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I) Introduction and motivation

[courtesy L. Holicki]
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What is a spectral function?
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What is a spectral function?
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Why are spectral functions interesting?

Spectral functions determine both
real-time and imaginary-time propagators,

w —w—1e
/
) /ww’—w—l—ie
/
> D)= [aw S

and thus allow access to many observables,
e.g. transport coefficients like the shear viscosity:

> = L i tim l/d% e ([Ti(x), T(0)])
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[B. Mueller, arXiv: 1309.7616]
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I1) Theoretical setup

[courtesy L. Holicki]
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Methods to study the QCD phase diagram
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Consistent theoretical framework

The Functional Renormalization Group (FRG) is a non-perturbative framework
that is able to compute the thermodynamical and spectral properties of QCD
matter on the same footing!

Advantages:

» thermodynamic consistency: direct connection between chiral symmetry
restoration and spectral properties:

» preservation of symmetries and their breaking patterns

» properly deals with phase transitions since it includes both thermal and
quantum fluctuations

» no sign problem

» well-defined and straightforward analytic continuation procedure
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Functional Renormalization Group

Flow equation for the effective average action I':

-1
Tk = %STr (8kRk [r;” + Rk] ) Dr—p =38

[C. Wetterich, Phys. Lett. B 301 (1993) 90]

1/ N I'k—o =T
kak - E

[
\ / [wikipedia.org/wiki/Functional_renormalization_group]

» [y interpolates between bare action S at k = A
and effective action " at k =0

» regulator Ry acts as a mass term and suppresses fluctuations
with momenta smaller than k

» the use of 3D regulators allows for a simple analytic continuation procedure
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Quark-meson model

Ansatz for the scale-dependent effective average action:
_ _ . 1
Fk[d)v ’l/), Qﬂ = /d4I {¢ (@ + h(g + ZTW’YS) - :u’YO) ¢+ 5(8/L¢)2+Uk(¢2) 760—}

» effective low-energy model for QCD with two flavors
» describes spontaneous and explicit chiral symmetry breaking

» flow equation for the effective average action:

N
1 7/
Ol = 51 )
\\ s
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Flow of the effective potential at u = 0 and T' =0

(Loading movie...)
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pot_broken_k.mp4
Media File (video/mp4)


Flow equations for two-point functions

(3kr(2) = -‘[i//(r\\i + i’iﬂl/hi’i +33[1/ . T +3£ﬂll\£

3F(Z):£",(r\“7.+3‘_7',”\“7. ‘_7/\ ,EI,U\\,g’I,K\\
\\O'/I \\77// U 21__/_/ 21_._/_/
o o o o
61"(2):i“/a\‘"-+£'/ﬂ\"372£/"/’\ﬂ_,}4/0\\ 5775
\\”/I \\f_f_/l W 2 l\_ _/_/ 2 l\. _/_I
n v s n
» quark-meson vertices are given by FEM)M = h, F(j) .= ihyS7
» mesonic vertices from scale-dependent effective potential: Uk b1 U,ig,d),d) b
jPm’ yPiPjPmPn

» one-loop structure and 3D regulators allow for a simple analytic continuation!

[R.-A. Tripolt, L. von Smekal, and J. Wambach, Phys. Rev. D 90, 074031 (2014)]
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The analytic continuation problem

Calculations at finite temperature are often performed using imaginary energies:

i Po I Po

A
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The analytic continuation problem

Analytic continuation problem: How to get back to real energies?
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Two-step analytic continuation procedure

1) Use periodicity w.r.t. imaginary energy ipo = i2nw1": i Po
nB,F(E+ipo)%nB,F(E) ’j
2) Substitute po by continuous real frequency w: \

I E (. 5) = —lim T®F(ipy — —w — ic, p)
e—0 ’)

Spectral function is then given by

1 1
pw,p) = _;lmF(Q),R(w7ﬁ')

[R.-A. T., N. Strodthoff, L. v. Smekal, and J. Wambach, Phys. Rev. D 89, 034010 (2014)]
[J. M. Pawlowski, N. Strodthoff, Phys. Rev. D 92, 094009 (2015)]
[N. Landsman and C. v. Weert, Physics Reports 145, 3&4 (1987) 141]
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I11) Results

[courtesy L. Holicki]
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Phase diagram of the quark-meson model

» chiral order parameter g
decreases towards higher 7" and p

» a crossover is observed at
T ~ 175 MeV and p =0

310

» critical endpoint (CEP) at
p~292 MeV and T' =~ 10 MeV

» we will study spectral functions
along u =0 and T~ 10 MeV

g, e
100 200 300 oo MeVI

[R.-A. T., N. Strodthoff, L. v. Smekal, and J. Wambach, Phys. Rev. D 89, 034010 (2014)]
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Phase diagram of the quark-meson model

» chiral order parameter g

decreases towards higher T" and p T [Mev]

» a crossover is observed at
T ~ 175 MeV and p =0

310

» critical endpoint (CEP) at
p~292 MeV and T' =~ 10 MeV

» we will study spectral functions
along u =0 and T~ 10 MeV

100 200 300 oo [MeVl

[R.-A. T., N. Strodthoff, L. v. Smekal, and J. Wambach, Phys. Rev. D 89, 034010 (2014)]
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Flow of quark spectral function at 4y =T =0

(Loading movie...)

[R.-A. T., J. Weyrich, L. v. Smekal, and J. Wambach, Phys.Rev. D98 (2018) no.9, 094002]
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quark_spectral_flow_vacuum.mp4
Media File (video/mp4)


Flow of o and 7 spectral functionat u =T =0

(Loading movie...)
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meson_spectral_flow_T0_Taylor.mp4
Media File (video/mp4)


o and 7 spectral function for T" > 0 at © =0

(Loading movie...)
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spectral_T_eps0.mp4
Media File (video/mp4)


o and 7 spectral function for 4 > 0 at T,

(Loading movie...)

25 / 42



spectral_mu_eps0.mp4
Media File (video/mp4)


o spectral functionvs. wand pat u =T =0

» time-like region
(w>p)is
Lorentz-boosted to
higher energies

» space-like region
(w < P) is non-zero at
finite 7" due to
space-like processes
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o spectral function vs. w and pforT > 0, u =0

» time-like region
(w>p)is
Lorentz-boosted to
higher energies

(Loading movie...)
» space-like region
(w < P) is non-zero at
finite T" due to
space-like processes
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sigma_mu0_T_3D.mp4
Media File (video/mp4)


spectral function vs. wand pat u =T =0

time-like region
(w>p)is
Lorentz-boosted to
higher energies

capture process
™4+ mT—ois
suppressed at large p’

space-like region

(w < P) is non-zero at
finite T’ due to
space-like processes
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spectral function vs. w and pforT > 0, u =0

time-like region
(w>p)is
Lorentz-boosted to
higher energies

capture process
T+ w0 is (Loading movie...)
suppressed at large P’

space-like region

(w < p) is non-zero at
finite T' due to
space-like processes
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pion_mu0_T_3D.mp4
Media File (video/mp4)


Shear viscosity

Applying the Green-Kubo formula for the shear viscosity

n= L lim tim l/d‘lx err <[Tz‘j($)vTij(0)}>

24 w—0 |5 =0 w

to the quark-meson model with energy-momentum tensor
T (z) = % (%"aﬂip Y %iw) P odio+ IR

gives

5] w5

[R.-A. Tripolt, L. von Smekal, and J. Wambach, Int.J.Mod.Phys. E26 (2017) no.01n02, 1740028]

3 pac py nB( ) pi,w(wvm
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Shear viscosity over entropy density /s at p =0

» NxPT: result from chiral
perturbation theory
[Lang, Kaiser, Weise, EPJ A 48, 109 (2012)]

» large shear viscosity at low
temperatures due to small
width of pion peak
— 471 processes missing

» n/s is always larger than

the AdS/CFT limiting value
of n/s > 1/4x

/s
— 9
10° = /9,
— U9yt
—_— o 1/(4r)
10°
100
*.~..--.__-__-___-__-I
1
80 100 120
T [MeV]

[R.-A. Tripolt, L. von Smekal, and J. Wambach, Int.J.Mod.Phys. E26 (2017) no.01n02, 1740028]
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Vector Meson Spectral Functions

Important in heavy-ion collisions:

» Vector mesons mix with photons and & vV
can decay directly into lepton pairs i
> Lifetime 7, ~ 1.3 fm/c, smaller than L (P, @, ¢ ...)
lifetime of fireball (= 10 fm/c)
» dileptons allow to measure in-medium
vector-meson spectral functions
S
" GP
. 15 10 total Lhe?mal
Dilepton rate: S
5
lel Z% 10° ~_
-~ [t . g
d4xd4q ImHem(M7q71u7T) % 1()9 .:‘ Spet
e g0 | =23 Mev 1
S T=170 MeV
For low-energy regime M <1 GeV (VMD): &
02 04 06 08 1 12 14 16 18 2 22 24

Dimuon Invariant Mass MIJH (GsV/cz)

1 2
ImIIE) ~ ImDAY §ImD5” + §Ing”

[Rapp, van Hees, Phys.Lett. B 753 (2016) 586-590]
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Modeling vector mesons

> Sakurai (1960): vector mesons as gauge bosons of SU(2) gauge symmetry

— Electromagnetic-hadronic interaction via exchange of vector mesons

— Current Field Identity (CFI):
2

2

. m m m

= L+ Tt 4 L
9p 9w d¢

= Vector Meson Dominance (VMD)

r=v EAN

[Berghaeuser, www.staff.uni-giessen.de (2016)]

> Lee and Nieh (1960s): Gauged linear sigma model with SU(2); x SU(2)r

= p meson and chiral partner a; meson as gauge bosons
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Gauged linear-sigma model with quarks

> SU(2)r x SU(2)g: corresponds to chiral symmetry of two-flavor QCD
» Additional gauge symmetry U(1) to include photon field

Ansatz for the effective average action I'y, = Iy [0, 7, p, a1, 1,1, A,):
Iy = /d4${¢ (D — pyo + hs (0 +i77ys) + ihy (VTP + vuv57ad))) ¥ + Uk(67)
1 : 2 1 v 1 2 7
—co+ 3 (D, —igV,)®|" + gTr (Vi V) + sz’kTr (V,vH)

with

Vi =DV, —D,V,, —ig [V, Vi), Dutp = (0, —ieA,Q) ¢,
DV, =0,V, —ieA,[T5,V,], ¢=(7,0), V.= ﬁuf+ 617Mf5
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Flow equations for p and a; 2-point functions

@ @
s T N
. 2 / \ 1 \
dk.F/(J_,l: Lo /./3*77 | =2 -2 2.
\\ T / 2 \\ /
~ Ao - o-@=l-
PO
B~ @ B~ - 2N
o T N N
) / X ap/ X 17 \ 17 \ a a
o, = e o-- + o e-__(r 7w —Z(o o1 —2 -4 .
ap, \ // \ // 2 \ , \ //
Sem - M g _~- M _- M _
- - " ®%ar urT®%ar

> neglect vector mesons inside the loops
> vertices extracted from ansatz for the effective average action T’

» tadpole diagrams give w-independent contributions

[C. Jung, F. Rennecke, R-A. T., L. von Smekal, and J. Wambach, Phys. Rev. D 95, 036020 (2017)]
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T-dependence of p and a; spectral functions

T=10MeV, y=0MeV
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[C. Jung, F. Rennecke, R-A. T., L. von Smekal, and J. Wambach, Phys. Rev. D 95, 036020 (2017)]
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T-dependence of p and a; spectral functions

(Loading movie...)
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vector_T_2.mp4
Media File (video/mp4)


T-dependence of p and a; pole masses

» pole masses in the vacuum:

mb =789 MeV, ml =1275 MeV =0 MeV

» degeneration of p and a; spectral 1500

functions in chirally symmetric p
phase 1ooo>/
m

» broadening of spectral functions
with increasing T' 500

MeV]

» pole masses do not vary much, no

dropping p mass 0 50 100 150 200 250 300
T [MeV]

= consistent with
broadening/melting-p-scenario

[C. Jung, F. Rennecke, R.-A. T., L. von Smekal, and J. Wambach, Phys. Rev. D 95, 036020 (2017)]
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Electromagnetic (EM) spectral function

—_—
9 0 e re Ter
diagonalize _ o Taa =Ty — =222 +0()
A nw) o T T

[R-A. T., C. Jung, N. Tanji, L. von Smekal, and J. Wambach, Nucl.Phys. A982 (2019) 775-778]
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Calculation of dilepton rates

» We use the Weldon formula for the thermal dilepton rate:

d®N; « 2m? 4Am? 1/2
Jadiq ~ Tam (H 7 ) (1 P ) ¢'(2pr + prs (a0)

» in the following we assume m = 0 and set the external spatial momentum to
zero, such that pr = pr = p;;

[H. A. Weldon, Phys. Rev. D42, 2384 (1990)]

[R-A. T., C. Jung, N. Tanji, L. von Smekal, and J. Wambach, Nucl.Phys. A982 (2019) 775-778]
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EM spectral function and dilepton rates

T=10MeV, p=297.95 MeV

0.100)
» U(1)-gauging of the
. . . & 0.010]
linear-sigma model: rho mixes 3
with the photon — oo
diagonalization 1o o
B photon - bare
M photon - full
107!
» we use the Weldon formula to R
calculate the dilepton rate o T — 10 MeV and |q] = 0
» signatures for the CEP will \\
show up when implementing 10730
. \Nw@
fluctuating vector mesons and =
. = |
self-consistent spectral QTR0
functions! = 290 MeV
297.4 MeV
_ 297.95 MeV
105 : : -
0 0.2 0.4 0.6 0.8 1

w [GeV]
[R-A. T., C. Jung, N. Tanji, L. von Smekal, and J. Wambach, Nucl.Phys. A982 (2019) 775-778]
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Summary and Outlook

» the Functional Renormalization Group is a powerful non-perturbative
framework to study the properties of strong-interaction matter at finite
temperature and chemical potential

» analytically continued flow equations allow for the calculation of in-medium
spectral functions and transport coefficients in the context of chiral
symmetry restoration

Qutlook:

» study spectral functions of quarks and baryons at finite density and
temperature

» calculate realistic dilepton rates and identify signatures of phase transitions

» improve the calculation of transport coefficients like the shear viscosity and
the electrical conductivity
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