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Motivations

• Topological phase transitions are widely 
present in low dimensions

• Realization of 2d BEC-BCS crossover with 
BKT physics (Heidelberg)

• Disputed role of amplitude fluctuations

• Vortex core energy effects in superconductors



Pure Phase model

Vortex unbinding

Conjecture
2D Models can be described effectively by villain model 

with
Kv = f(K)
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Spin waves vs vortexes

• Spin waves • Vortexes

r⇥ jk = 0 r · j? = 0

r✓ = j = j? + jk

I
j?dl = 2⇡

X

i

qi
Z

j? · jkdr = 0

�H = �Hsw + �Hv
Coulomb gas
 Hamiltonian



Sine-Gordon Model
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Unit charge approximation: 
sine-Gordon model
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Continuous field theory: O(2) model
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Amplitude only flow
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2d Bose-Gas
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Universality at “weak” 
coupling

• Small quantum renormalization of U can be neglected

• Critical chemical potential 

• Universal variable 

• All models share same behavior for

• Superfluid density 
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• Run the amplitude flow with

• Extract the expectation  
value for the field

• Initiate the SG flow  

• Extract the renormalized  
superfluid stiffness  

FRG routine
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Looking for 
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Universality recovered
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The universality in the X variable is confirmed. 
Incorrect large X behavior! Higher derivative of the phase?



XY Model
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XY Model

Mean field initial condition:

Approximate dispersion: "(q) = 2(Jd+ µ)
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Spin stiffness
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Results of first part

• Amplitude fluctuations irrelevant in FRG 

• Non universal corrections

• Exact BKT features

• “Weak” Universality in 2d Bose gas

• Good estimation for XY critical temperature



Bilayer XY Model
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Bilayer XY Model

Numerical
Simulations
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2D BEC-BCS Crossover
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 dilute gas of ⬆ and ⬇ fermions with contact interaction:



Phase correlations

• density scale invariant but superfluid density �  anomalously enhanced: 
scale dependence (scaling violation) of critical exponent

nSF
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Preliminar RG 
application
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: superconducting 
order parameter 
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: effective 
phase stiffness
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Future perspectives

• Investigate the assumption of decoupled spin wave 
and vortexes.

• Inclusion of lattice dispersion relation in the classical 
XY model.

• FRG treatment of 2d Fermi gas.
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