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The Nuclear EoS and its relevance

1. Heavy ion collisions (small N/Z, high T)

2. Supernovae and Neutron Stars 
(high N/Z, high (small) T in SN (NS))

3. Binary NS merger and GW emission
(high density, high N/Z and T)
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Quite different physical conditions 
in each case !

A nuclear matter 
theory must be able 

to treat all these 
physical situations.

The Nuclear EoS of 
hot and dense matter is 
the fundamental input 
to describe static and 
dynamic properties of 

NS, core-collapse 
supernovae and binary 
compact-star mergers.
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F. B. and A. Fantina,
“Nuclear Equation of state for Compact Stars and Supernovae”, 

Chap.6 of “The Physics and Astrophysics of Neutron Stars”,
Springer, Berlin 2018. arXiv:1804.03020

A large set of possible EoS
(nucleons, hyperons, quark 

matter, etc….)

☞
A large variety of mass-radius 

relations !

Nucleons

Nucleons+
hyperons

Nucleons+
hyperons +

QM
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Main difficulties come from :   
Ø Solving the nuclear many-body problem : a very hard task !
Ø Lack of precise knowledge of the in-medium NN interaction.

The construction of the EoS :
two possible philosophies



The hard life with ab-initio approaches
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• Several nucleon-nucleon potentials available in literature 
(meson exchange models (Bonn, Njimegen), potential models (Urbana, 
Argonne)) BUT they are all phase-shift equivalent.

• Strong short range repulsion. It makes any perturbation 
theory in terms of V meaningless. Different ways of treating 
the SRC.

• Very complicated channel and operatorial form (central, 
tensor, spin-orbit, spin-spin, spin-isospin, etc…) 

• Three-body forces.
Ø Reproduce the spectra of light nuclei
Ø Saturate properly in non-relativistic many-body        

calculations.
Ø No ab-initio theory exists yet.
Ø Phenomenological vs. microscopic approaches :

Ø Large differences in the EoS at large density.



Comparing some ab-initio approaches
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Compare different many-body techniques using the same NN interaction (Argonne family)
to find the sources of discrepancies.
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Skyrme forces RMF models

u Analysis of a set of 240 Skyrme forces, checking their ability to fulfill correctly saturation of
nuclear matter, compressibility, symmetry energy and its derivative, data from heavy ions and
NS observations. Only 5 passed all tests !

u The same analysis was performed on a set of 263 parameterizations of 7 different kinds of
RMF models. Only 7 passed the tests !

Plenty of many phenomenological models predicting different SNM&PNM EoS. 
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A set of microscopic and phenomenological EoS

• Microscopic non-relativistic EoS
Brueckner-Hartree-Fock-type calculations. NN 
scattering G-matrix with two (Bonn B, V18, N93, 
UIX) and three body forces (microscopic and Urbana 
model). 

FSS2CC & FSS2GC : BHF calculations with NN 
potential based on quark-gluon degrees of freedom.

• Microscopic relativistic EoS : Dirac-BHF

• Variational : APR (Akmal-Pandharipande-
Ravenhall)                                                        
Minimization of the nuclear Hamiltonian with two
and three body forces (Argonne v18 + Urbana model)

• Phenomenological EoS.

Ø LS220 : Matter as mixture of heavy nuclei, alpha 
particles, free neutrons and protons. Liquid-drop 
model for nuclei with Skyrme interaction. 

Ø SFHO : Nucleons described by the RMF model.

data from Russotto et al., PRC94 (2016)
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HIC ->  isospin diffusion in HICs (Tsang et al., PRL (2009);

Sn neutron skin from the analysis of neutron skin thickness 
in Sn isotopes (Chen et al., PRC2010);

Polarizability from the electric dipole polarizability as in 
Roca-Maza et al., PRC (2015).

FRDM finite-range droplet mass model calculations (Moller, 
PRL (2012)).

IAS SHF calculations of IAS and the 208Pb neutron-skin 
thickness (Danielewicz&Lee, NP 2014).

Neutron stars Bayesian analysis of mass and radius 
measurements of NSs (Steiner et al. ApJL,2013).

Unitary gas (dashed) (Kolomeitsev et al.2016), only values 
to the right of the curve are permitted.

No area of the parameter space where all the considered 
constraints are simultaneously fulfilled !

Combining different constraints reduces the uncertainties in the (S0,L)  parameter space, but no 
theoretical models can be ruled out a priori on this basis.
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All the chosen EoS are compatible 
with nuclear saturation properties, and flow data from HIC.

SUPRA-SATURATION  DENSITY :
CONSTRAINTS  FROM  HEAVY ION  REACTIONS 

• Transverse flow measurements  
in Au + Au collisions at  E/A=0.5 
to 10 GeV.

• Pressure determined from 
simulations based on the  
Boltzmann-Uehling Uhlenbeck  
transport theory.

• Flow data exclude very repulsive 
and very soft equations of state.
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Constraints 
from astrophysics



• Only indirect measurements. 

• Dependence on many parameters :
o chemical composition of the atmosphere,
o magnetic field,
o distance to the source,
o interstellar absorption.

• The estimated radii lie in a range R=12-15 
km, with some suggestions indicating lower 
values of the radius.
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• Best determined masses lie in a 
narrow interval while several data 
are still affected by large error bars.

• Typical masses 1<M<2 M0 BUT

impose a very stringent constraint 
for the nuclear matter EoS !
A reliable EoS should satisfy 

Mmax[EoS] > 2 M0

M � 2M�

MASSES RADII
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Nuclear Matter composition : n, p, e, µ, Λ, Σ …

Problem with the microscopic BHF EoS with hyperons : BOB(N+Y), V18(N+Y).
All EoS give a maximum mass larger than 2 M0, except the ones with hyperons.

Ø Energy density :

Ø Chemical potentials : 

Ø Beta-equilibrium :

Ø Charge neutrality :

Ø Composition :

Ø Equation of State :

Ø TOV equations 

✏ (⇢i) ; i = n, p, e, µ,⇤,⌃, u, d, s.....

µi =
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X
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PSR J0740+6620arXiv:1904.06759



The dawn of multi-messenger astronomy
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About 60 groups/collaborations 
participated to the investigations of

GW170817, GRB170817A, 
AT2017fgo

On August 17, 2017, the LIGO-VIRGO detector network
observed a gravitational-wave signal from the inspiral of 

two low-mass compact objects consistent with a binary neutron star (BNS) merger.
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Dynamics depend strongly on the EoS, 
e.g. tidal deformability, time delay before collapse to BH, etc…

☞ NS mergers as valuable probe for testing the EoS !!!!

Role of the EoS during a NS-NS merger
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Constraints from GW170817

Mc =
(M1M2)3/5

(M1 +M2)1/5
= 1.188M�

q =
M2

M1
= 0.7� 1
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OUR EOS



17



18

Abbott et al., PRL 119, 161101 (2017)📚



Constraining the EoS
Correlations between M, R and Λ
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• Fixed chirp mass 

• The conditions M1=M2 =1.365 M0

and 400<Λ<800 imply  12<R<13 km

• Compatible EoS : V18(N+Y), UIX, 
V18,N93, BOB(N), DBHF, LS220, 
DS1, DS2.

• Not compatible : APR, BOB(N+Y), 
and SFHO (marginally).

400<Λ<800

GW170817 : mass of each NS for
a symmetric binary system

GW170817 : limit derived 
in Annala et al

Selection of the EoS !



Correlations between M, R and Λ
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400<Λ<800

• Universal relation of Λ vs. the compactness β=M/R

β=0.36 - 0.0355 lnΛ + 0.000705 (ln Λ)2

Yagi & Yunes, PRD88, 023009 (2013).

• Fit shown by dashed and solid grey. Holds to within 
6.5% for a large set of our NS EoS except for EoS 
with hyperons.

📚

• Fixed chirp mass 

• The conditions M1=M2 =1.365 M0

and 400<Λ<800 imply  12<R<13 
km

• Compatible EoS : V18(N+Y), 
UIX, V18,N93, BOB(N), DBHF, 
LS220, DS1, DS2.

• Not compatible : APR, 
BOB(N+Y), and SFHO 
(marginally).

Selection of the EoS !



Universal relations have been shown to exist
which establish a link among various quantities, in particular

spin-induced quadrupole moment, moment of inertia, tidal 
deformability.

Universal means that these relations are independent on the 
Equation of State of matter in the neutron star interior.

Since the I-Love-Q relations are EoS independent,
measuring one member of the trio gives information on the 

other two, even if not accessible by observations.
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I-Love-Q Universal relations for Neutron Stars
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ln(I/M3) = 1.496 + 0.05951 lnΛ + 0.02238 (lnΛ)2

- 6.953 x 10-4(lnΛ)3 + 8.345 x 10-6(lnΛ)4

📚 Yagi & Yunes (2017) Lower plot : fractional errors
less than 1%.

The moment of inertia I

I=I(M,R) therefore a measure of 
mass and moment of inertia can give 

access to the radius.
(Lattimer & Schutz, ApJ(2005))

Universal relation I-Λ
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How Λ1.4 is correlated to saturation properties ?
Strong similarities with B.Tsang talk ….

Very preliminary results …
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More in :
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Ø A large set of microscopic and phenomenological EoS are compatible with 
several constraints on the EoS from nuclear structure, heavy-ion collisions, and 
maximum observed mass but still not enough constraining ….

GW170817 event has added further constraints             the tidal deformability. 

Ø GW170817  is compatible with the merging of two nucleonic neutron stars with a 
microscopic EoS with maximum mass >2M0  and 12<R<13 km for 1.4 solar mass. 
Several compatible EoS.

Ø Universal relations I-Love-Q are fulfilled by hadronic and hybrid stars. 
Deviations exhibited by hyperonic EoS.

Ø More refined constraints from future GW merger events. High-precision 
telescopes, NICER, ATHENA+, SKA are expected to improve our knowledge of 
the NS mass-radius relation. 

Ø EoS at finite temperature. Significant work in progress.

Conclusions


