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CFTs
QFT provides an immensely powerful framework for 
the description of the subatomic world, condensed 
matter systems, etc.

How do we study conformal field theories (CFTs)?

One way is to view 
CFTs as endpoints of 
renormalization group 
flows.

µ

UV

IR

Flow is governed 
by the    function

β = 0⇒ fixed points

β

CFTs appear in the study of
• Renormalization group
• AdS/CFT and thus gravity
• String theory
• Critical phenomena



!3

Conformal Bootstrap

• Is non-perturbative.
• Is not specific to any theory (does not need a Lagrangian).
• Can be used in any spacetime dimension.
• Exploits the power of conformal symmetry.
• Has errors that are under control.

The first successful numerical implementation of the method 
for CFTs appeared in 2008. (Rattazzi, Rychkov, Tonni & Vichi)

The numerical conformal bootstrap:

Bootstrap: Solve a theory simply by imposing self-consistency 
conditions/constraints!

First suggested in the 1960s by Chew for the S-matrix, and by 
Polyakov in the 1970s for CFTs.
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3D Ising Model

For the 3D Ising model everyone agrees:
•    expansion
• FRG
• Monte Carlo
• …
• Experiments

ε
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Any new computational approach to critical phenomena better 
reproduce the Ising results.

The conformal bootstrap reproduces these results and in fact has 
succeeded in giving the most precise determination of the critical 
exponents to date!



(Kos, Poland, Simmons-Duffin & Vichi, 2016)

3d Ising Model
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Outline

The bootstrap philosophy

Structural phase transitions

The cubic bootstrap

Summary

The MN bootstrap
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Operators in CFTs

In CFTs operators can be grouped into primaries and 
descendants:

Kµ (O(0)) = 0 or Kµ (O(0)) ! 0.

Descendants are derivatives of primaries.

Correlation functions of primary operators are severely 
constrained:

⟨O1(x1)O2(x2)O3(x3)⟩ =
C123

(x122)
1
2 (∆1+∆2−∆3) (x232)

1
2 (∆2+∆3−∆1) (x132)

1
2 (∆1+∆3−∆2)

.

⟨O(x)O(0)⟩ = CO
(x2)∆O

, ⟨O1(x)O2(0)⟩ = 0 ,
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These constraints arise from the fact that with two or three 
points in space one cannot write down any conformally 
invariant quantities.

Four-point Functions in CFTs

This is not so with four points:

u =
x122x342

x132x242
v =

x142x232

x132x242
.and

The four-point function of primary operators in CFTs is 
given in terms of an arbitrary function of u and v:

⟨O1(x1)O2(x2)O3(x3)O4(x4)⟩ =
(
x242

x142

) 1
2 (∆1−∆2) (

x142

x132

) 1
2 (∆3−∆4) g(u, v)

(x122)
1
2 (∆1+∆2) (x342)

1
2 (∆3+∆4)

.
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Conformal Blocks

In remarkable work Dolan and Osborn computed this 
function           for scalar external operators in 2001.

O1

O2

O3

O4

O

Using the operator product expansion (OPE),

one can view the four point function as a sum over 
contributions of the form

The exchanged operators can be primaries or descendants.

C12O C34O

O1(x) × O2(0) =
∑

O

C12O

(x2)
1
2 (∆1+∆2−∆O )

O(0)

g(u, v)
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Dolan and Osborn managed to resum the contributions of 
the descendants of any given primary, and determine the 
dependence of the four-point function on u and v.

Conformal Blocks

As a result,

g(u, v) =
∑

O
C12OC34O gO (u, v).

Conformal
blocks

The four-point function follows from knowing all possible 
exchanged primary operators.

The conformal blocks depend on the scaling dimension and 
the spin of the exchanged primary operators.



!11

Crossing Symmetry

It must be that

O4

O1

O2

O3

O4

O
C12O

O1

O2

O3

C34O
=

O ′
C14O′ C23O′

We are now ready to set up the constraint used in the 
conformal bootstrap program.

This simple constraint provides the basis of all bootstrap 
analyses.

∑

O

∑

O′

(kin. fac.) ×
∑

O
C12OC34O gO (u, v) = (kin. fac.) ×

∑

O′
C14O′C23O′ gO′ (v, u)
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How To Extract Information

Let’s take the simple case of a CFT containing a scalar 
operator φ.

Its four-point function can be expressed in two ways:

Equality of the right-hand sides gives

⟨φ(x1)φ(x2)φ(x3)φ(x4)⟩ =
1

(x122x342)∆φ
∑

O
C 2φφOgO (u, v),

∑

O
C 2φφOFO (u, v) = 0, FO (u, v) = u−∆φ gO (u, v) − v−∆φ gO (v, u).

⟨φ(x1)φ(x2)φ(x3)φ(x4)⟩ =
1

(x142x232)∆φ
∑

O
C 2φφOgO (v, u).
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If our theory is unitary then 

How To Extract Information: OPE Coefficients
∑

O
C 2φφOFO (u, v) = 0, FO (u, v) = u−∆φ gO (u, v) − v−∆φ gO (v, u).

C 2φφO > 0.

Let us separate the contributions of the identity operator 
and another operator      of interest:

We can act on this equation with a linear functional α :

C 2φφO0α(FO0 ) = −α(F1) −
∑

O!1,O0
C 2φφOα(FO ).

C 2φφO0FO0 = −F1 −
∑

O!1,O0
C 2φφOFO .

O0
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We can now demand

How To Extract Information: OPE Coefficients

C 2φφO0α(FO0 ) = −α(F1) −
∑

O!1,O0
C 2φφOα(FO ).

α(FO0 ) = 1 and α(FO ) ≥ 0.
Then,

−α(F1)If we now minimize             we have an upper bound on CφφO0 !

With this method we can obtain rigorous bounds on the 
interaction strength of CFTs!

This is an optimization problem, solved numerically on the 
computer.

C 2
φφO0

= −α(F1) −
∑

O!1,O0

(positive × positive) ≤ −α(F1).
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More Information: Operator Dimensions

There is another way to write the crossing constraint:

−F1 =
∑

O!1
C 2φφOFO .

If we act with    as before,

−α(F1) =
∑

O!1
C 2φφOα(FO ),

α

make some assumptions about one or more of the    ’s and 
demand

α(F1) = 1 α(FO ) ≥ 0,and
then if such functional    exists we have a contradiction:α

−1 !
= positive.

O

This allows us to exclude CFTs with certain operator spectra.
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Cubic CFTs in 3D

Cubic CFTs have a discrete global symmetry,

4

1 2

3

4

12

3

Relevant whenever we have cubic lattices, e.g. cubic magnets 
like Fe or Ni.

!φ = (φ1,φ2,φ3)
<latexit sha1_base64="NxUeSUGZ5VTxq2SpD4Kw5kPaRxE="></latexit><latexit sha1_base64="g/Kzo2HIhMhEpM1C5ki+afdno60="></latexit><latexit sha1_base64="g/Kzo2HIhMhEpM1C5ki+afdno60="></latexit><latexit sha1_base64="8ctloaYqCixdru9uyD1OzfT3oVs="></latexit>

V = 18λ(φ
2)2 + 124 g

3∑
i=1

φ4i
<latexit sha1_base64="Zt3beWhtBfpPMoVtnjlpF/IC3SQ="></latexit><latexit sha1_base64="BtyhctdHlnat9UlFeEjHACefWQk="></latexit><latexit sha1_base64="BtyhctdHlnat9UlFeEjHACefWQk="></latexit><latexit sha1_base64="tx9ewue7nWEkKD1jz4BOiox4840="></latexit>

Oh = Z2
3 ! S3 ≃ S4 × Z2 .

<latexit sha1_base64="tvE54KMv970RhDGPu9sfSpwXxHM="></latexit><latexit sha1_base64="dsLoZbLOdNnHU3rz3MEgCDzhb78="></latexit><latexit sha1_base64="dsLoZbLOdNnHU3rz3MEgCDzhb78="></latexit><latexit sha1_base64="nUR05T6xNIM65EO8Q95ry8VAA10="></latexit>
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Cubic CFTs in 3d

Using the    expansion one can find a fixed point with cubic 
symmetry, but the critical exponents are almost identical to 
those of the Heisenberg model.

ε
<latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit>

(Kleinert & Schulte-Frohlinde, 1995)
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Bootstrapping Cubic CFTs in 3d

φi × φj ∼ δijS + X(ij) + Y(ij) + A[ij]
<latexit sha1_base64="85t7n9xlYnuB+k7c2GbR6tln93s="></latexit><latexit sha1_base64="v+FXf9eopdHkby3DTCT8ahfrPQk="></latexit><latexit sha1_base64="v+FXf9eopdHkby3DTCT8ahfrPQk="></latexit><latexit sha1_base64="YsCNoJEjKOJ9s37ATNVaG4uhkJg="></latexit>

We will look at the four-point function

⟨φi(x1)φj(x2)φk(x3)φl(x4)⟩.
<latexit sha1_base64="NXQX0idyIDgFDQgVpvfjbpoVPqY="></latexit><latexit sha1_base64="9X7yWFEeOo1vuJTrYubx7+Aau2g="></latexit><latexit sha1_base64="9X7yWFEeOo1vuJTrYubx7+Aau2g="></latexit><latexit sha1_base64="Hp7gMNvJo36nVO7rPzhyjar04/s="></latexit>

The OPE follows from group theory:

0.5 0.505 0.51 0.515 0.52 0.525 0.53 0.535
1

1.1

1.2

1.3

1.4

1.5

decoupled Ising

��

�X

(AS, 2018)
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Bootstrapping Cubic CFTs in 3d
Let us now consider the system of four-point functions

⟨φi(x1)φj(x2)φk(x3)φl(x4)⟩,
<latexit sha1_base64="UCqA6ajtpeBTscfaBJG3bTqnIMM="></latexit><latexit sha1_base64="YU54zyCpHmFjl+pOWKrQODWO+sA="></latexit><latexit sha1_base64="YU54zyCpHmFjl+pOWKrQODWO+sA="></latexit><latexit sha1_base64="+ZYoXHH/rvTkVo999NWVKYfYNm8="></latexit>

⟨φi(x1)Xjk(x2)φl(x3)Xmn(x4)⟩,
<latexit sha1_base64="TFdzm3av9upPpce7B7g2qUMK+Kg="></latexit><latexit sha1_base64="jSJ6Sv1u/tQv1+lzO6x6jXsC0Vk="></latexit><latexit sha1_base64="jSJ6Sv1u/tQv1+lzO6x6jXsC0Vk="></latexit><latexit sha1_base64="LXXNe0BzBQbKsgKsuYl7oIEIx2U="></latexit>

⟨Xij(x1)Xkl(x2)Xmn(x3)Xpq(x4)⟩.
<latexit sha1_base64="n5/6aK2aky2QTpZhy3+mRktdCR4="></latexit><latexit sha1_base64="PjU2vc8qJq1tr/oeP/hCziEkH18="></latexit><latexit sha1_base64="PjU2vc8qJq1tr/oeP/hCziEkH18="></latexit><latexit sha1_base64="6dRpWMaBY94s0Y3c2LDPyO9b3J4="></latexit>

We will assume that the dimension of X lies on the bound.

This is now a much bigger numerical optimization problem.

In order to make progress we need to make assumptions.

It turns out that it is important to limit the number of relevant 
operators.
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Bootstrapping Cubic CFTs in 3d

0.516 0.518 0.52 0.522 0.524 0.526 0.528 0.53 0.532 0.534

1.26

1.28

1.3

1.32

1.34

1.36

1.38

��

�S

(Kousvos & AS, 2018)

∆X′ > 3
<latexit sha1_base64="u2koKojVbgbo4ZvcOU2o2e8rCEM=">AAACWXicdZBNSwJRFIbPTF9m30mrNlKLCkRmtK9VRAW1aGGUJaTInetRL965M825liJBP6B9tKufFf2ZZjSjSXpXh+d8vbyOLwVpy/owzLHxicmpxHRyZnZufmFxafmavHbAscg96QUlhxFKobCohZZY8gNkriPxxmkdR/2bewxIeOpKd32suKyhRF1wpkNUKZ+g1KzaK208HuSri+tWNrefy+/k02Gxt7+dt9M/xM5afa0frrw+PwFAobpk7JZrHm+7qDSXjOjWtnxd6bFACy7xMVluE/qMt1gDe32vccRccplujkDquk4c1qjuKR1n0WpAdYpTCn00sRaHCh90Z/RVRMhHHqedthLcq/2x35G6owMWQkLtMqEiQ71TIWX6kika8vBg1Ng8EQ2hKXMexqwypwFia+vXcJj0MM70/8V1LmtbWfsijPwIBkrAKqzBJtiwB4dwBgUoAoc7eIE3eDc+TcNMmMnBqGl876QgJjP1BZlRuyA=</latexit><latexit sha1_base64="fQfyLWS6VZzylyVFb/2pQS0Es3M="></latexit><latexit sha1_base64="fQfyLWS6VZzylyVFb/2pQS0Es3M="></latexit><latexit sha1_base64="8/ofeS8G25WRhHGZxTORZKnF3kU=">AAACWXicdZDLTsJAFIan9YZ4A1m6IbIQE0JaUGFliJLgwgVGuSRCyHQ4wITptPYMCiE8h1t9LOPL2CIYK/FfnXzn9ue3XMFRGcaHpq+tb2xuRbajO7t7+wex+GEdnZHHoMYc4XhNiyIILqGmuBLQdD2gtiWgYQ2vg37jGTzkjnxQExfaNu1L3uOMKh+1W2UQinamzZPZZb4TSxnZXDGXP88n/aJQPMubyR9iZo25UmShaieuXbS6DhvZIBUTFPHRNFzVnlJPcSZgFm2NEFzKhrQP07nXMKI22lQNViBObCsMu9hzpAqzYNXDHoYp+j4G0A1DCS9qvPoqIOgCC9PxSHLmdP/YHws1Vh71IYKyKZeBoWmFC5G8pxKX3D8YNNJl3ucKM7d+zDJT8QCGp7+G/aSXcSb/L+q5rGlkzTsjVbpaZB4hR+SYpIlJCqREbkiV1AgjT+SVvJF37VPX9Ige/R7VtcVOgoSkJ74AJpW5Jg==</latexit>
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Bootstrapping Cubic CFTs in 3d

0.516 0.518 0.52 0.522 0.524 0.526 0.528 0.53 0.532 0.534
1.15

1.2

1.25

1.3

1.35

1.4

��

�S

(Kousvos & AS, 2018)

∆X′,∆S′ > 3
<latexit sha1_base64="p967gwkOyOkFBLmpDsVKu7A6slA="></latexit><latexit sha1_base64="p967gwkOyOkFBLmpDsVKu7A6slA="></latexit><latexit sha1_base64="p967gwkOyOkFBLmpDsVKu7A6slA="></latexit><latexit sha1_base64="T9WOYRv3piqW8tykFQuxlQVwCSU="></latexit>
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Bootstrapping Cubic CFTs in 3d

0.517 0.518 0.519 0.52 0.521 0.522 0.523 0.524 0.525
1.22

1.24

1.26

1.28

1.3

1.32

1.34

��

�S

(Kousvos & AS, 2018)

∆X′ > 3, ∆S′ > 3.8
<latexit sha1_base64="GsTHyrqBWhaAFcwZy8Ng5F+Ub7s="></latexit><latexit sha1_base64="GsTHyrqBWhaAFcwZy8Ng5F+Ub7s="></latexit><latexit sha1_base64="GsTHyrqBWhaAFcwZy8Ng5F+Ub7s="></latexit><latexit sha1_base64="maB6TmacsEqF6ecGBqBWc2A8Kwg="></latexit>



!23

Bootstrapping Cubic CFTs in 3d

0.517 0.518 0.519 0.52 0.521 0.522 0.523 0.524 0.525
1.22

1.24

1.26

1.28

1.3

1.32

1.34

��

�S

The presence of the island 
indicates that we found a 
very special solution to the 
crossing equation.

The critical exponents obtained differ significantly from those 
of the    expansion:ε

<latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit>

β ≈ 0.308 ± 0.002 , ν ≈ 0.594 ± 0.004,
<latexit sha1_base64="yld48jaNGoGnC/9qI2Z/qxB+ux0="></latexit><latexit sha1_base64="yld48jaNGoGnC/9qI2Z/qxB+ux0="></latexit><latexit sha1_base64="yld48jaNGoGnC/9qI2Z/qxB+ux0="></latexit><latexit sha1_base64="ZUM6oPE0Ef5jLqgAv+Sakfrre6Q="></latexit>

Does the    expansion fail, or have we found a new CFT?ε
<latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit>

β(ε) ≈ 0.368 , ν(ε) ≈ 0.709.
<latexit sha1_base64="AKyoxxd/K0JZC/3VinHMzkl5Q98="></latexit><latexit sha1_base64="AKyoxxd/K0JZC/3VinHMzkl5Q98="></latexit><latexit sha1_base64="AKyoxxd/K0JZC/3VinHMzkl5Q98="></latexit><latexit sha1_base64="IcjCkoM38Ml1s9aRQJds/oHutmE="></latexit>
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Structural Phase Transitions
In many crystals the crystallographic structure changes at some 
critical temperature.

This happens usually in a discontinuous way, but there are 
cases where the transition is continuous.

In fact, Landau developed his theory of phase transitions in the 
late 1930s motivated by continuous structural phase transitions.

One phase must have higher symmetry than the other. The smaller 
symmetry group is a subgroup of the bigger one.

In structural phase transitions the symmetry of the two phases 
is different, contrary to the case of liquid/gas transitions.

The thermodynamic state of the system in either phase becomes 
the common state at the transition point (no equilibrium of two 
distinct phases).
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Perovskites

ABX3
<latexit sha1_base64="nic+TBgm2RY/0TuARAYm2KqYV+s=">AAACUXicdZDLTsJAFIZP6/0OGlduiGwwIaQFFZaKJrpwoVEuiRAyHQ4wYTptegaFEBMfwMStPpcrH8WdrbdYif/q5Du3P7/jS0Hasl4Nc2p6ZnZufmFxaXlldS2RXK+SNwg4VrgnvaDuMEIpFFa00BLrfoDMdSTWnP5R1K/dYEDCU1d65GPTZV0lOoIzHaLKYbneKrQSaSuXL+ULe4VUWBRLuwU79UPsnPWh9MHm88M9AJy3ksZ+o+3xgYtKc8mIrm3L180xC7TgEu8WGwNCn/E+6+L4w2McMZdcpnsTkEauE4dt6nhKx1m0GlCH4pRCHz1sx6HCWz2cfBUR8pHH6XCgBPfaf+wPpR7qgIWQULtMqMjQ+ERImbpkir55eDBqZI5FV2jKnoXxquxJgNjf+TUcJv0dZ+r/oprP2VbOvggjL8On5mELtiEDNhThAE7hHCrAQcAjPMGz8WK8mWCan6Om8bWzATGZS++AzLiv</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="e8xZD7cEiDYb2PLpUCt2vJZKVdc=">AAACPnicZZHNTsJAFIVv/UVEhbUbIhtMCGld6NZEE1y4wCg/iRAynV5gwnTazJ1qCfEF3PpcPoDP4c64sEVMLD2rk+/Oz8m5bigFGdv+sDY2t7Z3dgt7xf1S8eDwqFzqUhBpjh0eyED3XUYohcKOEUZiP9TIfFdiz51dpfPeE2oSgXow8xCHPpsoMRacmQS1R+Wa3bSXquaNszI1WGlUsc4HXsAjH5XhkhE9OnZohgumjeASX4qDiDBkfMYmuFimyyLmk8/MNAdp7rtZ6NE4UCbL0quaxpSllOSYopeFCp9NnP8qJRQiz9I4UoIH3lr8WJrYaJZAQuMzodJAi5aQsnrPFP3x5MF0UL8WE2GocZsUqxotjTg7/Xc4KdpZrzVvumdNx246dzYU4BhOoA4OXMAl3EAbOsDBg1d4s96tT+vrdyEb1mozFcjI+v4BOde1KQ==</latexit><latexit sha1_base64="XSZxBw/O5xs6dQHrwjXDbPV/Qvo=">AAACRnicZZHNTsJAFIVv6x8iKrh1Q2SDCSGtJrr1L8GFC4wWSISQ6XDBCdNpM3dQCPEZ3OpzufJR3NkSTCw9q5Pvzsw9OeNHUpBxnG/LXlvf2NzKbed3Crt7+8VSoUXhRHP0eChD3fEZoRQKPSOMxE6kkQW+xLY/vk7m7RfUJEL1aGYR9gI2UmIoODMx8i6vOv3TfrHi1J2FylnjLk0Flmr2S9ZZdxDySYDKcMmInlwnMr0500ZwiW/57oQwYnzMRjhfZEwjFlDAzHMG0izw03BAw1CZNEuuahpSmlKc4xkHaajw1UyzqxJCEfI0nU6U4OFgJf5UmqnRLIaEJmBCJYHmDSFl+YEp+uPxg8mgeiNGwlDtLq5X1RoacXz873DctLvaa9a0TuquU3fvHcjBIRxBFVw4hwu4hSZ4wEHAO3zAp/Vl/djLP7GtpTmAlGz7F7ZAtbU=</latexit><latexit sha1_base64="/WT4nL1rIDO5JYJ4xAkxjMnuZf0=">AAACRnicdZFLT8JAFIVv6wvxBW7dENlgYkgLKix9JbhwgVEeiRoyHS4wYTpteqcKIf4Gt/q7XPlT3NkSMFbiWZ18d2buyRnHl4K0ZX0a5tLyyupaaj29sbm1vZPJbjbJCwOODe5JL2g7jFAKhQ0ttMS2HyBzHYktZ3gRz1tPGJDw1J0e+/josr4SPcGZjlDj7LzdKXcyeatYqpbKx+VcZCrVo7Kd+yF20ZoqDzPVO1nj5KHr8dBFpblkRPe25evHCQu04BJf0g8hoc/4kPVxMs2YRMwll+nBAqSx6yRhl3qe0kkWXw2oR0lKUY4BdpNQ4bMeLa6KCfnIk3QUKsG97p/4I6lHOmARJNQuEyoONKkJKXO3TNGcRw/Gg8Kl6AtNh9dRveqwFiAOD34djpqe15n73zRLRdsq2jcWpGAP9qEANlTgFK6gDg3gIOAV3uDd+DC+zNmfmMbM7EJCpvkNNhS1/A==</latexit><latexit sha1_base64="bClvoJMyOIIO4ltHus/sFVMOsZM=">AAACUXicdZDLTsJAFIZP6w3FC+rSDZENJoS04G2paKILFxrlkggh0+EAE6bTpmeqEOIzuNXncuWjuLNFNFbivzr5zu3P7/hSkLasd8Ocm19YXEotr6RX19Y3MptbNfLCgGOVe9ILGg4jlEJhVQstseEHyFxHYt0ZnMX9+gMGJDx1p0c+tlzWU6IrONMRqp5WGu1yO5OziqXjUvmgnI2Ko+P9sp39IXbRmigHU123N43DZsfjoYtKc8mI7m3L160xC7TgEp9WmiGhz/iA9XA88ZhEzCWX6f4MpJHrJGGHup7SSRavBtSlJKXIRx87SajwUQ9nX8WEfORJOgyV4F7nj/2h1EMdsAgSapcJFRsaXwgps7dM0TePDsaN/LnoCU2FqyheVbgIEAd7v4ajpL/jzP5f1EpF2yraN1bupDLNPAU7sAt5sOEITuASrqEKHAQ8wwu8Gm/Ghwmm+TVqGtOdbUjITH8CDhC2tQ==</latexit><latexit sha1_base64="bClvoJMyOIIO4ltHus/sFVMOsZM=">AAACUXicdZDLTsJAFIZP6w3FC+rSDZENJoS04G2paKILFxrlkggh0+EAE6bTpmeqEOIzuNXncuWjuLNFNFbivzr5zu3P7/hSkLasd8Ocm19YXEotr6RX19Y3MptbNfLCgGOVe9ILGg4jlEJhVQstseEHyFxHYt0ZnMX9+gMGJDx1p0c+tlzWU6IrONMRqp5WGu1yO5OziqXjUvmgnI2Ko+P9sp39IXbRmigHU123N43DZsfjoYtKc8mI7m3L160xC7TgEp9WmiGhz/iA9XA88ZhEzCWX6f4MpJHrJGGHup7SSRavBtSlJKXIRx87SajwUQ9nX8WEfORJOgyV4F7nj/2h1EMdsAgSapcJFRsaXwgps7dM0TePDsaN/LnoCU2FqyheVbgIEAd7v4ajpL/jzP5f1EpF2yraN1bupDLNPAU7sAt5sOEITuASrqEKHAQ8wwu8Gm/Ghwmm+TVqGtOdbUjITH8CDhC2tQ==</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="bClvoJMyOIIO4ltHus/sFVMOsZM=">AAACUXicdZDLTsJAFIZP6w3FC+rSDZENJoS04G2paKILFxrlkggh0+EAE6bTpmeqEOIzuNXncuWjuLNFNFbivzr5zu3P7/hSkLasd8Ocm19YXEotr6RX19Y3MptbNfLCgGOVe9ILGg4jlEJhVQstseEHyFxHYt0ZnMX9+gMGJDx1p0c+tlzWU6IrONMRqp5WGu1yO5OziqXjUvmgnI2Ko+P9sp39IXbRmigHU123N43DZsfjoYtKc8mI7m3L160xC7TgEp9WmiGhz/iA9XA88ZhEzCWX6f4MpJHrJGGHup7SSRavBtSlJKXIRx87SajwUQ9nX8WEfORJOgyV4F7nj/2h1EMdsAgSapcJFRsaXwgps7dM0TePDsaN/LnoCU2FqyheVbgIEAd7v4ajpL/jzP5f1EpF2yraN1bupDLNPAU7sAt5sOEITuASrqEKHAQ8wwu8Gm/Ghwmm+TVqGtOdbUjITH8CDhC2tQ==</latexit>
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(a) T > Tc

(b) T < Tc

SrTiO3
<latexit sha1_base64="nuNEWW3fmCOpkZPdkT06rz7eBLU=">AAACWnicdZDJSgNBEIYr476vNz0EvShImEncjgEFPQgqGhWMhp5OJTbp6Rm6Kjoh+B5e9SV8CV9A8OCjOOOGo/ifiq+2n9+PtCJ23eec09Pb1z8wODQ8Mjo2PjE5NX1CYdtKrMhQh/bMF4RaGaywYo1nkUUR+BpP/dZW2j+9RksqNMfcifAiEE2jGkoKTtBllTHm7pE9Vvu3tVJtctEtFDeLpbVSPik2NldLXv6beAX3XYvl+afHVwA4qE3l1qv1ULYDNCy1IDr33IgvusKykhpvh6ttwkjIlmhi991sFomAAsFXfyB1Aj8L69QIDWdZumqpQVlKiY8rrGehwRuO/75KCUUoszRuGyXD+i/7seaYrUggIQdCmdRQd0dpnT8Shr54cjBtLG2rpmJa2UtyNis7FrG1/GM4Sforzvz/xUmx4LkF7zCJfBc+NAhzsABL4MEGlGEXDqACEizcwT085F4cxxlyRj5Gndznzgxk5My+AejqvOQ=</latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="k6TR2EcUZQOFRyWTr6snVUQPRSY=">AAACWnicdZDLSsNAFIan8W691MvOTbEbhVKSxttSUNCFoFJ7AVvLZHraDp1MwpxTjRTfw62+leDDmGgVY/FfHb5z+/m9UEkk237LWFPTM7Nz8wuL2aXlldXc2noNg6ERUBWBCkzD4whKaqiSJAWN0AD3PQV1b3CS9Ov3YFAG+oYeQ2j5vKdlVwpOMbprEkQ0qpgbefnUdtu5gl0qH5XdfTcfF4dHe66T/yFOyf5UgY111V7LHDQ7gRj6oEkojnjr2CG1RtyQFAqeFptDhJCLAe/B6NNsGnEffU79CYiPvpeGHewGmtIsWTXYxTTF2EcfOmmo4YGiyVcJwRBEmkZDLUXQ+WM/UhSR4TFEIJ9LnRganUml8hWu8ZvHB5PGzqnsScLiRZyzLp4ZgMHur+E46e848/8XtXLJsUvOtV04Ph9nPs+22DbbYQ47ZMfsnF2xKhPMsGf2wl4z75ZlLVjZr1ErM97ZYClZmx8fCLol</latexit>

Tc ≈ 105 K
<latexit sha1_base64="Kqaqkd7GY31km9w9fFt572/cni0="></latexit><latexit sha1_base64="DieyB+KCjhuSTHohppVx7tblsr0="></latexit><latexit sha1_base64="DieyB+KCjhuSTHohppVx7tblsr0="></latexit><latexit sha1_base64="PLVd5sHyENh0IgKkZJiX35nkPCw="></latexit>

Symmetry breaking: 
Oh = Z2

3 ! S3 ≃ S4 × Z2 → D4h ≃ D4 × Z2
<latexit sha1_base64="bo2bX8t6xCH1gpCpt4s6TZuUL+Q="></latexit><latexit sha1_base64="MaIEdGeKzXRJHD+be1UlUPOP9Yw="></latexit><latexit sha1_base64="MaIEdGeKzXRJHD+be1UlUPOP9Yw="></latexit><latexit sha1_base64="XF/PaEwlVRbB2Ij0IEZDFaX9Jms="></latexit>
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SrTiO3
<latexit sha1_base64="nuNEWW3fmCOpkZPdkT06rz7eBLU=">AAACWnicdZDJSgNBEIYr476vNz0EvShImEncjgEFPQgqGhWMhp5OJTbp6Rm6Kjoh+B5e9SV8CV9A8OCjOOOGo/ifiq+2n9+PtCJ23eec09Pb1z8wODQ8Mjo2PjE5NX1CYdtKrMhQh/bMF4RaGaywYo1nkUUR+BpP/dZW2j+9RksqNMfcifAiEE2jGkoKTtBllTHm7pE9Vvu3tVJtctEtFDeLpbVSPik2NldLXv6beAX3XYvl+afHVwA4qE3l1qv1ULYDNCy1IDr33IgvusKykhpvh6ttwkjIlmhi991sFomAAsFXfyB1Aj8L69QIDWdZumqpQVlKiY8rrGehwRuO/75KCUUoszRuGyXD+i/7seaYrUggIQdCmdRQd0dpnT8Shr54cjBtLG2rpmJa2UtyNis7FrG1/GM4Sforzvz/xUmx4LkF7zCJfBc+NAhzsABL4MEGlGEXDqACEizcwT085F4cxxlyRj5Gndznzgxk5My+AejqvOQ=</latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="k6TR2EcUZQOFRyWTr6snVUQPRSY=">AAACWnicdZDLSsNAFIan8W691MvOTbEbhVKSxttSUNCFoFJ7AVvLZHraDp1MwpxTjRTfw62+leDDmGgVY/FfHb5z+/m9UEkk237LWFPTM7Nz8wuL2aXlldXc2noNg6ERUBWBCkzD4whKaqiSJAWN0AD3PQV1b3CS9Ov3YFAG+oYeQ2j5vKdlVwpOMbprEkQ0qpgbefnUdtu5gl0qH5XdfTcfF4dHe66T/yFOyf5UgY111V7LHDQ7gRj6oEkojnjr2CG1RtyQFAqeFptDhJCLAe/B6NNsGnEffU79CYiPvpeGHewGmtIsWTXYxTTF2EcfOmmo4YGiyVcJwRBEmkZDLUXQ+WM/UhSR4TFEIJ9LnRganUml8hWu8ZvHB5PGzqnsScLiRZyzLp4ZgMHur+E46e848/8XtXLJsUvOtV04Ph9nPs+22DbbYQ47ZMfsnF2xKhPMsGf2wl4z75ZlLVjZr1ErM97ZYClZmx8fCLol</latexit>

(Müller & Berlinger, 1971) (von Waldkirch, Müller, Berlinger & Thomas, 1972)

β = 0.308 ± 0.002 , ν = 0.594 ± 0.004
<latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="Luw4ZA7bfWsKLBJnc7yq8YTzkEI="></latexit>

Measurements:

Bootstrap:

β = 0.33 ± 0.02 , ν = 0.63 ± 0.07
<latexit sha1_base64="y9gSuxhfHvjH1rbLSUCD5FbstXM="></latexit><latexit sha1_base64="y9gSuxhfHvjH1rbLSUCD5FbstXM="></latexit><latexit sha1_base64="y9gSuxhfHvjH1rbLSUCD5FbstXM="></latexit><latexit sha1_base64="UB0orDpRpUs9e4m7SRC1fcnIa2g="></latexit>

The same critical exponent    has been measured in the 
ferromagnetic phase transition of EuS.

β
<latexit sha1_base64="AVJqrf7hDy1anDVt/mUJ3JcMZmg=">AAACUXicdZDLTsJAFIZP6w3BC+pSF0Q2mBjSgrelURNduNBogUQImQ4HmDCdNj1ThRCfwa0+lysfxZ0tXmIl/quT79z+/G4gBWnLejPMmdm5+YXMYja3tLyyml9br5EfhRwd7ks/bLiMUAqFjhZaYiMIkXmuxLo7OE369XsMSfjqVo8CbHmsp0RXcKZj5DRd1KydL1rlylGlul8txMXh0V7VLvwQu2xNVDzegomu2mvGQbPj88hDpblkRHe2FejWmIVacImP2WZEGDA+YD0cTzymEfPIY7o/BWnkuWnYoa6vdJolqyF1KU0p9tHHThoqfNDD6VcJoQB5mg4jJbjf+WN/KPVQhyyGhNpjQiWGxudCysINU/TN44NJo3QmekLT7mUcr9o9DxEHO7+G46S/4yz8X9QqZdsq29dx5CefkUMGNmEbSmDDIRzDBVyBAxwEPMEzvBivxrsJpvk5ahpfOxuQkpn7ALndt5w=</latexit><latexit sha1_base64="AVJqrf7hDy1anDVt/mUJ3JcMZmg=">AAACUXicdZDLTsJAFIZP6w3BC+pSF0Q2mBjSgrelURNduNBogUQImQ4HmDCdNj1ThRCfwa0+lysfxZ0tXmIl/quT79z+/G4gBWnLejPMmdm5+YXMYja3tLyyml9br5EfhRwd7ks/bLiMUAqFjhZaYiMIkXmuxLo7OE369XsMSfjqVo8CbHmsp0RXcKZj5DRd1KydL1rlylGlul8txMXh0V7VLvwQu2xNVDzegomu2mvGQbPj88hDpblkRHe2FejWmIVacImP2WZEGDA+YD0cTzymEfPIY7o/BWnkuWnYoa6vdJolqyF1KU0p9tHHThoqfNDD6VcJoQB5mg4jJbjf+WN/KPVQhyyGhNpjQiWGxudCysINU/TN44NJo3QmekLT7mUcr9o9DxEHO7+G46S/4yz8X9QqZdsq29dx5CefkUMGNmEbSmDDIRzDBVyBAxwEPMEzvBivxrsJpvk5ahpfOxuQkpn7ALndt5w=</latexit><latexit sha1_base64="AVJqrf7hDy1anDVt/mUJ3JcMZmg=">AAACUXicdZDLTsJAFIZP6w3BC+pSF0Q2mBjSgrelURNduNBogUQImQ4HmDCdNj1ThRCfwa0+lysfxZ0tXmIl/quT79z+/G4gBWnLejPMmdm5+YXMYja3tLyyml9br5EfhRwd7ks/bLiMUAqFjhZaYiMIkXmuxLo7OE369XsMSfjqVo8CbHmsp0RXcKZj5DRd1KydL1rlylGlul8txMXh0V7VLvwQu2xNVDzegomu2mvGQbPj88hDpblkRHe2FejWmIVacImP2WZEGDA+YD0cTzymEfPIY7o/BWnkuWnYoa6vdJolqyF1KU0p9tHHThoqfNDD6VcJoQB5mg4jJbjf+WN/KPVQhyyGhNpjQiWGxudCysINU/TN44NJo3QmekLT7mUcr9o9DxEHO7+G46S/4yz8X9QqZdsq29dx5CefkUMGNmEbSmDDIRzDBVyBAxwEPMEzvBivxrsJpvk5ahpfOxuQkpn7ALndt5w=</latexit><latexit sha1_base64="wwTVN+MXl3n+5dc0G6Eyx40LY08=">AAACUXicdZDLTsJAFIZP6w3BC+jSDZENJoa0oMKSqAkuXGAUIRFjpsMBJkynTc+gEOIzuNXncuWjuLNFMFbivzr5zu3P7/hSkLasD8NcWl5ZXUusJ1Mbm1vb6czOLXnDgGODe9ILWg4jlEJhQwstseUHyFxHYtMZnEX95iMGJDx1o8c+3rusp0RXcKZD1Gg7qNlDOmcVipVi6biUDYty5ahkZ3+IXbCmysFM9YeMcdLueHzootJcMqI72/L1/YQFWnCJz8n2kNBnfMB6OJl6jCPmkst0fwHS2HXisENdT+k4i1YD6lKcUuijj504VPikR4uvIkI+8jgdDZXgXueP/ZHUIx2wEBJqlwkVGZrUhJTZa6ZozsODUSN/LnpC0+FlGK86rAWIg4Nfw2HS8ziz/xe3xYJtFewrK1c9nWWegD3YhzzYUIYqXEAdGsBBwAu8wpvxbnyaYJrfo6Yx29mFmMzUFxidt0A=</latexit>

(Heller & Benedek, 1965)

Clear goal: get better experimental results for the critical 
exponents.
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MN Theories

Symmetry group:

V = λ(φ2)2 + g [(φ21 + · · · + φ2m)2 + · · · + (φ2m(n−1)+1 + · · · + φ2mn)2]]
<latexit sha1_base64="/vFn4UFnLP0kTDQFjx8KvNKP8/8="></latexit>

In the   expansion we have a two-coupling theory:ε
<latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit>

O(2)2 ! S2
<latexit sha1_base64="Kc3D7w6B06cJiLujC66Y13ynbLE="></latexit>

O(2)3 ! S3
<latexit sha1_base64="DgC22sS5jOYt4qf4Si5o8C8LYWs="></latexit>

:  Describes           , Ho, Dy, Tb

:  Describes            ,         , NdK2IrCl6
<latexit sha1_base64="3t2/G3VXm+bAzOg5sKFaU7pD4Ss="></latexit>

TbD2
<latexit sha1_base64="xDQZnn6sZc5VOVPVd8su2wNkAgM=">AAACWHicdZDJSsNQFIZP41TnCVduirqoICVJHbosKujChaJVwUq5uT2tl97chJxTjZT6BK4FV/pa+jQmThjFf3X4zvTze6FWxLb9krMGBoeGR/KjY+MTk1PTM7NzpxR0I4k1GeggOvcEoVYGa6xY43kYofA9jWdeZyftn11jRCowJ3wb4qUv2ka1lBScoHqdMebeibfbb7iNmWW75Fbc8ka5kBRblfWyU/gmTsl+13J14fH+rrgyftiYzW3Wm4Hs+mhYakF04dghX/ZExEpq7I/Vu4ShkB3Rxt671SwSPvmCr/5AuvW9LGxSKzCcZelqRC3KUkp8XGEzCw3ecPz3VUooRJmlcdcoGTR/2Y81xxyJBBKyL5RJDfX2lNaFY2HoiycH00ZxV7UV09pBkrJZ24sQO6s/hpOkv+Is/F+cuiWnXHKPksi34UN5WIQlKIIDW1CFfTiEGkgI4QGe4Dn3aoE1Yo1+jFq5z515yMiaewMyp7uG</latexit>

MNm,n = O(m)n ! Sn
<latexit sha1_base64="7cQakJWRhjzmzqqM/gp6yPU6ed8="></latexit>
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MN Theories
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MN Theories

0.5 0.505 0.51 0.515 0.52 0.525 0.53 0.535
1

1.2

1.4

1.6

1.8

2

2.2

MN2,20

MN2,3

MN3,2

MN5,2

MN10,2

MN20,2

��

�X

(AS, 2019)



!31

MN Theories

(AS, 2019)
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MN Theories

(AS, 2019)
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O(2)2 ! S2
<latexit sha1_base64="Kc3D7w6B06cJiLujC66Y13ynbLE="></latexit>

Experiments:

β = 0.40+0.04−0.07
<latexit sha1_base64="0r1zjl25PVrrVNuI6FQ7EEfg0cU="></latexit>

Ho and Dy

β = 0.39(4))
ν = 0.57(4))

<latexit sha1_base64="RDuS9RNH9qEE1vRP2mStnhbmg4U="></latexit>

Tb

Perturbative methods:

β ≈ 0.370 , ν ≈ 0.715
<latexit sha1_base64="+ad34B6F6rabiKg5PTQNFlSoS3g="></latexit>

Bootstrap:

β = 0.293(3))
ν = 0.566(6))

<latexit sha1_base64="SDAahZ2VtZU3c6CTbobrGNon73U="></latexit>

β = 0.355(5))
ν = 0.576(8))

<latexit sha1_base64="jhtmR1JObHGF7kkENoE1RlqRKBk="></latexit>

β = 0.23(4))
ν = 0.53(4))

<latexit sha1_base64="IajMRo4ctJ9hZnMSxNEhnizkJGk="></latexit>
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Experiments:

Nd

Perturbative methods:

Bootstrap:

O(2)3 ! S3
<latexit sha1_base64="DgC22sS5jOYt4qf4Si5o8C8LYWs="></latexit>

β = 0.36(2))
<latexit sha1_base64="PPtSVutszZDkC15EXIKNtFSxeao="></latexit>

β ≈ 0.363 , ν ≈ 0.702
<latexit sha1_base64="sEo7zz12KkIRMollCojWBGulbTg="></latexit>

β = 0.301(3))
ν = 0.581(6))

<latexit sha1_base64="wHNNKQCpNL7hthN66mpsgSLRND4="></latexit>

β = 0.394(5))
ν = 0.590(8))

<latexit sha1_base64="KCdxaywWoYlQQBPJVD+UeHOawQA="></latexit>
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Summary
The numerical conformal bootstrap provides a widely-
applicable and robust method for the study of CFTs.

There is a host of experimental results pertaining to 
structural and other types of phase transitions that have no 
theoretical explanation yet.

The conformal bootstrap has suggested the existence of 
previously undiscovered CFTs with potential relevance to 
structural and other phase transitions.

Are there other new nonperturbative universality classes 
relevant for physical systems?

Thank you!


