A 4)joucn

FORSCHUNGSZENTRUM

UNIVERSITAT

From Quarks and Gluons to

Nuclear Forces and Structure
Lecture 4: Fermions & Computers

July 19,2019 | Thomas Luu, IAS-4




. UNIVERSITAT
Fermions and Computers—why can’t they get along?

= Fermions obey anti-commutation relations:

{ax,al} = o -
= Bosons, on the other hand, commute:

[ax, al] = dx -

Fortunately, regular c-numbers also commute!
So we can represent bosonic fields with c-numbers.

= But we can calculate slater determinants, or explicitly anti-symmetrize fermionic wavefuntions,
etc . . . But this hits the “Curse of Dimensionality”

= Calculations in a thermal bath: Grand-Canonical ensemble: Particle number not conserved (in
principle infinite)
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Let’s first talk about bosonic states

Bosonic case:
[a>n aL] = 6%#7 [ab an] = [317 aL] =0.

a;f|0) =1j) (j is combined index for all degrees of freedom)
alj) = |0) (|0} is the “vacuum state”)
(a/T)”|0) = |ny) (n- particles each w/ j quantum number(s))

Application of a' or a moves you throughout the Fock space:

F=HoDH1 DHo®  HAmax

a' or a provide a basis for all operators in the Fock space

—> can define states that span entire Fock space!
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Bosonic coherent state

6) = eZi%3|0) V¢ €C

(¢1a))™ (g2a])"

= 220 o)
n1;2:,... ! ny!
a(¢1al)™ (g2a})"2
alo)= > oL E2L ..
ny.ng,... nt ny!
7

(¢1a))™ (¢pa})"

nq,nz,... 1 2°

=¢1l¢)  (similarly for (¢|af = (b|oF)

In general, aj|¢) = ¢i|l¢) = |¢) is an eigenstate of a; w/ eigenvalue ¢;.
Note: [a;, g]]|¢) =0 = [¢;, #;] = 0. No problem since ¢;; € C!
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Other properties of the Bosonic coherent state

|¢) clearly spans the enitire Fock space
= Has closure relation

o dofde: *
=/ {H i '] Tk Pk %k |9) (o]
J

2mi

=10®11 ®12® - ® Iap,,  (overcomplete)

= Qverlap of two coherent states:
(lg) = e=1"1% %0
= Matrix element of normal-ordered operator
(V]aaylo) = Vi (v|g) = vige> T %
(W] f(a], &) : |6) = F(uk, ¢p)e™
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Trace of an operator A

oo dé*do. .
wA= S i) =Y | [ iﬁf’] &=k i (nlg) (8| Aln)
n n CT

n

:/oo [ d@*d@] eXk kO (p| Alp)

2ri

-/ [ ,. W] &= AR S(9lAIn) (o)
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Some comments on bosonic coherent states

= Qur case is called the “Canonical Coherent State”—other types of coherent
states are relevant for signal processing, image processing, etc. . .

= “Classical Electric Field’—coherent state of photons in the classical limit

= “Gaussian wave packets” (x|¢) minimize the uncertainty principle (see Schiff,
QM, 1955)
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Can we do the same for fermionic states?

We want [€) s.t. ai|€) = &|¢€), where &; is an eigenvalue of operator g;. If we have this, then we
also have

{ai,g}§) =0 = {&, &} =0.
So & CANNOT be a c-number!
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Enter Grassmann numbers

Grassmann numbers

Define set of Grassmann numbers
77177727"'777’777]?(777;7"'777;

such that {n;, 5} = {7,/ } = {n,m} =0 = n? = 0 (nilpotent).

Grassmann functions
Define set of Grassmann numbers

f(ni) = fo+ fimi

= f(m) +g(m) = (o + go) + (fi + g1)mi
9(n) = g +g177i} (m) + g(m) = (fo + go) + (f + gr)n
We have a Grassmann Algebral

Also! {n;,a} = {n;,a'} =0
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Integration and Differentiation, Grassmann style!

Rules for integrating and differentiating

0
77/—511

/d77/77/—511
/dni=0

Note: no limits on the integration! Purely formal manipulations.

Weird, huh?
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Fermionic coherent state

€) = e~ Zi%4/|0) V& Grassmann

=[1I¢ - &a)lo)

!

a|¢) = a;(1 — &a)) [[(1 — &a])|0)

i=2

= gayal [](1 - gaf)l0)

=2
=¢&(1 —ala) [[(1 - &ah)lo)
i=2
=& [0 - ¢al)lo)
i=2
=& (1~ &a) [I - &ahio)

i=2

=& [ - &ahio)

i

=&10€) -
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Properties of fermionic coherent states

= Define (¢| = (0]~ =i %4 and have that (¢|a] = (¢]¢;.
= Overlap (n|¢) = e~ =i &
= Matrix element of normal ordered operator
(nl: f(af, @) : |€) = f(n] ,&)e™ >/
= Completeness relation:

e Ttk ) (¢

-/ [H d; d;
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Trace of operator A

trA =" "(n|Aln)

= / 1] a4 ag
L i

= / I] a¢ag
L J i

:/ H dffdff—

L/
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e k5SS " (nle) (€| Aln)

n

e kS (—g|AD " |n)(nle)

o™ i (—glAJE) .

Is there a physical interpretation of fermionic coherent states?

None that | know of.
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Gaussian integration

For a complex (charged) scalar field and A Hermitian, have

/°° II A7 dd; | L S o Ak id
—oo |4
1

Assume we have matrix A that is real and symmetric and invertible:

/°° I1 99i | o= % Skt kA, 191
— oo f Vam
oo dgz; —-13.A8
- _29 oz .
/—oo (271')”/26

One can show that this is equal to

2mi

“detA

Now consider integration with Grassmann numbers on matrix M, where
M has no constraints,

! /

VdetA

II dﬁf*dil} o~ Tkl Sk Mk, 1€,
i

=detM.

July 19, 2019 Thomas Luu, IAS-4 Page 14




PZ8 4)0LicH

. . UNIVERSITAT
Path-Integral formalism w/ fermions

We are interested in calculating

where Z = Tre= .

We can express Z with fermionic coherent state [o) :

2= / [H d?/),fodq,/;m] e~ 2k Vko¥ko (—yole™ P |yp) .
i
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Pl continued. . .

We now split the exponential up into N; timesteps of width 6 = 5/N;,

_BH _6H _—6H _6H

e =e e RN =

We insert the complete set of fermionic coherent states,

-/ [H duld,

between each factor of the exponential, giving for the partition function Z,
Np—1

Z= N,li—n>1f>o/ H {[H d¢ dwa r:| 1/Jt+1|676H|¢t>e— s ¢2,1¢6,r} )

Note: To account for the (red) minus sign in the partition function on the previous page, must have
YN, = —po = anti-periodic boundary conditions in time!

e T Valy) (y|

July 19, 2019 Thomas Luu, IAS-4 Page 16




UNIVERSITAT

The form of H

To go any further, must assume some form for H:

1
=Ho+ Vo= kjala+ 5 > vialaaa
i i

]
=Ho+ Vo= kala+ 5D vimim;,
i i

where n; = a,Ta,- (number density operator). Here k is a “connectivity” matrix (think kinetic
operator), and v represents 2-body matrix elements. Both are represented by c-numbers.
Now consider the matrix element

(Wr1]e7 20T )

Ho will be quadratic in Grassmann fields — Great!

’ 2
What's the problem? V> will be gquartic in Grassman fields — Oh oh!

July 19, 2019 Thomas Luu, IAS-4 Page 17




PZ8 4)0LicH

UNIVERSITAT
The Hubbard-Stratonovich Transformation

At its foundation, the HS transformation relies on the following relations,

_1um 1 > — 2 Ption
e 2 = — dop e 20
Vv 27TU /;oo
1 Uun? 1 o 1 ¢?4en
ez = dop e 20 .
vernU /_oo

Assumed U > 0 and the =+ signs are equivalent. The real variable ¢ (that is integrated over) is an
auxiliary field that allows us to ‘linearize-in-n’ the arguments of the exponential.
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Applying HS trans. to our problem

Define & = dx and ¥ = §v, and we assume that eigenvalues of ¥ are real and > 0 (why??). If this
holds, then

<¢t+1|e ZU Rjaj a—ézq v,/n,an})

/ [detv) 119 ]e_éz”¢"v_1“’¢f<wt+1|eZf”“‘fk“‘faki"zf‘i’f"fwf>.

k

Now we can evaluate the coherent state matrix elements:

ot .
(et e 28 RSO |yy) =
e Zi "‘/W,‘T,mw,ri"zj ¢/’f’f,t+1¢/,t62i ¢,-T,,+1 Vit 4 (9(52)

— o Si R, bt SRSl vy o)
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The Partition function with auxiliary fields

Combining everything gives

Z = lm /oo D[g] e 2 Tt il joie

Ni— o0

/D[w*,w]exp{ > (e — (1 i) ¥ e) Z’%i/'?/’/tmw/lt}v

Jst it

where

D 4]

(detv) ™2 H —dczb,t
11 H dipl iy
X t

Note the temporal index to the HS field for bookkeepping purposes (¢; — i t).

v
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Finally integrating out the fermions!

Now | express the argument of the exponential in matrix form,
z= im [~ plojetmet i [yl ] exp {‘ > w;,M[¢1fr/,/,w/f} |
t—o0 ) _ oo o
it! jt
where the fermion matrix M[¢] is a functional of the field ¢ with c-number matrix elements:

Mlivjo = Sy0ure — (1 £ i 1)0j0r 1 — Rijdp t+1
+ig; -
8idut — €588y 114 — Ry p41 -

Q

We have a matrix and we have quadratic Grassmann terms. We must integrate!

Z = lim Dg] e 2 it 4l Ni%e dat M[g)] .
Nt— o0

—o0
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Observables O with the PI

One can also show, using the same steps as above, that

(©)= Jim L [" Dl Ofg] & Bue o detmpg]

Ny—oo Z
where in principle, the operator O can also be functional of ¢.
Note:
= Everytermin M is a c-number
= Auxiliary field ¢ is a c-number, not dynamical in this case!
= Dynamics of fermions encoded in M[¢]
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Example for O: the fermion correlator

We are interested in calculating
1 [ _ R
(a(r)al(0) = Jim_ L [~ Dld]ba g e 0 det Mg

But the RHS has Grassmann variables! So how do we calculate this term?
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The generating functional

We introduce the generating functional (repeated indices summed):
Zo[n' 0] = /D [w*,w] o= VA Ml v+ v e

The original partition function is

oo ~
z=lim [ Dlgl e el iz )
—o00

7=n=0

| can pull down products of ¥, and ¥}, by simply performing Grassman differentiation,
/°° D[g] e 2 Tie ol iyl 2ol ]

f=n=0

oo 4 1 ) F)
— =3 2t itV 1o e L P
/_OOD[¢] e 2% (877;20[77 ’77]877,")

nt=n=0
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We can formally integrate the generating functional

After completing the square in the argument and performing Grassmann gaussian integration
Zoli7, 1] = det(M[g]) M1 T

_) H
0 0
—Zo[n', n]=——

Therefore our fermion correlator is

This means that
= M[g], mdet M[4]

nt=n=0

<aa(7-)a;g(0)> = |imN1—>oo > /‘j; D [Q] lvarl*"];O efé Zij.t@/,t[?*ﬂl’j@ﬁt det M[¢]

= lim l/ D] e 2 Zit ol i%it M="[g],., g0 det M[¢]
N,—>ooZ —&9
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A theory with fermions: the Hubbard Model
The Hubbard Hamiltonian :

H Hiw + Hy

U
—K Y azI,Sa%S—E ST (et —m)?
(x.y),8 x

= x is the nearest-neighbor hopping amplitude for electrons on the lattice
= U is the onsite interaction (U > 0)

= (x,y) denotes summation over nearest neighbors,

= s assumes the values 1 (“spin up”) or | (“spin down”).

" s = aLsaX,s is the number operator for spin s at position x

This particular form of the Hubbard Hamiltonian corresponds to a system at “half-filling”, where
the average number of electrons per site is 1.
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Case study: 1-site Hubbard model

We can solve this problem exactly

= No hopping (nowhere to hopto!) = x =0

= Fock space:
OelnNeld el

= Partition function:
z=2(1+¢&"?.

= Correlator:

cir) = |Crt(m) Crln)] _ 1 cosh (¥ (r - £)) 0
(r) = {CH(T) Cu(T)] ~ 2cosh (UB/4) 0 cosh (Y (r — £))
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Our task: Use Pl to calculate C(1)

= We must work with coherent states for each spin d.o.f.: |¢) — |[¥11))
= Utilize HS transformation to remove quartic terms in creation/annihilation operators

1] _ 2
(1,43 D1, 1€2 P gy gy ) =

< doy — g2 + _
/ = e 207 (Y 5 Yy e T g )
—oo V21U

where U = §U.
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Partition function =z

fim /°° o 20 2t 9t
N,—>oo "
Ntf1

f Np—1
=X Yy MBly v -z w (M=l
/[H dthTdﬂ’tT] o =t t Py MPly IT/ |:H dw&dd)u] ot I
t t

where
M[ly ¢ = pr — € “10p 11
Integrate out fermionic fields:

oo [Ni—1 d¢, BRI Sy oo [Ni—1 dé; -1 2
_ 20 t il — t 20t _
_N,"L"oo/ [ [T e 20 det M[] det M[ ¢]_/_m g) e 207" | det(MoIM—d]) .

July 19, 2019 Thomas Luu, IAS-4 Page 29




PZ8 4)0LicH

UNIVERSITAT

Finally the correlator C(r)

1

e -1 [ [H o } M316) &= %% det (M[oIM[—])

Ve
-1 / [ Nl 20 ] M; $[¢] det (M[g]M[—g]) -

i —1

Culr z/[ dﬂ M-dl-] & 2% ¥ det (M[oIM[—g))

July 19, 2019

1 / [ d«zst e Zuﬂ M [~ o] det (M[gIM[—¢]) .
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Monte Carlo Integration

= Define (z_;:((z)o s ¢1 Y ey ¢Nt—1)
= Sample each component from a Gaussian distribution /\/’0 NG

= Do this N times, each time performing the following calculations,

N
2~y z det (M[4]M[—4])

¢€N0

Q

Cii(r) =~

2| =
M| =

N
Z M [¢] det (M[gIM[~g]) .
/\/

$¢

Let’s do this!
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Necessary ingredients to numerically do this problem

= Choose U, 3, and N;. This gives you § = 3/N; and U = Us.
= Construct M[¢]y ; = 6yt — € *'6pr 141

1 0 0 0 0 0 0 e
—e% 1 0 0 0 0 ] 0
0 -e?1 1 0 0 0 ] 0
0 0 -e® 1 0 0 0 0
0 0 0 -e% 1 0 0 0
0 0 0 0 -e? 1 0 0
0 0 0 0 0 -e% 1 0
0 0 0 0 0 0 -e% 1

= Sampling normal distribution with python3: numpy.random.normal(. = 0, \/E)
= Calculating determinant of M[¢]M[—¢] with python3: numpy.linalg.det(M)
= Inverting matrix with python3: numpy.linalg.inv(M)
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0.551

0.50

0.45

0.40

Cr1(1) & Cuu(7)

0.35

0.30

176

Figure: Cy+(7) (red) and Cy(7) (blue) calculated from Monte Carlo integration for the one-site
Hubbard Model. The parameters used for this calculation were U/x = 2, k3 = 2, and N; = 48.
The number of Monte Carlo samples N = 50000. Shown errors are the bootstrap standard errors.

The black line is the analytic result.
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