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SN neutrinos: an odyssey
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Neutrino transport: (1+3+3)D problem

The matrix of neutrino densities %(t, r,p).

% =
[
〈νe|νe〉 〈νe|νx〉
〈νe|νx〉 〈νx|νx〉

]
〈νe,x|νe,x〉 related to total flavor content. 〈νe|νx〉 related to flavor
conversions.
Equation of motion:

dt% = −i
[
H[%], %

]
+ C[%] .

H[%]→ Hamiltonian containing vacuum mixing and forward scattering.

C[%]→ Collisions (neglected in this talk!).
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Interaction Hamiltonian: 3 scales

H[%]p ⊃ Hvac
p +HMSW +Hνν

p

Vacuum oscillation: Hvac
p = ω = ∆m2

2E ' 0.3 km−1

Matter effect : HMSW = λ =
√

2GFne & 105 km−1

ν − ν interaction: Hνν
p = µ

∫
dq (1− vp.vq) (%q − %̄q).

Note µ =
√

2GFnν & 105 km−1.
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What are fast flavor oscillations?

Oscillations growing with a rate ∝ µ ∝ nν . Rates do not depend on
neutrino mass or energy

New instability, absent for isotropic angular distributions.

Requires crossing in the neutrino angular distributions. (See Tobias’s talk)

a=0.10, b=0.60

a=0.10, b=0.40

a=0.10, b=0.30

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

t [10-9s]
P

e
e

Sawyer(2005,2015)
Chakraborty, Izagguire, Hansen and Raffelt (2016)

Dasgupta, Mirizzi, and MS (2017)

Manibrata Sen SNNu, ECT* May 16, 2019 5 / 20



Collective Oscillations : Linear stability analysis

Consider 2 flavors νe and νx . The flavor density matrices

% =
[
%ee %ex
%xe %xx

]
Equation of motion (EoM):

idt%p = i(∂t + v · ∇)%p = [Hp, %p]

where,
Hp = ωp + λ+ µ

∫
dΓ (1− vp.vq) (%q − %̄q)

Expand :

% = Tr%
2 + gωvφ

2

[
s S
S∗ −s

]
Drop trace.

Banerjee, Dighe and Raffelt (2011)
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Linear stability analysis

Here s2 + S2 = 1. To begin with, S << 1, hence linearise in S.
Instability ⇒ S blows up.

Eigenvalue equation.

i (∂t + v · ∇) S =
(
ωvac + µ

∫
dΓ′ (1− v.v′) g′

)
S

−µ
∫
dΓ′ (1− v.v′) g′S′

SΩ,K ∝ Exp (i K · r− i Ω t)
This leads to a dispersion relation for flavor waves: D(Ω,K) = 0.

What really matters is the electron lepton number (ELN)

g =
∫
dΓGE,v =

√
2GF

∫
dΓ [fνe(E,v)− fν̄e(E,v)]
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The dispersion relation: a covariant form

Integrate over energy. The ELN angular distribution

Gv =
√

2GF
∫ ∞

0

dE E2

2π2 [fνe(E,v)− fν̄e(E,v)]

The dispersion relation

D(Ω,K) = Det [Πµν(ω,k)] = Det
[
ηµν +

∫
dvGv

vµvν

ω − k · v

]
= 0

where

vµ = (1, v̂)

ω = Ω−
(
ωvac +

√
2GF ne +

∫
dv Gv

)
k = K−

∫
dv vGv

Izaguirre, Raffelt and Tamborra( 2017)

Capozzi, Dasgupta, Lisi and Mirizzi (2018)
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Co-rotating frame

Possible to simplify quantities in a co-rotating frame (similar to a gauge
transformation).

ω = Ω −
(
ωvac +

√
2GF ne +

∫
dv Gv

)
︸ ︷︷ ︸

rotate away

⇒ ω = Ω

k = K −
∫
dv vGv︸ ︷︷ ︸

rotate away

⇒ k = K

The dispersion relation

D(Ω,K) = Det
[
ηµν +

∫
dvGv

vµvν

ω − k · v

]
= 0 ,

where ω and k to be Fourier modes in this frame.
Izaguirre, Raffelt and Tamborra( 2016)
Capozzi, Dasgupta, Lisi, Marrone and Mirizzi (2017)

Dasgupta, Mirizzi and MS ( 2018)
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Different types of instabilities
Interpret instabilities as gaps in dispersion relations.
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Why is this complicated?

Solving the dispersion relation in general an arduous task. Need to study
analytical structures of these dispersion relations, which is almost
impossible for multi-D angular distributions.

Most SN simulations provide us with the moments of the neutrino
angular distributions, and not the full distributions.
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Moments that matter...

The dispersion relation

Det [Πµν(ω,k)] = Det
[
ηµν +

∫
dvGv

vµvν

ω − k · v

]
= 0

Focus on “zero mode”, i.e., k = 0 mode. Simple polynomial in the
moments:

Det [Πµν(ω, 0)] = Det
[
ηµν + 1

ω

∫
dvGv v

µvν
]

Moments of the neutrino angular distribution V µν =
∫
dvGv v

µvν .

Growth rate of zero modes in (1 + 1)D.:

ω = 1
2

(
V 11 − V 00 ±

√
(V 00 + V 11)2 − (2V 01)2

)
Dasgupta, Mirizzi and MS ( 2018)
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Check for instability: 10 beam model
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Fourier transform: Ŝk(t) = 1
zmax

∫ zmax
0 dz e−i k z S(z, t) .

k = 0 mode need not dominate the growth rate.

Dasgupta, Mirizzi and MS ( 2018)
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Predictions for a realistic spectra

fνe

fν
_
e

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

v
f ν
e
,
f ν_
e

k=kmax

k=-Φ

k=0

0 30 60 90 120

-8

-6

-4

-2

0

t

lo
g 1
0
S
k

Im
[ω
] =
0.1
7

Dasgupta, Mirizzi and MS ( 2018)

Manibrata Sen SNNu, ECT* May 16, 2019 14 / 20



Application to a SN simulation

How does our method apply to a CCSN simulation?
Consider a fully multi-D simulation of a 9M� model. Provide us with
the energy dependent angular moments.
Nr ×Nθ ×Nφ = 640× 80× 160

Glas, Just, Janka and Obergaulinger (2018)
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Searching for fast conversions

M = 9 M      t = 300 ms

R  [12,15] km

47 m 1 < Im[ ] < 290 m 1

Im[ ] = 0

Im[ ] [m 1]

M = 9 M      t = 500 ms

R  [10,16] km

26 m 1 < Im[ ] < 326 m 1

Im[ ] = 0

Im[ ] [m 1]

Scattered points of fast conversions at specific directions.
Deeper than expected. Instabilities at R ∈ (10− 20) km.

Capozzi, Dasgupta, Glas, Janka, Mirizzi, MS and Sigl ( in prep)
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Understanding the result

Relating the moments:

V 00 ∝ nνe − nν̄e = ∆nν
V 0r ∝ Fνe − Fν̄e = ∆Fν ,

In the effective (1 + 1)D problem,

ω = 1
2

(
V rr − V 00 ±

√
(V 00 + V rr)2 − 4 (V 0r)2

)
.

In optically thick region, V rr = V 00/3. Condition for complex modes:

∆ = 16
9
(
V 00)2 − 4

(
V 0r)2 < 0 ,

Capozzi, Dasgupta, Glas, Janka, Mirizzi, MS and Sigl ( in prep)
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Can resolution play a role?
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Typically V 00 � V 0r. ∆ can be negative if V 00 ' 0.

Manibrata Sen SNNu, ECT* May 16, 2019 18 / 20



Modified criteria for instability

To avoid resolution issues, look for change in sign of V 00 ∝ (nνe
−nν̄e

).

Concentrated away from LESA direction, which points in +y direction.
Possible correlation with LESA.

Capozzi, Dasgupta, Glas, Janka, Mirizzi, MS and Sigl ( in prep)
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Summary

Fast conversions are associated with a crossing of the ELN. But
simulations do not always provide us with ELNs. Easier to get the
moments.

Use a LSA to obtain regions of instability. Focus on the zero mode.
Allows us to predict instabilities with moments of neutrino angular
distributions.

Applied it to SN simulations of the Garching group. We find fast
instabilities deeper inside the “neutrinosphere” (R ∈ (10− 20) km).
Requires nνe

> nνe .

Possibility of fast conversions deeper? Need more detailed studies.

Thank You
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