-1 Vit J, 1 Vi, 1K, SKnl,
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Anomalous dimensions of higher order operators (m = 2n)

020y (6" (2)¢ (4)S2n—2(2))
020y (" ()¢’ (y)S2n(2))

S i o
("/271, - ’Y‘anl)sjlgn_l ‘/ilzn_l = Cn,2n—1 ‘/jl'ﬂ‘]‘n—l‘/'L‘]ﬂ,—lK7LSKn,In,
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Anomalous dimensions of higher order operators (m = 2n)

020y (¢" ()7 () San—2(2))
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Fixed point equations (m = 2n)

O204(¢" (2)¢? (y)S2n—2(2))

(2n — 3)len—t

(= 2)12 Vit 150 ViK1 5Ky 11,1

((n=1e =50 2) Vistan 2Sr0, s =
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Fixed point equations (m = 2n)

Oz0y <¢l (m)qﬁj (y)S2n—2 (z)>

(2n — 3)lent

S -
((n —1e— ”Y2n—2> VijLap 25L2n 2 = nl(n — 2)12

Vil 170 VidnKpy 15K 11,1

_(n—=1)c""! (2n —2)!

S o L
Von—25i1inn o = 2n12 (n—2)! 1 (i1 in S

ing1rion—2)i1dn
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Fixed point equations (m = 2n)

Oz0y <¢Z (33)¢] (y)S2n—2 (z)>

(2n — 3)lent

T Vi, 100 Vidn Ko 1 SKy 110y

S ~
((n —1e— 7217,—2) VijLop—25Lo, o =

(n—1)c""1 (2n —2)!
27L!2 (7L o 2)| .jl"'.j7l(il"'i7L

S
’YQ’H,*QSjl"'i271,72 - S

int1i2n—2)J1 " Jn

53 /59



Fixed point equations (m = 2n)

0.0y (6" (2)¢7 (1)S2n—2(2))

(n —1)(2n)!

0=(1—-n)eVi . ig, yE

n—1
¢ Viy e jnir-in ‘/;:n+1"‘i2n)j1"'jn
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Structure constants

m=20+1
0o (6@ 1W)S21(2) x Cys, s,
g+p>L+1, lg—pl <4

4

C¢i32p—1'§2q—1 = # V’ikl'“ktll“‘lr Sll"'lrjl“'js Sjl"'jskl"‘k?t

y (20— 1)2(2p — 1)!(2¢ — 1)! T

44— - D+p-!l+qg—plp+qg—£—-1)!

20=r4+t, 2p—1=r+s, 2¢q—1=s+t
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Structure constants

Oy : (9i(2)¢5 (Y)Pr(2)) o< Coig;0)

2

c
C¢i¢j¢k = 7ZVijk
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Fixed point equations (m = 3)

0,040, : ((;Sl(w)%(y)qbk(z)} & C¢i¢j¢k

487a(iVikya — 8€Vijk = ¢ ViabVibe Vica
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Summary

e We have discussed epsilon expansion within both RG and CFT
frameworks, from a functional perspective, for multi-scalar
models

e Resorting to a convenient basis (irreps of kinetic term symm),
theory space has been fully explored seeking fixed points in
d=4—eandd=6—¢€euptoN =3, and ind=10/3 — € for
N=2

e We have shown that there are no fixed points beyond known
ones in d = 4 — € with three flavours, and found new fixed
points in d = 6 — € three flavour and d = 10/3 — € two-flavour
models
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Summary

e The method may prove useful for extensions to theories with
higher number of flavours

e From the CFT approach we have explained how critical
quantities can be obtained and especially found general
eigenvalue equations that determine the scaling operators and
their anomalous dimensions, and which can be solved once
the symmetry is known

e Relying solely on conformal symmetry, we have derived
general constraint (“fixed point”) equations for even models
and for the d. = 6 model. Can this be extended to higher
order odd models?
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Thank You



