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Astrophysics
(Explosion 

Mechanism)
Oscillations Detection

Each has its own challenges.

The overlap (“crossroads”) may be a nightmare!

My focus will largely be here, although I will touch on other parts of the pipeline. 



1D 2D 3D1966 – 2001

1994 – 2018

2013 –

Colgate and White Ap.J. 143, 626 (1966)
Liebendoerfer et al. et al. PRD 63, 103004 (2001)

Herant et al. Ap.J. 435, 339 (1994)
O’Connor and Couch, Ap.J. 854, 63 (2018)
Vartanyan et al. MNRAS  477, 3091 (2018)

Hanke et al. Ap.J. 770, 66 (2013)
…

35 years

25 years

15 years?

Would be consistent with 
the expected development 
of our “instruments” over
the next decade.



Authors Progenitor Mass 
(Solar Masses)

Rotating/Perturbed Progenitor 
Family/Metallicity/High-Density 
EOS

Explosion Post-bounce Time (ms)

Hanke et al. (2013) 27 N/N Woosley, Heger, and Weaver 
(2002)/Solar Metallicity/LS220

N 400

Takiwaki et al. (2014) 11.2 N/N Woosley, Heger, and Weaver 
(2002)/Solar Metallicity/LS180

Y 369

Melson et al. (2015) 9.6 N/N Woosley and Heger (2015)/Zero 
Metallicity/LS220

Y 400

Lentz et al. (2015) 15 N/N Woosley and Heger (2007)/Solar 
Metallicity/LS220

Y 685

Takiwaki et al. (2016) 11.2, 27 Y/N Woosley, Heger, and Weaver 
(2002)/Solar Metallicity/LS220

Y for 11.2
N for 27 (except for 
rapid rotation)

260
275

Roberts et al. (2016) 27 N/N Woosley, Heger, and Weaver 
(2002)/Solar Metallicity/LS220

Y 380

Mueller et al. (2017) 18 N/Y Woosley, Heger, and Weaver 
(2002)/Solar Metallicity/LS220

Y 2350

Summa et al. (2018) 15 Y/N Heger, Woosley, and Spruit 
(2005)/Solar Metallicity/LS220

N (except for rapid 
rotation)

460

Chan et al. (2018) 40 N/N Heger and Woosley (2010)/Zero 
Metallicity/LS220

Y

Ott et al. (2018) 12, 15, 20, 27, 40 N/N Woosley and Heger (2007)/Solar 
Metallicity/SFHo

Y (except for 12) 527, 597, 384, 392, 323

O’Connor and Couch (2018) 20 N/Y Farmer, Fields, Petermann et al. 
(2016)/Solar Metallicity/SFHo

N 500

Vartanyan et al. (2019) 16 N/Y Woosley and Heger (2007)/Solar 
Metallicity/SFHo

Y 677

Burrows et al. (2019) 9, 10, 11, 12, 13 N/N Sukhbold, Ertl, Woosley et al. 
(2016)/Solar Metallicity/SFHo

Y (except for 13) 1042, 767, 568, 694, 674



Authors Progenitor Mass 
(Solar Masses)

Rotating/Perturbed Progenitor 
Family/Metallicity/High-Density 
EOS

Explosion/
Shock Radius (km)

Post-bounce Time (ms)/
Explosion Energy (B)

Lentz et al. (2019), 
in preparation

9.6 N/N Woosley and Heger (2015)/Zero 
Metallicity/LS220

Y/9467 467/0.167

10 N/N SEWBJ16/Solar Metallicity/LS220 ?/300 265

10.6 N/N Heger and Woosley (2010)/Zero 
Metallicity/LS220

?/200 115

15 N/N Woosley and Heger (2007)/Solar 
Metallicity/LS220

Y/
1600

685

25 N/N Heger and Woosley (2010)/Zero 
Metallicity/LS220

Y/
2200

405



Overburden is 
-0.32 B at end 
of run.

Overburden is 
-1.08 B at end 
of run.

Lentz et al. (2019), in preparation



Lentz et al. 2015, Ap.J. Lett. 807, L31; Lentz et al. 2019, in preparation 



Lentz et al. (2019), in preparation



3D 9.6 M Model



Significant progress has 
been made, but are we 
fast approaching the 
base of El Capitan?

Convergence of efforts to 
include Full Physics in 3D 
General Relativistic Codes 

and efforts to include 
General Relativity in Full 

Physics Codes

Meeting the Demands 
illuminated by 2D Models 

in the Context of 3D 
Models

Keeping Pace with the 
Weak Interaction Physics 

and Managing the 
Uncertainty in the Cross 

Sections

Bracing for the Clash 
between Classical 

Kinetics and Quantum 
Kinetics of Neutrinos

Desired 
Simulation

Each of these things becomes very difficult in 3D, 
let alone the confluence of them.
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3D Multi-Frequency 
Moments Models

Newtonian

Ray-by-Ray Transport

Three Flavor (Leakage 
Scheme for Heavy 

Flavors)

Partial Weak Physics

Takiwaki et al. (2014, 
2016)

Effective Potential

Ray-by-Ray Transport

Three Flavor

Partial Weak Physics 
(FMT for All Flavors)

Mueller et al. (2017), 
Chan et al. (2018)

Full Weak Physics

One-Moment Transport

* Lentz et al. (2015)

Two-Moment Transport

Hanke et al. (2013), 
Melson et al. (2015), 
Summa et al. (2018)

3D Transport

Three Flavor

Full Weak Physics

*Vartanyan et al. 
(2019), *Burrows et al. 

(2019)

General Relativistic

3D Transport

Three Flavor

Partial Weak Physics

Kuroda et al. (2016), 
**Roberts et al. (2016), 

**Ott et al. (2018), 
Kuroda et al. (2018)

Full Weak Physics

** neglect SR effects

* neglect 𝜈" + 𝜈̅" ⟷ 𝜈&,( + 𝜈̅&,( None of the deployed closures
are “realizable.”



Neutrino heating depends on 
neutrino luminosities, spectra, 
and angular distributions.

➠ Should compute neutrino distribution functions.

f (t, r,θ,φ,E,θ p,φp )

ER (t, r,θ,φ,E) = dθ p∫ dφp f

FR
i (t, r,θ,φ,E) = dθ p∫ dφp n

i f

Multifrequency
Multiangle

Multifrequency
(solve for 

lowest-order 
multifrequency

angular moments:
energy and momentum 

density/frequency)

Requires a closure prescription:
• 1-Moment (MGFLD)
• 2-Moment (MGVET)

Closure must be “realizable” 
- i.e., it must obey Fermi–Dirac statistics.



The Astrophysical Journal, 756:84 (22pp), 2012 September 1 Müller, Janka, & Marek

8 10 12 14 16 18 20
0

0.5

1

1.5

2

M
gr

av
ita

tio
na

l [M
su

n]

R [km]
8 10 12 14 16 18 20

0

0.5

1

1.5

2

2.5

M
re

st
 [M

su
n]

R [km]

Figure 1. Mass–radius relations of the equations of state LS180 (blue) and LS220 (red) for the gravitational mass (left panel) and the baryonic mass (right panel). Solid
lines display the case of cold neutron stars (T = 0), while curves for the case of a hot proto-neutron star with a constant entropy of s = 1.5 kb nucleon−1 are shown
as dashed lines. The black horizontal line in the left panel corresponds to a mass of 1.97 M⊙ as measured by Demorest et al. (2010) for the pulsar J1614-2230. The
gravitational masses for neutron stars with baryonic masses of 1.36 M⊙ and 1.58 M⊙ are indicated both for T = 0 (solid blue horizontal lines) or s = 1.5 kb nucleon−1

(dashed blue horizontal lines) in the left panel (figures provided by A. Bauswein.)
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Figure 2. Average shock radius and proto-neutron star (PNS) radius (defined
by a fiducial density of 1011 g cm−3) for the 2D models G15 (GR, full rates,
black thick solid line), S15 (GR, reduced rates, blue, thick, dash-dotted), M15
(pseudo-Newtonian, full rates, red, thick, dashed), and M15 (purely Newtonian,
black, thick, dotted). 1D models corresponding to G15, M15, and S15 are also
shown as thin lines for comparison. Note that the shock is located considerably
further out in S15-1D than in G15-1D and M15-1D. This is a consequence
of the strong sensitivity of the shock position rsh to the PNS radius, rPNS, for
a stationary spherical accretion flow (rsh ∝ r

8/3
PNS, see, e.g., Equation (1) of

Marek & Janka 2009). The larger PNS radius in S15-1D can in turn be traced to
less efficient cooling by µ/τ neutrinos and higher temperatures in the density
region 1012–1013 g cm−3. Different PNS radii (caused by PNS convection; see
Appendix C in Buras et al. 2006a) are also responsible for the larger shock
radii in the 2D models G15 and M15 compared to G15-1D and M15-1D at
early times, when multi-dimensional effects in the gain region do not yet play a
significant role. (The data for M15-1D have been provided by L. Hüdepohl.)

4.1.2. Explosion Energy

We can compute a diagnostic “explosion energy” by inte-
grating over the material with positive binding energy ebind at a
certain time. Since this energy does not account for subsequent
nuclear recombination, burning, and the gravitational binding
energy of the outer layers of the star, this quantity does not pro-
vide a direct measure for the final supernova explosion energy.
In the GR case, we define ebind in terms of the lapse function
α, the rest-mass density ρ, the specific internal energy ϵ, the
pressure P, and the Lorentz factor W as follows:

ebind = α(ρ(c2 + ϵ + P/ρ)W 2 − P ) − ρWc2. (2)

In order to maintain consistency with previous studies (Buras
et al. 2006a; Marek & Janka 2009; Bruenn et al. 2009), we
exclude rest-mass contributions to the specific internal energy
ϵ. It can easily be verified that Equation (2) correctly reduces to

ebind → ρ(ϵ + ρv2/2 + Φ) (3)

in the Newtonian limit (where Φ is the gravitational potential).2
The diagnostic explosion energy is then computed by integrating
over the region where ebind is positive,

Eexpl =
∫

ebind>0

ebind dṼ . (4)

Here, dṼ is the three-volume element for the curved space–time
metric (and not the flat-space volume element).

The time evolution of Eexpl is plotted in the right panel
of Figure 5, which shows that material behind the shock
first becomes nominally unbound 200 ms after bounce for
model G11. This corresponds to the time when the shock
first expands beyond ∼400 km, allowing the temperature to
drop sufficiently for nucleon recombination to α-particles to
set in. The diagnostic explosion energy slowly increases rather
unsteadily at an average rate of 6×1049 erg s−1, and then seems
to level off around 3.5×1049 erg after 600 ms post-bounce with

2 Precisely speaking, we have α → 1 + Φ/c2 and W → 1 + v2/2 in the
Newtonian limit, and obtain the Newtonian expression as an approximation to
O(ϵ/c2, P/ρc2, v2/c2, Φ/c2).

6

The Astrophysical Journal, 756:84 (22pp), 2012 September 1 Müller, Janka, & Marek

0.1 0.2 0.3 0.4 0.5
time after bounce [s]

0

10

20

30

40

50

60

70

r(
ρ=

10
11

g 
cm

-3
) [

km
]

0.1 0.2 0.3 0.4 0.5
3

4

5

6

7

T
(ρ

=1
011

g 
cm

-3
) [

10
10

 K
]

G15
M15
S15
N15

Figure 13. Circumferential radius (decreasing with time) and surface tempera-
ture (increasing) of the proto-neutron star for models G15, M15 S15, and N15.
The surface is defined by a fiducial density value of ρ = 1011 g cm−3.
(A color version of this figure is available in the online journal.)

mass-specific kinetic energy contained in non-radial mass mo-
tions, Ekin,θ/Mgain, is typically lower than in model G15 (Fig-
ure 15) by 40%–50%. Stronger convection in GR partly com-
pensates for the reduction of Mgain and τadv due to the smaller
neutron star radius and therefore helps to turn the scales in favor
of a larger value of the runaway criterion τadv/τheat—the large
reduction of τheat emerges as the dominant effect (Figure 10).

In comparing model N15 to G15 and M15, we should also
bear in mind that N15 was computed with a higher angular
resolution of 128 zones, which might be beneficial for the

heating conditions because it was seen to foster explosions in
2D simulations of Hanke et al. (2012). The increase of τadv/τheat
in GR compared to the Newtonian approximation may therefore
even be underestimated by our analysis.

5.3.2. Effective Potential Approximation versus General Relativity

The comparison between models G15 (GR) and M15 (effec-
tive potential) is somewhat more subtle, but the different heating
conditions can still be traced back—at least partly—to the neu-
trino emission from the PNS. Again, the neutrino luminosities
and mean energies at the gain radius (Figure 14) turn out to
be the crucial factor. In the early phase, the GR run exhibits a
noticeable enhancement in the electron antineutrino luminos-
ity (by ≈15%) and to a lesser extent in the electron neutrino
luminosity. In addition, the mean energies of νe and ν̄e tend to
increase more strongly at late times, with the difference reaching
almost 1 MeV for the antineutrinos.

Interestingly, the tendency toward slightly more energetic
νe’s and ν̄e’s in GR is already present in 1D (see Paper I).
This is presumably the result of a slightly different density
stratification in GR that cannot be reproduced exactly by the
modified Newtonian potential and the approximate GR transport
treatment (e.g., due to the identification of coordinate radius and
proper radius) used for the M15 run (cp. Marek et al. 2006). The
circumferential radius of the PNS (defined as the radius where
the density drops to 1011 g cm−3) is indeed larger by 2%–4% in
GR, and its surface is somewhat hotter at late times (Figure 13).
In contrast to the higher νe and ν̄e luminosities in model G15, the
luminosity of µ and τ neutrinos is smaller in the GR case. This
is the result of GR transport effects and a different stratification
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Figure 14. Neutrino mean energies (upper panels) and luminosities (lower panels) at the gain radius for the relativistic model G15 (black solid lines), the pseudo-
Newtonian model M15 (red dashed lines), the relativistic model S15 with simplified neutrino rates (blue dash-dotted lines), and the purely Newtonian run N15 (black,
dotted). Electron neutrinos, electron antineutrinos, and µ/τ neutrinos are shown in the left, middle, and right panels of each row, respectively. The mean energy is
defined as the ratio of the angle-averaged neutrino energy and number density, and the luminosity is computed as the integral of the flux over the sphere corresponding
to the gain radius. The luminosity given here is for a single species of νµ/τ , not for all four of them.
(A color version of this figure is available in the online journal.)
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M. Rampp and H.-T. Janka: Radiation hydrodynamics with neutrinos 373

number is ensured by, (a) a conservative discretization of the
neutrino number equation (Eq. (30)), (b) a conservative han-
dling of the electron number equation (Eq. (4)), and (c) the
exact numerical balance of the source terms (cf. Eq. (13))
−4πmB

∫
dV

∫ ∞
0 dϵ C(0)(ϵ) (defined on the transport grid) and∫

dV QN (defined on the hydro grid). Point (a) requires that in
Eq. (30) the flux divergence is discretized in analogy to the sec-
ond line in Eq. (21) and that the β ∂J/∂r and (2β/r+ ∂β/∂r)J
terms are combined to div(βJ) to be discretized in analogy
to the third line in Eq. (21). The energy derivative in Eq. (30)
is treated in a conservative way as described in Sect. (3.3.5).
Point (b) is achieved by the use of a conservative numerical in-
tegration of the electron number equation (Eq. (4)) in the spirit
of the PROMETHEUS code, and requirement (c) is fulfilled
by employing a conservative procedure for mapping the elec-
tron number source term from the transport grid to the hydro
grid (see Sects. 3.6.1, 3.6.2). Doing so, the total lepton number
remains constant in principle at the level of machine accuracy.

Different from the number transport, where the zeroth order
moment equation for neutrinos by itself defines a conservation
law, the derivation of a conservation law for the total energy
implies a combination of the radiation energy and momentum
equations. The use of a staggered radial mesh for discretizing
the latter equations defies a suitable contraction of terms in
analogy to the analytic case. Therefore our numerical descrip-
tion does not conserve neutrino energy with the same accuracy
as neutrino number and the quality of total energy conservation
has to be verified empirically for a given problem and numeri-
cal resolution.

For our supernova simulations, tests showed that neutrino
number is conserved to an accuracy of better than 10−11 per
time step, while for neutrino energy a value below 10−7 is
achieved. With a typical number of about 50 000 transport time
steps for a supernova simulation we thus find an empirical up-
per limit for the violation of energy conservation of 0.5% of the
neutrino energy. This translates to 0.05% of the internal energy
of the collapsed stellar core, i.e. a few times 1049 erg in abso-
lute number. Errors of the same magnitude are introduced by
the non-conservative treatment of the gravitational potential as
a source term in the fluid-energy equation (Eq. (3)). Note that
the use of different grids for the hydrodynamics and the trans-
port does not affect the energy budget because we employ a
conservative mapping of the neutrino source term between the
grids (see Sects. 3.6.1, 3.6.2).

3.7. Approximate general relativistic treatment

We have not yet coupled our general relativistic version of the
neutrino transport to a general relativistic hydrodynamics code.
For the time being we work with a basically Newtonian code,
which was extended to include post-Newtonian corrections of
the gravitational potential. We hope that the deeper gravita-
tional potential can account for the main effects of general
relativity on stellar core collapse and the formation of neu-
tron stars which do not approach gravitational instability to be-
come black holes (cf. Bruenn et al. 2001). Because the gen-
eral relativistic changes of the space-time metric are ignored,

a consistent description of the neutrino transport requires that
the fully relativistic equations are simplified such that only the
effects of gravitational redshift and time dilation are retained.

3.7.1. Modified gravitational potential

By comparing the Tolman-Oppenheimer-Volkoff equation
for hydrostatic equilibrium in general relativity (see, e.g.,
Kippenhahn & Weigert 1990, Sect. 2.6) with its Newtonian
counterpart (cf. Eq. (2)) one can define a modified “gravita-
tional potential” which includes correction terms due to pres-
sure and energy of the stellar medium and the neutrinos:

ΦGR(r) =

G

r∫

∞

dr′
1

r′2

(
m +

4πr′3(p + P)
c2

)
1
Γ2

(
ρtotc2 + p
ρc2

)
, (53)

where ρtotc2:=ρ(c2 + e) is the total (“relativistic”) energy den-
sity and P = 4π/c

∫ ∞
0 dϵ K the neutrino pressure. The calcula-

tion of the gravitational mass m(r) :=
∫ r

0 dr′ 4πr′2(ρtot + c−2E +
c−3UF/Γ) takes into account contributions of neutrino energy
density E = 4π/c

∫ ∞
0 dϵ J and flux F = 4π

∫ ∞
0 dϵ H. The met-

ric function Γ is calculated as Γ(r) =
√

1 + U(r)2 − 2Gm(r)/rc2

with the term U2 accounting for the effects of fluid motion.
Equation (53) can be used in the Newtonian hydrodynamic

equations (Eqs. (2), (3)) in order to approximately take into ac-
count general relativistic effects (cf. Keil 1997). The quality of
this approach has to be ascertained empirically by comparison
with fully general relativistic calculations. In our case such a
comparison yields quite satisfactory results (see Sect. 4.3).

3.7.2. Approximate GR transport

The general relativistic moment equations describing transport
of neutrino energy, momentum and neutrino number can be
derived from the Lindquist-equation (cf. Eq. (5), Sect. 2.2.1).
They are:

1
c

D
Dt

J +
Γ

R2

∂

∂R
(R2HeΦ) + Γ∂ReΦ H

− ∂
∂ϵ

[
ϵ
(
eΦ

U
R

(J − K) + c−1DtΛK + Γ∂ReΦ H
)]

+ eΦ
U
R

(3J − K) + c−1DtΛ (J + K) = eΦC(0) , (54)

1
c

D
Dt

H +
Γ

R2

∂

∂R
(R2KeΦ) + Γ∂ReΦ J + eΦΓ

K − J
R

− ∂
∂ϵ

[
ϵ
(
eΦ

U
R

(H − L) + c−1DtΛ L + Γ∂ReΦ K
)]

+ 2(eΦ
U
R
+ c−1DtΛ) H = eΦC(1) , (55)

for the energy transport, and
1
c

D
Dt
J + Γ

R2

∂

∂R
(R2HeΦ)

− ∂
∂ϵ

[
ϵ
(
eΦ

U
R

(J −K) + c−1DtΛK + Γ∂ReΦH
)]

+ (2 eΦ
U
R
+ c−1DtΛ)J = eΦ C(0) , (56)

Rampp and Janka 2002 A&A 396, 361

Comparison of Newtonian and TOV
equations for hydrostatic equilibrium
suggests a GR correction to the 
monopole term of the Newtonian
potential’s multipole expansion.

Comparisons of this and a CFA approach demonstrate that an effective potential approach is not sufficient.



Solve a number of spherically
symmetric problems.

In spherical symmetry, RbR
is exact.

see Skinner, Burrows, and Dolence 2016, Ap.J. 831, 81 for a comparison with 2D transport
see Glas, Just, Janka, and Obergaulinger 2019 Ap.J. 873, 45 for a comparison with 3D transport
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What can we learn from 2D (self-consistent) explosion models about the late-time neutrino signature 
evolution?

plumes expands continuously and drives shock revival. The
growth of the plume scale can be seen at the surface (animation
of Figure 4(a)) and deeper (150 km; Figure 5). The growth of
the plume scales clearly precedes shock revival at ≈350 ms,
when the shock is clearly expanding, and upflow at 150 km is
dominated by a single large plume with a few smaller plumes.
Parameterized simulations of Fernández (2015) show mergers
of plumes, and those of Handy et al. (2014) also found
decreasing plume numbers preceding, and after, shock revival.

In 2D (including C15-2D), the axis-focused SASI and the
tendency for convective vortices to merge ensures that the
“large-plume state” is reached earlier (by 150 ms in C15-2D).
In 3D, this state takes time to develop and appears to delay the
explosion.
We have not yet completed a comprehensive analysis of the

driver of plume-scale growth, but some observations from our
simulation are revealing. As plumes grow in 3D simulations,
the associated accretion streams are displaced farther from the

Figure 3. (a) Net neutrino heating in the gain region. (b) en (solid), ēn (dashed), and nmt (dashed–dotted) total luminosities at 1000 km. (c) Neutrino heating
efficiencies, η heat. (d) (Inward) Accretion rates at gain radius (solid) and shock (dashed–dotted). (e) Advection–heating timescale ratio, adv heatt t . (f) Turbulent
kinetic energy. Data for C15-2D are averaged with a 25-point boxcar (∼8 ms). Plotted using the colors of Figure 1.
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What can we learn from 2D (self-consistent) explosion models about the late-time neutrino signature 
evolution?

Bruenn et al. (2019), in preparation
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between neutrinos and nucleons were handled by the for-
malismofRefs. [20,21],which includes the effects of nucleon
correlations by a random-phase approximation (RPA). We
generalized the treatment to also include corrections due to
neutron and proton mean-field potentials in the β processes
[22–24] and due to the large rest masses of μ− and μþ. Weak-
magnetism corrections according to Ref. [13] are used in all
neutral and charged-current neutrino-nucleon interactions
(cf. Ref. [16]) except in charged-current reactions of νμ
and ν̄μ with nucleons (because lepton-mass dependence
was neglected in Ref. [13]). Neutral and charged-current
reactions of neutrinoswith nucleons bound in light nuclei (2H,
3H, 3He) were approximated by using the neutrino-nucleon
interactions ofRef. [25],which slightly overestimates (mainly
at low energies) the collective opacity of these reactions
compared to the detailed description in Ref. [26]. When
specified, we included in neutrino-nucleon scatterings virial
corrections for the axial response of nuclear matter at low
densities [27,28] and/or applied a strangeness-dependent
contribution to the axial-vector coupling coefficient [13] with
a value of gsA ¼ −0.1, consistent with experimental con-
straints [29]. The virial corrections were implemented via an
effective interaction in the RPA that was stronger at low
densities. This yielded results similar to those in Ref. [27].
Our SN simulations were performed in 2D for a

nonrotating 20 M⊙ progenitor model [30] with the
Lattimer-Swesty EOS (LS220) with nuclear incompress-
ibility K ¼ 220 MeV [31] and the SFHo EOS [32,33]
(models s20.0-LS220 and s20.0-SFHo, respectively). After
bounce, at densities below 1011 g cm−3, we employed a
23-species NSE solver at T > 0.5 MeV for infalling and
T > 0.34 MeV for expanding, high-entropy matter, and
nuclear “flashing” [15] at lower temperatures. For the
polar coordinate grid we used a time-dependent number
of 400–650 radial zones and 160 lateral zones with a
refinement to 320 lateral zones outside of the gain radius
(i.e., the radius exterior to which neutrino heating domi-
nates), and for the neutrino transport 15 geometrically
distributed energy bins with ϵmax ¼ 380 MeV.
Results.—In addition to conducting simulations for the

two employed nuclear EOSs with our standard set of
neutrino processes (Table 1 in Ref. [19]), we also inves-
tigated cases where we included (a) the virial corrections in
ν − N scattering, (b) all muon effects, (c) both muon and
virial effects, and (d) muons, virial effects, and a strange-
ness correction in ν − N scattering. Figure 1 displays the
time evolution of the average shock radii for the models
with SFHo (top left) and LS220 EOS (top right). It is
obvious that muon formation enables an explosion for the
SFHo model, which does not explode with standard
neutrino physics, and it allows for an earlier onset of the
explosion with the LS220 EOS.
Figure 2 compares the evolution of angle-averaged radial

profiles of the entropy per baryon (superimposed in color
on mass-shell trajectories) for two SFHo models. After the

arrival of the interface between the silicon-shell and
oxygen-rich Si layer at the shock at ∼240 ms PB, the
shock radius in the model with muons is considerably
larger than in the standard case, leading to an explosion,
despite the inverse order of the shock radii at earlier times
(Fig. 1). The lower panels of Fig. 1 provide an explanation:
with muons the proto-NS contracts notably faster (left). The
creation of μ− and μþ effectively softens the EOS by
conversion of thermal and degeneracy energy of e− into
rest-mass energy of muons. In addition, it significantly
raises the emission of ν̄μ and, to a lesser extent, also of νμ
(Fig. 3, middle panels). The accelerated shrinking of the NS
leads to higher temperatures at given densities and corre-
spondingly increased luminosities and mean energies of the
emitted electron- and τ-flavor neutrinos, which are shown
in Fig. 3 (left-hand and right-hand panels) at the gain
radius, where νe and ν̄e differences are relevant for the
neutrino heating. As a consequence, the neutrino-heating
rate, per baryon as well as integrated over the gain layer
(i.e., the region between gain radius and shock), becomes
sizably greater in the model with muons at t≳ 240 ms
(Fig. 1, bottom right). Muons therefore have a similar
overall effect as the strangeness-dependent reduction of
neutrino-nucleon scattering discussed in Ref. [3].
Figure 4 documents the appearance of significant charged-

muon number (up to Yμ ∼ 0.05) (at the expense of e−)
correlated with a temperature maximum in the NS between
∼7 km (∼4×1014gcm−3) and∼21 km (∼2 × 1013 g cm−3).
While in the model without muons νμ are more abundant
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FIG. 1. Upper row: Angle-averaged shock radii (solid line) and
mass-infall rates (at 400 km, dashed line) versus postbounce time
for our sets of models with SFHo (left) and LS220 EOS (right).
Lower row: Time evolution of NS radii (measured at an average
density of 1011 g cm−3, left) and net heating rate integrated over
the gain layer (in 1 B s−1 ¼ 1051 erg s−1, right) for models with
SFHo EOS.
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Different from τ neutrinos, but analogously to νe and ν̄e,
νμ and ν̄μ participate in β reactions,

νl þ n ⇄ pþ l−; ð1Þ

ν̄l þ p ⇄ nþ lþ; ð2Þ

with their charged leptons l (standing for e or μ) when a
significant population of thermally excited μ− and μþ

appears [11]. Beta equilibrium for both flavors implies
the usual relation

Δμ≡ μn − μp ¼ μl − μνl ð3Þ

between the chemical potentials (including particle rest-
mass energies) of neutrons, protons, charged leptons, and
the corresponding neutrinos. Since the highly degenerate
Fermi sea of e− partially converts to μ−, and since initially
the trapped muon number is zero, an excess of μ− over μþ is
compensated by an opposite excess of ν̄μ over νμ.
Therefore, the diffusive flux of ν̄μ will dominate that of
νμ, leading to a gradual buildup of muon number. The
easier escape of ν̄μ compared to νμ is aided by the lower
neutral-current scattering cross section for ν̄μ mentioned
above and by the higher opacity for β reactions of νμ
compared to ν̄μ in analogy to the electron flavor. The
accumulation of net muon number in the proto-NS, i.e., the
process of muonization that leads to an excess of μ− over
μþ in the final NS, is facilitated by the reactions of Eqs. (1)
and (2). Also, other interactions that couple the e-lepton
and μ-lepton sectors (Table I) enhance the muonization rate
and thus increase both the νμ and ν̄μ fluxes.
Muonization might play a non-neglible role during all

stages of the SN postbounce (PB) evolution and NS as well
as black-hole (BH) formation. In the following, we discuss
its effects on the initiation of SN explosions by neutrino-
energy deposition.
Numerical modeling.—Our SN simulations were per-

formed with the PROMETHEUS-VERTEX neutrino-hydrody-
namics code [15,16] with an approximate treatment of
general relativistic gravity by the effective gravitational
potential of case A of Ref. [17]. The PROMETHEUS hydro-
dynamics module solves the equations of nonrelativistic
hydrodynamics (continuity equations for mass, momentum,
energy, lepton number, and nuclear composition) with an
explicit, directionally split, higher-order Godunov scheme
[18]. The transport module VERTEX integrates the energy-
dependent evolution equations of energy andmomentum for

all six neutrino species (νe, ν̄e, νμ, ν̄μ, ντ, ν̄τ) in the comoving
frame of the stellar fluid to orderv=c (v is the fluid velocity, c
the speed of light), including corrections due to general
relativistic redshift and time dilation. The closure is provided
by an Eddington factor based on the solution of a model-
Boltzmann equation, iterated for convergencewith the set of
two-moment equations [15]. Neutrino transport in multidi-
mensional simulations employs the ray-by-ray plus approxi-
mation [16].
We upgraded the PROMETHEUS-VERTEX code for includ-

ing all effects of μ− and μþ in the hydrodynamics and
equation of state (EOS) of the stellar plasma, the effective
relativistic gravity potential, and in the neutrino transport.
This implies the solution of conservation equations for
electron and muon lepton number:

∂ðρYlÞ
∂t þ∇ðρYlvÞ ¼ Ql ð4Þ

(here, relativistic corrections are omitted for simplicity).
Yl ¼ Yl− − Ylþ is the net number of charged leptons per
nucleon, ρ the baryon-mass density, and Ql the source rate
that is associated with all processes emitting and absorbing
νl and ν̄l. The EOS depends on Ye and Yμ; i.e., P ¼
Pðρ; T; Ye; Yμ; fYkgk¼1;…;Nnuc

Þ and ω ¼ ωðρ; T; Ye; Yμ;
fYkgk¼1;…;Nnuc

Þ for pressure P and specific energy density
ω (T is the medium temperature, Nnuc the number of
nuclear species). Analogously to e− and eþ, μ− and μþ

provide an additive contribution to P and ω and are treated
as ideal Fermi gases of arbitrary degeneracy and arbitrary
degree of relativity. In nuclear statistical equilibrium (NSE)
the mass fractions of nuclei and nucleons Yk are determined
by the Saha equations and, hence, Yk ¼ Ykðρ; T; Ye; YμÞ
holds; otherwise they follow from evolution equations
similar to Eq. (4) with Ql being replaced by source terms
for nuclear reaction rates. With ρ, ω, Ye, and Yμ given as
solutions of the hydrodynamics and Yk (k ¼ 1;…; Nnuc)
being determined either by NSE or Eq. (4), T and the
chemical potentials μe, μμ, μn, μp, and μk for all k can be
determined under the constraint of charge neutrality,P

kZkYk ¼ Ye þ Yμ, with Zk being the nuclear charge
number of species k.
Accounting for the presence of muons and the differences

of the ν and ν̄ scattering cross sections with nucleons due to
nucleon recoil and weak magnetism [13], we generalized the
neutrino-transport module VERTEX to an energy-dependent
six-species treatment, tracking νe, ν̄e, νμ, ν̄μ, ντ, and ν̄τ
individually. Besides our “standard” set of neutrino reaction
rates listed in Table 1 of Ref. [19], we also implemented all
relevant neutrino interactions with μ− and μþ as listed in
Table I. The detailed kinematics (energy and momentum
exchange between reaction partners) were fully taken into
account, describing charged leptons as arbitrarily relativistic
and arbitrarily degenerate fermions and nucleons as non-
relativistic fermions.Neutral and charged-current interactions

TABLE I. Neutrino reactions with muons.

νþ μ− ⇄ ν0 þ μ− 0 νþ μþ ⇄ ν0 þ μþ0

νμ þ e− ⇄ νe þ μ− ν̄μ þ eþ ⇄ ν̄e þ μþ

νμ þ ν̄e þ e− ⇄ μ− ν̄μ þ νe þ eþ ⇄ μþ

ν̄e þ e− ⇄ ν̄μ þ μ− νe þ eþ ⇄ νμ þ μþ

νμ þ n ⇄ pþ μ− ν̄μ þ p ⇄ nþ μþ
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a smaller gain radius (Figure 3), and a shorter heating
timescale,

E

Q̇
(8)heat

gain

gain
t =

with vE dV e( )
R

R

gain
( , ) 1

2
2

gain

shock

ò r= + + F
q f

∣ ∣ being the bind-

ing energy of the gain layer. Since the effective timescale of
mass advection through the gain layer,

M

Ṁ
(9)adv

gain
t =

(where Ṁ 0> ), which measures the average exposure time of
matter to neutrino heating, is very similar in models 3Ds and
3Dn, the smaller heatt in 3Ds also leads to a higher timescale

ratio adv heatt t . The ratio adv heatt t exceeds the critical value of
unity shortly before the SN shock in 3Ds begins its runaway
expansion.
The mean energies of the radiated neutrinos in model 3Ds

are up to ∼1MeV higher and the luminosities of en and ēn by up
to ∼10%–15%, whereas the xn -luminosities rise by up to
∼30%. The increase of the total neutrino luminosity is more
than 6 1052´ erg s−1 at maximum, which mainly comes from
layers below the en -sphere, because the neutrino-loss rate Q̇cool
between the location of this sphere (at ∼1011 g cm−1) and the
gain radius differs between models 3Ds and 3Dn by at most
∼1052 erg s−1 (Figure 4). Note that at t 300pb 2 ms the relative
differences of the neutrino properties of models 3Ds and 3Dn
decrease and even change sign, because the former explodes
whereas the latter continues to collapse and to accrete mass
onto the PNS at a higher rate.

Figure 3. Explosion diagnostics for model 3Ds (thick lines) compared to the non-exploding model 3Dn (thin lines) as functions of post-bounce time tpb. Top left:
angle-averaged shock radius (black), gain radius (red) and NS radius (blue; defined by a density of 1011 g cm−3); top right: diagnostic energy (positive total energy
behind the shock). Gray lines display the corresponding 2D models without (2Dn, thin) and with strangeness contributions (2Ds, thick); middle left: mass-accretion
rate (Ṁ) ahead of the shock (red) and baryonic NS mass (blue); middle right, bottom left and right: mass, non-radial kinetic energy, and time-integrated neutrino-
energy deposition in the gain layer, respectively.
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Uncertainty: Uncertainty in things included in the models.

Limitation: Model limitations due to things not yet included.

Melson, Janka, Bollig, et al. 2015 Ap.J. Lett. 808, L42

Lentz, AM, Messer et al. (2012): The interplay between opacity 
improvements is complex. Calls into question the efficacy of 
varying a single opacity. A true sensitivity study in 3D would be 
difficult to conduct.

A 10% correction in the neutrino–nucleon scattering cross 
section consistent with the uncertainty in the strangeness 
content of the nucleon led to explosion in a model that 
otherwise failed to explode.

The inclusion of muons led to explosion in a model that otherwise 
failed to explode.
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• Chakraborty, S., Hansen, R., Izaguirre, I., & Raffelt, G. G. 2016a, NuPhB 908, 366 
• Mirizzi, A., Tamborra, I., Janka, H.-T., et al. 2016, NCimR 39, 1

Neutrino flavor evolution is complicated by neutrino–neutrino interactions, which affect all 
neutrinos at all energies – i.e., the entire ensemble of neutrinos – collectively.

If 𝜈" and 𝜈" angular distributions
are sufficiently different, “fast flavor
instabilities” in the vicinity – i.e., within
O(m) – of the neutrinospheres may be 
triggered.
• Sawyer, R. F. 2005, PRD 72, 045003

Tamborra et al., Ap.J. 839, 132 (2017)
Dasgupta, Mirizzi, and Sen, JCAP 1702, 019 (2017)
Abbar, Duan, Sumiyoshi, Takiwaki, and Volpe, arXiv:1812.06883v1

JCAP02(2017)019

Figure 1. Schematic geometry of the model and flavor-dependent zenith-angle distributions of neu-
trino fluxes. The 3 ellipses are schematic polar plots of the normalized angular distributions of the ⌫

e

(blue), ⌫̄

e

(red), and ⌫

x

(green) fluxes at the point where the arrows originate.

in the weak interaction basis, where � =
p

2G

F

n

e

. Finally, the e↵ective Hamiltonian due to
⌫ � ⌫ interactions is given by

⌦
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) , (2.4)

where the term (1�v
p

·v
q

) leads to multi-angle e↵ects [12], i.e., neutrinos moving on di↵erent
trajectories experience di↵erent potentials.

The last term on right-hand-side in eq. (2.1) represents a collisional term acting on
neutrino flavor evolution if they are still undergoing collisions with matter or amongst them-
selves. Collisions occur at a rate proportional to G

2
F

. In the context of both MSW and
collective flavor conversions, the collisional term is expected to be negligible, as the con-
versions occur far from the neutrinosphere, where neutrinos are free-streaming. However,
the situation is less clear for fast conversions. A back-of-the-envelope calculation, using a
nucleon density n

B

= ⇢nuc/m

N

⇡ 1.8 ⇥ 1038 cm�3 and the neutrino-nucleon scattering cross-
section � ⇠ G

2
F

E

2 ⇠ 10�42 cm�2 for E

⌫

⇠ 10 MeV, suggests that the scattering rate is
� = �n

B

⇠ 107 s�1. We will find fast conversions can occur with a larger rate ⇠ 108 s�1

and therefore neglect the collisional e↵ects as a first approximation. We leave a dedicated
investigation of this to a future work.

Even after neglecting the collisions, a self-consistent solution of the flavor evolution
requires solving the complete space-time-dependent problem described by eq. (2.1). First
attempts at solution, by Fourier transforming eq. (2.1) along some of the space or time
directions, have been recently presented in [29–35]. However, with the tools available at
present, solving the full seven-dimensional problem remains a formidable challenge.

Interestingly, a major simplification suggests itself if one is interested in studying flavor
conversions only at small distances from the SN core. Most of the neutrinos are emitted
around a radius O(10) km from the center of the SN. For phenomena that take place very
close to this emission region, the curvature of the neutrinosphere is not relevant. We therefore
model the source region as a di↵use flat infinite plane, as shown in figure 1.
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Dasgupta, Mirizzi, and Sen, JCAP 1702, 019 (2017)

Impact on the explosion mechanism?

For recent steps in the direction of developing a QKE capability for CCSN simulation and a glimpse at the 
computational requirements see Richers, McLaughlin, Kneller, and Vlasenko: arXiv:1903.00022v1.

Have demonstrated that conditions for fast 
flavor conversion near the neutrinospheres
may in fact exist.



• There has been significant progress 
to date and progress is accelerating.
Numerous 3D multi-physics simulations 
are now being performed.

• The results obtained by the leading 
groups thus far indicate that neutrino
driven explosions are possible. This 
was an open question for some time.
In this sense, there is more agreement
than disagreement among the groups.

• Some of the predicted outcomes have
been shown to be consistent with 
observations.

• Full consistency across groups for the same 
“problem set” is still “under development.”

• It will take the next decade or more for 3D 
modeling to mature.

• It will be difficult to carry out a sufficient number 
of 3D models spanning progenitor mass, metallicity, 
rotation, and other characteristics, for sufficiently 
long periods of time to determine all explosion 
outcomes quantitatively. 

• It will be impossible for some time to perform 
sensitivity studies in 3D that take into account 
the nonlinear interplay of neutrino opacities.

• If neutrino quantum kinetics plays a role in the 
explosion mechanism, it will be some time before 
we have 3D full-physics models to assess precisely
the role it plays.
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