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Quantum fields in curved spacetime

‘We do a semi-classical treatment with
® a classical background metric

® quantum fields as a content

We study gravitational effects on the dynamic of quantum fields.
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De Sitter spacetime

“Sphere” in D+ 1 dimension in Lorentzian signature, surface of
equation
—xg+ Zx,z =H?
i

It is maximally symmetric

We will consider the Expanding
Poincaré patch — FLRW with constant
Hubble rate H

o ds? = —d? +a?(r)dX?, a(r) = e

dr
a(t)’

ds? = a®(n) (—dn2 +d}?2)
— spatially homogeneous.

® Conformal time, dn =
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Why de Sitter ?

It is relevant for inflation

History of the universe

Big Bang

0 10°3s 105 10°2s  3min 380000yrs 13.8 Byrs

Inflation is a postulated phase in the history of the univers which
answers several fine-tuning problems of the cosmological standard

model
® the horizon problem

e the flatness problem

of quantum scalar fields on de Sitter geometry




Particle creation and backreaction

Gravitational effects in de Sitter : particle creation

Similar effects when one puts a quantum field with a constant

background field
° Schwinger effect : pair creation in the presence of an electric
field £
® Unruh-Hawking radiation : pair creation in the presence of a
black hole

In both cases : the creation of pairs has a potentially non trivial
backreaction on the background source
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Free scalar field

With the action
1 2
S= /d4x\/—_g<5<pD<p - m?qﬁ)
We get the Klein Gordon equation (—D + m2) ¢ = 0 where
1

2 -
O=——(-3d2+=0 +82)
a(n)( nigh X

It gives for the mode decomposition of ¢ (in Bunch-Davies vacuum)

o(n,X) ~ /(2(137];3 (e’ﬁ‘s‘H\, (ﬁ)ak—i—h.c.)
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Free scalar field 2

In the case of light scalar fields m < H,

|HV(Z)|2

amplified fluctuating modes

0o m H
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Stability of de Sitter

For interacting scalar field in dS,
® arge gravitational effects in the infrared (superhorizon scales)
® Infrared modes are amplified
¢ Interactions cannot be treated perturbatively

A. A. Starobinsky, J. Yokoyama '94 ; C. P. Burgess et al. 10 ; N. C. Tsamis,
R. P. Woodard 05

It is interesting to study the backreaction of these infrared modes
fluctuations to test whether de Sitter space is stable under their
amplification and interactions.

A. M. Polyakov "10, "12 ; E. Mottola ’85 ; I. Antoniadis et al. *86 ;
R. H. Brandenberger et al. *96 ; Unruh 98
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Non perturbative renormalization group

J. Serreau 13 ; A. Kaya ’13 ; M. Guilleux, J. Serreau *15

Formulation of NPRG is done in term of the effective action
okl — / DpeSIOATiASD 8l [0
guv background metric, S action of an O(N) scalar theory.
Ui[@, 8]+ ASk[9,8] = —Wiljgl+i-¢, ¢ =(9)
Ri(p)
INkyeo =S

[kso=T
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Non perturbative renormalization group 2

We want to solve the flow of ' : it obeys the Wetterich equation,
which is IR and UV finite

. 1 .

FK = 5 trRK(FSCZ) _’_RK)il o
C. Wetterich '93

The physical values for g and @ are simultaneously determined at
each scale k through

ol ol " "

50 =11, 5" =0 or Gy, = <Tuv>

We take constant values of ¢ and de Sitter spacetime : it gives the
flow of the Hubble constant
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Assumptions

We use the following assumptions,
® Infrared regime (— local potential approximation) : K < H

® Small curvature : mf/l <K H?

Local potential approximation

oot = [ (507 NUs(o.1)

X

The effective potential is captured exactly
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Flow equation

Using the regulator

RK(x,x’):—5(l—t’)/<§;1; iﬁ-()?—)?’)rk(p)

with
re(p) = H P (k> —p*H*)0 (k> — p*H")

The flow equation becomes

NU = B(mi ¢, k) + (N = 1) (m} ., k).

HP  «?
QD+1 K2 + m2

B(m? x) =

M. Guilleux, J. Serreau *15 for the complete expression
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Zero dimensional theory

The theory flows towards a zero dimensional theory
J. Serreau ’14; M. Guilleux, J. Serreau ’15

A 2 0 .
eHiDQD_HWK(].,h) — /dN(ﬁe_H_DQDJrl (NUm((pvh)'i'KT(Pz_](P)

with the initial conditions Uj, that match the microscopic potential,

® [t coincides with the equilibrium probability distribution in the
stochastic formalism
A. A. Starobinsky, J. Yokoyama *94

o [t is the effective theory for the scalar field averaged over a
Hubble patch at constant values of the field
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Flow of the physical quantities

Initial conditions are implemented in Uj,, using p = (”“

A
Unn(p,H) = a(H) + u(H)’p + 2p*.

with

a(H) = a— gHZ, w(H)> =m?+CH?

® o o< A, cosmological constant
® BH? « R, Einstein-Hilbert term
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Flow of the physical quantitites 2

The minimization of the effective action gives in D =4

Ok = <¢>
Hy _a+m’(p)+5(p*) +K*((p) —px)
4 B—28(p)

The expectation values are to be computed in the zero dimensional
theory.
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Gaussian case

Consider the case A = 0, we get px = 0 and

) _da  HY m? + K2
BB m?+ x>+ CHZ

0.417
® minimally coupled
case { =0 : no flow

0.416f

0415
® non trivial effect

depending on the sign

of §

0.414¢

0.413

0.412¢

0.411
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Interacting large N case

In the large N regime, we can solve the flow analytically while
keeping track of the main effects occuring at finite N.

Focus on the massless minimally coupled case : m> = { = 0.
This is a symmetric case, px =0
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Interacting large N case 2

B Ba

m%K+K

4oc Hi K2 K2 Kt AH*
H:= <1+—2> with mf =——+\/—+5—

We have finite asymptotic values which we can compute exactly

, B, [ 32a) 4o 2 (4a)’
e 4(1 1/3%2) 5 als) "

_Bo 1600\ 4a 1 [4a)’
H‘%‘T(l‘ 1‘%)“’7%(?)*
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Interacting large N case 3

0.4131

0.412¢

0.411F

0.410}
%ﬁ(

0.409¢

0.4081

0.407¢

0.406k . . . .
0.0 0.1 0.2 0.3 0.4 0.5

® The superhorizon modes of the massless scalar fields are greatly
enhanced, drawing energy from the gravitational field

® The dynamical generation of a mass screens this effect, leading
to a finite renormalization of the Hubble constant
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Breakdown of perturbation theory

0414} ! ]
A}
0412 ,
------ one loop
& 0410
- - two loop
0.408 — approx g
exact
0.406 F g
0.0 02 04 06 08

K

At one loop, the tadpole diagram gives :
e self energy : M2 = K2<1 + 291(4 + ﬁ(lz))

® expansion parameter o %

« H2= 1 ﬁg(1+ )
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Broken phase

HY m?+(H? 2m* (m* + {Hy) N 2Hy

2
Px=— - , 4o—PH— 0
2QK2 A A Q
0.208)
08
— exact
0.206 ;
0.6 S approx.
< T 0204
04
0.202]
02
00 0.200
0.00 0.02 0.04 0.06 0.08 010 000 0.02 0.04 0.06 0.08 0.10
K K

® the symmetry is always restored
® the Goldstone bosons do not renormalize H!
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Conclusion

® The gravitational mass generation screens the renormalization of
the Hubble parameter

® Non minimal coupling between the scalar fields and gravitational
field has a non trivial effect on the flow

® Goldstone modes do not contribute

e A full non perturbative treatment is needed as the perturbative
approach breaks down

Perspective :
® Generalize to FLRW metric in the slow roll regime

® Generalize to an inflaton field
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LPA 1n de Sitter

The full B function is

_ HC k% 2 m? x

2 — —_—— — —
ﬁ(maK)_ 2+ m? d 4 Hz’H)
with o
T d
Cyg=—
47 16d (2m)d

Ba(v,2) = 7™ (& = 2v? +22)|Hy (2)

+22%|Hy(2)|* — 2dzRe(Hy (2) H (2))
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LPA 1in de Sitter 2

Limits of the B function

° x>H e
8C
Blm’ k%) == ey
T VK2 +m?
® K KH
HP 2

- Qpy1 kK2 +m?
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