RG improved four-point functions

Two examples in d =3 and d =4

ALBERTO TONERO

Carleton University, Ottawa

FRGIM - ECT* (Trento)
September 19, 2019

ssociazione

zioni
di Casse di Risparmio Spa

M Carleton

UNIVERSITY

1/25



@ Compute 1PI correlation functions from an effective action I'y that is
obtained by integrating its RG flow along a critical trajectory that
connects an IR to an UV fixed point

@ Show that good IR/UV behavior of couplings in terms of RG scale k
is reflected into good IR/UV behavior of correlation functions as
function of external momenta p;



The method |

One-loop Euclidean effective action
1
Llg] = Slp] + 5 Trlog P[]

Regularized effective action (S/(\Z) [p] = %)

1
Ty =S\ + §TrA log [51(\2) + Rk]

A: UV cut-off regulator Ry: IR regulator

Scale derivative (0; = k0y)

o), = lTr(f)ti
2 S+ Ry



The method |l

RG improvement
S - 5%
Flow equation
o'y = %Tr(f)ti
Sk + Ry,
One-loop RG improved effective action

1 [N dk Oy Ry,
— T — = ki Ol
Fop=Tx 2/0 L Sl?) + Ry

RG improved 1Pl correlation functions

<(p($1)()0(x2) - (p(xn»lpl N 5‘)0("1:1(5)P0 [sz](;@(ffn)




Example I: Ao* in d = 3

[A. Codello and AT, PRD 94, 025015 (2016) |
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@ Possible appearance of IR divergences for p — 0 in the massless case

. . . . 2
in one-loop four-point correlation function ~ %

Ip
=<

@ lterations n times inside UV convergent diagrams will produce IR
divergences if n(4 —d) > d

[G. Parisi, Statistical Field Theory, C. ltzykson and J. M. Drouffe, Statistical
Field Theory]



The model

@ The Euclidean action

1 m3 Aa
SA = /ddw {28#908M90 + TA(P2 + 4'(,04}

@ Hessian

o RG flow



The four-point structure function Fj,

Scale dependent effective action

1 1
Ty z/ddx {501-0+ Z(=0) + mile+ 7" Fr(-0)¢?} + O(6°)

@ 1PI four—point correlation function:

(p(x1)p(m2)P(3)P(T4))101

1
= éémlészo(—D)dmézm + permutations



Flow equations

RG equations (X = —[0)

WXp(X) = 0
1 A

3,5771% = —*WQé,l [hk]

O FR(X) = 3 2 (dn d/Q/ 5@4_2[ hy S0 5)}

For X — 0

3 N
O\ = =k

5 WQg_g [P

Functional trace evaluated using non-local heat-kernel expansion



Beta functions in d = 3

Dimensionless couplings 7 = m} /k? and A\, = A\ /k

A 1

~2 ~ 92 k

Otk = =2k = T
- - 322 1
Oy = Mg+ k-~ _
LAk k+87r21+mi

Fixed points (FPs)
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Critical trajectory connecting the Gaussian and the Wilson-Fisher FPs
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Four point structure function in d = 3

Four-point function Fy(X) = FA(X) — AF(X)

A0 = e [T ()

@ One-loop perturbative result massless case (A, — Ao, m; — 0)

Y

AFY(X) = 6 V%

. 8n2kC
® One-loop improved result massless case (A — 35"t mi — 0)

24C? 72 [ k X
I _ 1 —
AP ==7% /o C”“<301+k>29<k2>
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RG improved structure function

Comparison between perturbative and improved results

ST

\ perturbative result m_=0

RG improved result m,=0 full RG improved result

0.0 0.1 0.2 0.3 0.4 0.5
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Comments

@ The path integral has been performed by weighting the momentum
modes according to their RG relevance, i.e. according to the value of
the running couplings at that scale

@ We obtain a consistent IR finite (¢ — 0) four-point function for scalar
theories in d = 3 in the massless case
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Example Il: SU(2) NLSM in d = 4

[old work in progress]



SU(2) NLSM RG flow in d =4

Classical Euclidean action [0 - 00 = hap(©) 0" O]
E _ 4
S e /d x0p - Op

One-loop RG flow using NLHK (0 = 9?)

1 4

1 1
e R e

3 — combinations)

OTE[e] =

N = N =

—

Effective action
E 1 4
Lylel =0 [ d'x0p-0p+ ...
2f;
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RG flow of f

Beta function [A. Codello and R. Percacci, PLB 672 (2009) 280]

k2 f} 3272
2 _ k 2 _
Nfi = (47)2 Ji k2+C
B
'f2
N _ r4
f2:k2f2 5f2:2f2_ f

(4m)?
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Effective action at one-loop |

(i) integrate the flow at one-loop

1 A% [,
(47r)22fd xdp - 0p

1 1 1 -
(4W)21G/d4x8<p-8<p <1—210gA2> Op - Op

3 — combinations)

I'¥le] —Tgle] =

N = N~

_l’_

+

—~

(i) fix the action at kK = A

NG 3 /d:chaﬁauso P — 2’A/d4$8g0-&p650-830+...
A
(iii

)

1 1 A? 1 2
- —+— l l L
77 R e 2a = bolw) + s g loe

renormalize to eliminate the divergences
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Effective action at one-loop I

(iv) go to canonically normalized fields

©* = for®
E L[ bofo [ u
I'yn] = = | dzor-0n— == [ d*z0n-0ndr - On
0 2 2
+ % ! /d4x37r on <1— log MD> om - 0m

(4m)2 16

(v) perform the analytic continuation of the action to Minkowski space
L[] = g []

[A. Codello, R. Percacci, L. Rachwal and AT, Eur.Phys.J. C76 (2016) no.4, 226]
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RG improved effective action |

. . . . 2
(i) go to canonically normalized fields fi= IS’QQIC

dp - dp — f20m - O

(i) perform the RG improvement

f20m - o — f,?@ﬂ' ol hag(p) = hag(forr)
and substitute into the RG flow
1 1
E _ 4 2 4 )
oy [n] = > (02 fk/d xOm-0n
1 4 2
+ (47r216/d1:87r or Fl(—0/k%) o - O + ...

(iii) integrate the flow

1 dk o .5 1. A2 FL(-0/0) 1
wﬂ/kﬁ—lg =

C C?2 51272 ?f’“FM
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RG improved effective action Il

(iv) renormalize to get the following improved action

Fgf[ﬂ] = ;/d4x87r-87r

(=0/C)

" Fi,
+ d*zOm - 0w o2 om-0m+ ...

(v) perform the analytic continuation of the action to Minkowski space

FOEJ [r] — Fgf[[ [7]
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Scattering amplitude |

The pion scattering

i (p1)7" (p2) = 7 (p3)7™ (pa)
Amplitude

A(Z/{ — lm) = A(S, t, u)dlkélm + A(t, S, u)ézlékm + A(u, t, S)(Simdkl

e Using I [n] we get the well known result

2
l
A(s, t,u) = JjTOs—l— 1’02(M)f§(t2+u2)+l2,o(u)f§s2

1 10s2 + 13(t? + u?)
51272 9

1 /3
351272

—S —t —u
(252 log Tz +t(t — u) log oz + u(u —t)log ,u2>

[J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142]
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Scattering amplitude |l

e Using FS’JI[W] we get instead

Al(s,tu) = 8% s+ 255 Fla(=5/C) + 02 M(=t/C) + 5 Fla(—u/C)
2 2 2 2

uc — s t* —s

+ TFé(ft/C) + 7175§(w/(,*)
Asymptotic behavior for fixed scattering angle z and large s
ReA ~ s’log %
I

Re Al ~ log >
e ogC

with C' = 32”

° Asymptotically safe pions 7
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Conclusions

@ We performed the path integral by weighting the momentum modes
according to their RG relevance, i.e. according to the value of the
running couplings at that scale

@ Including the non-trivial information of the phase diagram of the
theory it is possible to cure both UV and IR behaviors when
appropriate FPs are present

@ We obtain a consistent IR and UV finite four-point functions as
function of p for those scalar theories in d =3 and d = 4
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Thank you!
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Heat-kernel traces

Flow equation using Laplace transform
1 L[~ s —s(—0+0U)
Oy = §Tr hi(-O0+U,w) = 3 ds hi(s,w)Tre
0

Non-local heat kernel expansion

! o /ddx\@{l —sU + U fu(=sO)U + O(Ug)}

Tre s(-0+0) —_—
(4ms)

Structure functions

1 1
fol@) = [ dgeseie
2 Jo
Q@-functionals
Qn[hy] :/ dss e %y (s, w)
0

where h{(z,w) = hi(2 + a,w)
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()-functionals in d = 3

We have
! 2
xea-9] _ 2 K1y
where
2k + VX VX + 2k
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Pion scattering amplitude

Action
M = L / d*z 9,77 + Bo / d'z [(@um°7°)? — (09" 7") (x|
+ B / d'z 8,78, 0"7°8" 1 + By / d'z 8,7 8" 19,78 7°
+ / d*z 8,7 0" 1o Fad (D)0, 7° 8 75 + / d*z 8,7 8" 15 Fp (D)8, 770" e
+ /d4x 7P 0,10 Fo (D)0, 0" 5 — /d4a: 10,7 Fo (D)0, 78" 75 + O
Amplitude A(s,t,u)
A(s,t,u) = 6Bos+ Bi(t* +u®) + 2Bas® + 25 Fp(—s) + 2 Fag(—t) + u> Fag(—u)

+ (WP = ) Fo(—t) + (2 — 8% Fa(—u)
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RG improved amplitude terms

We have the following terms

47

Bo=35

_ L2 V—s/4C — slog(%) + (2C —s) log(_‘ﬁ\/_i;_i V\ZCC%)
c? V—8/4C — s

Faa(—s) = Fla(s)

Fo(—t) = Fa(t)
b (—8C2 — 2Ct + t?) log (557 VJ“%) + V=IVAC —H(4C + tlog(E
3C? —t/—t\/4C — t
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