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WHAT IS THE 
PATH INTEGRAL FORMALLY?

The “Path Integral” uses 
the generalisation of multi-

dimensional integrals. . . 

Z
dx1dx2dx3 · · · dxn f(x1, x2, x3, · · · , xn)

. . .to a multi-dimensional 
integral over functions

Z
dx1(t1)dx2(t2) · · · dxn(tn) f [x1(t1), · · · , xn(tn)]

variables function of variables
}

functions function of functions

}



WHY IS THE PATH INTEGRAL IMPORTANT IN 
PHYSICS?

x1(t1)

xn(tn)
xn�1(tn�1)

xn�2(tn�2)

x2(t2)
x3(t3)

• Generalizes “action principle” of classical mechanics to quantum mechanics
• Indispensable tool for quantum theories involving fields
• Amenable to computer simulation

Paths come from connecting the points



BUT FIRST AN HISTORICAL PERSPECTIVE . . . 
DEFINING THE FUNCTIONAL

Norbert WienerVito Volterra

f(x)“function”
Z

dx f(x)“integral”

f [x(t)]“functional”
Z

D[x(t)] f [x(t)]“Wiener integral”

~1930< 1930



APPLYING FUNCTIONALS TO PHYSICS

Richard FeynmanP.  A. M. Dirac

Dirac Equation
(i�µ@µ �m) (x, t) = 0

1933 1948

“Probability Amplitude” as a 
sum over all paths

hx|e�iHT/~|yi



THE PATH INTEGRAL FORMALISM 
IN THE “MODERN ERA”

Gerardus ’t Hooft Kenneth Wilson

Renormalization of gauge theories using 
path integral formalism

1971

Pioneered the use of computers to 
calculate physical observables

1970s-1980s



PRINCIPLE OF “LEAST ACTION” 
(CLASSICALLY SPEAKING. . .)

x(t)

x(ti)

x(tf )

“action”

S[x(t)] =

Z tf

ti

dt L[x(t), ẋ(t), t]
The “true” path is the 
path that minimises S



HOW DO YOU DETERMINE THE “TRUE” PATH?

6 8 10 12 14

10

15

20

25

30

35

x(t)

S[
x(
t)
]

Brute Force Method:  
Sample millions of paths

minimum =) �S[x(t)] = 0

Eloquent Method:  
Use our brains

S[x(t)] =

Z tf

ti

dt L[x(t), ẋ(t), t] =
Z tf

ti

dt
hm
2
ẋ(t)2 � V (x(t))

i

k.e. p.e.

=) m ẍ(t) = �V 0(x(t))

ma = F

Newton’s 2nd Law of 
Motion

stationary

Principle of “Stationary” Action



AN ALTERNATIVE METRIC:

Born: 
Saigon
22.12.??

Today: 
Trento

15.07.19

Luu’s actual “path” through life
P [ ]

P [ ]

P [ ]

P [x(t)] =
exp(�S[x(t)]/~)R

D[y(t)] exp(�S[y(t)]/~)



THE PATH WITH THE LARGEST VALUE OF 
“P[ ]” IS THE “TRUE” PATH

(CLASSICALLY SPEAKING)

P [ ] P [ ]> P [ ]> P [ ]> P [ ]> P [ ]> > . . .

Luu’s “true path” 
through life



THE PATH INTEGRAL AT 
THE QUANTUM SCALE

P [ ] P [ ]> P [ ]> P [ ]> P [ ]> P [ ]> > . . .

Luu’s “true path” 
through life

INTERPRET “P[]” AS A 
PROBABILITY 

P [x(t)] =
exp(�S[x(t)]/~)R

D[y(t)] exp(�S[y(t)]/~)



LUU’S “QUANTUM PATH(S)” THROUGH LIFE

Born: 
Saigon
22.12.??

Today: 
Trento

15.07.19

P [ ]

P [ ]

P [ ]

Quantum fluctuations



PERFORM “WEIGHTED” AVERAGE 
OF MY WEIGHT

(QUANTUM MECHANICALLY SPEAKING)

+ . . .

P [ ] + + + . . .P [ ] P [ ] =

=P [ ] P [ ]+ P [ ]+

We can obtain information about the system with appropriate probes



A LITTLE PERSPECTIVE IN SCALES. . .
Gravity

Electromagnetism

Strong Interaction



THE ROLE OF HIGH-
PERFORMANCE COMPUTING

• Discretise space and time onto a 
lattice

• Reformulate theory on discretised 
space

• “Randomly” sample paths on the 
discretised lattice

• Not all paths created equally — need to be 
clever on how to sample paths

• Stochastic — measurements have statistical 
uncertainty

• Take 

}a
L

a ! 0
L ! 1

continuum limit
infinite volume limit

}



QUARKS AND GLUONS
Lattice Quantum Chromodynamics (LQCD): simulating 

quarks and gluons on a space-time lattice

Movie courtesy of D. Leinweber 
http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel/ 

L ⇠ 4� 6 fm

Quantum fluctuations of 
gluonic fields

Origin of hadron masses

Budapest-Marseille-Wuppertal Collaboration

G
eVa ⇠ .1 fm
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A. Shindler, T.L., J. d. Vries,  Phys.Rev. D92 (2015) 094518

Nucleon electric dipole moment

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel/


HADRONIC SYSTEMS
Nuclear Lattice Effective Field Theory (NLEFT):  

nucleons (protons and neutrons) are degrees of freedom on a 
discretised space/time lattice

Movie courtesy of FZJ Supercomputing Centre 

Triple-alpha process in 
heavy stars

Alpha clustering in Carbon 

NLEFT  Phys.Rev.Lett. 112 

NLEFT  Nature 528 (7580), 

L
>

20
fm

a ⇠ 2 fm

spires-open-journal://
arXiv:1506.03513


STRONGLY CORRELATED 
ELECTRONS

Simulating electrons on a hexagonal lattice

Interaction-induced Mott gap?

T.L., T. Lahde, arXiv:1511.04918

w/ Coulomb interactionTight-binding 
approximation

Dispersion relation

Carbon nanostructures

graphene

nanotube

a = 1.42 ÅL > 1 nm



LET’S MAKE THINGS A LITTLE MORE 
FORMAL:  EUCLIDEAN PATH INTEGRAL 

• First we Wick rotate to Euclidean time

• Given a time-dependent, local Hamiltonian,

• The solution to the evolution operator, U(t’,t), is given 
by Schrödinger’s equation

• Formally, matrix elements of U(t’,t) are equivalent to

⌧ ! i⌧
<latexit sha1_base64="+qgHh6kfJ4D89HJBBoYXBP04f5c=">AAACGnicbVC7TsMwFHV4lvIqMLJYVEhMVVIGGCtYGItEH1IbVY7jtFYdO9g3SFXU72BhgF9hQ6ws/AkjTpuBthzJ0tE59+oenyAR3IDrfjtr6xubW9ulnfLu3v7BYeXouG1UqilrUSWU7gbEMMElawEHwbqJZiQOBOsE49vc7zwxbbiSDzBJmB+ToeQRpwSs5PeBpH1QmOdkUKm6NXcGvEq8glRRgeag8tMPFU1jJoEKYkzPcxPwM6KBU8Gm5X5qWELomAxZz1JJYmb8bBZ6is+tEuJIafsk4Jn6dyMjsTGTOLCTMYGRWfZy8T+vl0J07WdcJikwSeeHolRg+828ARxyzSiIiSWEam6zYjoimlCwPS1cmSddkIJAiXBatlV5y8Wskna95l3W6vdutXFTlFZCp+gMXSAPXaEGukNN1EIUPaJn9IrenBfn3flwPueja06xc4IW4Hz9AruOogQ=</latexit>

H(⌧) =
p
2

2m
+ V (x, ⌧)

[x↵, p� ] =i~�↵,�
<latexit sha1_base64="Y6X8LC+/qPpjMAUFGtHBBnziLr4="></latexit>

~@U(⌧ 0, ⌧)

@⌧ 0
= �H(⌧ 0)U(⌧ 0, ⌧)

⌧
0 � ⌧

<latexit sha1_base64="HO/aNo+T9AoYawUlbha215DGNUc="></latexit>

hxf |U(⌧ 0, ⌧)|xii =
Z x(⌧ 0)=xf

x(⌧)=xi

[dx(⌧)] e�S[x(⌧)]

<latexit sha1_base64="bGeO1bmKB9/oVEVnz/rJ1o5u6IQ="></latexit>

S[x(⌧)] =

Z ⌧ 0

⌧
d⌧

✓
ẋ(⌧)2

2m
+ V (x(⌧), ⌧)

◆

<latexit sha1_base64="D35QYxXJ6OYaJaWg0/Lg7149pYk="></latexit>

~, c ! 1
<latexit sha1_base64="vaFNfBTm1UkI2onD7a8KFYERR8U=">AAACKnicbVDLSgMxFM3UV62vVpdugkVwIWWmCrosunFZwT6gM5Qkk7aheQxJRihDf8OtfoBf46649UNM21nY1gOBc8+9l3tycMKZsb4/8wpb2zu7e8X90sHh0fFJuXLaNirVhLaI4kp3MTKUM0lblllOu4mmSGBOO3j8OO93Xqk2TMkXO0loJNBQsgEjyDopDEcY6WsSWgWDfrnq1/wF4CYJclIFOZr9ilcMY0VSQaUlHBnTC/zERhnSlhFOp6UwNTRBZIyGtOeoRIKaKFuYnsJLp8RwoLR70sKF+ncjQ8KYicBuUiA7Muu9ufhfr5fawX2UMZmklkqyPDRIOXR/nCcAY6YpsXziCCKaOa+QjJBGxLqcVq4sna5IWKzVWPF4WnLZBetJbZJ2vRbc1OrPt9XGQ55iEZyDC3AFAnAHGuAJNEELEJCAN/AOPrxP78ubed/L0YKX75yBFXg/v/cYpq8=</latexit>

hxf , ⌧
0|xi, ⌧i =

<latexit sha1_base64="QsWM06B89eD4vKFG34SzFr+xDGI="></latexit>



WHAT DOES THIS EXACTLY MEAN?

hxf |U(⌧ 0, ⌧)|xii =
Z x(⌧ 0)=xf

x(⌧)=xi

[dx(⌧)] e�S[x(⌧)]

<latexit sha1_base64="bGeO1bmKB9/oVEVnz/rJ1o5u6IQ="></latexit>

S[x(⌧)] =

Z ⌧ 0

⌧
d⌧

✓
ẋ(⌧)2

2m
+ V (x(⌧), ⌧)

◆

<latexit sha1_base64="D35QYxXJ6OYaJaWg0/Lg7149pYk="></latexit>

[dx(⌧)]
<latexit sha1_base64="AKAo40/V8ocJ/6dODcFK6QeBNT8=">AAACOnicbVDLSgMxFM3UV62vVne6CRahbspMFXRZdOOygn1AZyiZTKYNTWaG5I5YSsGvcasf4I+4dSdu/QDTdha29UDg3HPu5d4cPxFcg21/WLm19Y3Nrfx2YWd3b/+gWDps6ThVlDVpLGLV8YlmgkesCRwE6ySKEekL1vaHt1O//ciU5nH0AKOEeZL0Ix5ySsBIveKxK1gIXRy4vsRPFRdIeu4q3h+A1yuW7ao9A14lTkbKKEOjV7LybhDTVLIIqCBadx07AW9MFHAq2KTgppolhA5Jn3UNjYhk2hvPPjHBZ0YJcBgr8yLAM/XvxJhIrUfSN52SwEAve1PxP6+bQnjtjXmUpMAiOl8UpgJDjKeJ4IArRkGMDCFUcXMrpgOiCAWT28KW+aULki+Xaj8WwaRgsnOWk1olrVrVuajW7i/L9ZssxTw6Qaeoghx0heroDjVQE1H0jF7QK3qz3q1P68v6nrfmrGzmCC3A+vkFKHesyw==</latexit>

x
<latexit sha1_base64="IxJ5dYNzmo4N/CgC37vOFXC0RRk=">AAACI3icbVDLTgIxFG3xhfgCXbppJCauyAya6JLoxiUmDpDAhLSdDjS0nUnbMRLCN7jVD/Br3Bk3LvwXC8xCwJM0Offce3NPD0kFN9bzvmFhY3Nre6e4W9rbPzg8KleOWybJNGUBTUSiOwQbJrhigeVWsE6qGZZEsDYZ3c367SemDU/Uox2nLJR4oHjMKbZOCnpEoud+uerVvDnQOvFzUgU5mv0KLPaihGaSKUsFNqbre6kNJ1hbTgWblnqZYSmmIzxgXUcVlsyEk7nbKTp3SoTiRLunLJqrfzcmWBozlsRNSmyHZrU3E//rdTMb34QTrtLMMkUXh+JMIJug2ddRxDWjVowdwVRz5xXRIdaYWhfQ0pWF0yWJyJWaJCKallx2/mpS66RVr/mXtfrDVbVxm6dYBKfgDFwAH1yDBrgHTRAACjh4Aa/gDb7DD/gJvxajBZjvnIAlwJ9f1MqkFA==</latexit>

xf
<latexit sha1_base64="+nGxkkNeae6iN1Cc+qV7CRwazyk=">AAACJXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoSSZTBuaZIYkI5ahH+FWP8CvcSeCK3/FtJ2FbT0QOPfce7knhySCG+t537Cwsbm1vVPcLe3tHxwelSvHbROnmrIWjUWsuwQbJrhiLcutYN1EMyyJYB0yvp31O09MGx6rRztJWCDxUPGIU2yd1OkTiZ4H0aBc9WreHGid+DmpghzNQQUW+2FMU8mUpQIb0/O9xAYZ1pZTwaalfmpYgukYD1nPUYUlM0E29ztF504JURRr95RFc/XvRoalMRNJ3KTEdmRWezPxv14vtdFNkHGVpJYpujgUpQLZGM0+j0KuGbVi4gimmjuviI6wxtS6iJauLJwuSUSu1CQW4bTksvNXk1on7XrNv6zVH66qjbs8xSI4BWfgAvjgGjTAPWiCFqBgDF7AK3iD7/ADfsKvxWgB5jsnYAnw5xd446Tw</latexit>

xi
<latexit sha1_base64="7WhU/gTHzDPvoqJVLOMbpEIrifY=">AAACJXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoSSZTBuaZIYkI5ahH+FWP8CvcSeCK3/FtJ2FbT0QOPfce7knhySCG+t537Cwsbm1vVPcLe3tHxwelSvHbROnmrIWjUWsuwQbJrhiLcutYN1EMyyJYB0yvp31O09MGx6rRztJWCDxUPGIU2yd1OkTiZ4HfFCuejVvDrRO/JxUQY7moAKL/TCmqWTKUoGN6fleYoMMa8upYNNSPzUswXSMh6znqMKSmSCb+52ic6eEKIq1e8qiufp3I8PSmIkkblJiOzKrvZn4X6+X2ugmyLhKUssUXRyKUoFsjGafRyHXjFoxcQRTzZ1XREdYY2pdREtXFk6XJCJXahKLcFpy2fmrSa2Tdr3mX9bqD1fVxl2eYhGcgjNwAXxwDRrgHjRBC1AwBi/gFbzBd/gBP+HXYrQA850TsAT48wt+FKTz</latexit>

⌧
<latexit sha1_base64="OkPrfuwSf5QxNoOYqK4e+4SDJRA=">AAACInicbVDLSgMxFE181vpqdekmWARXZaYKuiyI4LKCfUA7lEwm04bmMSQZoQz9Bbf6AX6NO3El+DFm2lnY1gOBc8+9l3tywoQzYz3vG25sbm3v7Jb2yvsHh0fHlepJx6hUE9omiivdC7GhnEnatsxy2ks0xSLktBtO7vJ+95lqw5R8stOEBgKPJIsZwTaXBhanw0rNq3tzoHXiF6QGCrSGVVgaRIqkgkpLODam73uJDTKsLSOczsqD1NAEkwke0b6jEgtqgmxudoYunBKhWGn3pEVz9e9GhoUxUxG6SYHt2Kz2cvG/Xj+18W2QMZmklkqyOBSnHFmF8p+jiGlKLJ86golmzisiY6wxsS6fpSsLp0tSKFbqUPFoVnbZ+atJrZNOo+5f1RuP17XmfZFiCZyBc3AJfHADmuABtEAbEDAGL+AVvMF3+AE/4ddidAMWO6dgCfDnF30uo/A=</latexit>

⌧i
<latexit sha1_base64="VsMQNA4/3SbZaDzV3HZwB38j6AI=">AAACJHicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoWQymTY2jyHJCGXoP7jVD/Br3IkLN36LaTsL23ogcO6593JPTphwZqznfcPCxubW9k5xt7S3f3B4VK4ct41KNaEtorjS3RAbypmkLcssp91EUyxCTjvh+HbW7zxTbZiSj3aS0EDgoWQxI9g6qd23OB2wQbnq1bw50Drxc1IFOZqDCiz2I0VSQaUlHBvT873EBhnWlhFOp6V+amiCyRgPac9RiQU1QTa3O0XnTolQrLR70qK5+ncjw8KYiQjdpMB2ZFZ7M/G/Xi+18U2QMZmklkqyOBSnHFmFZn9HEdOUWD5xBBPNnFdERlhjYl1CS1cWTpekUKzUoeLRtOSy81eTWiftes2/rNUfrqqNuzzFIjgFZ+AC+OAaNMA9aIIWIOAJvIBX8Abf4Qf8hF+L0QLMd07AEuDPLyVTpMw=</latexit>

⌧f
<latexit sha1_base64="IH2abYqwGlbRH4kNmHuPYRQKTq0=">AAACJHicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoWQymTY2jyHJCGXoP7jVD/Br3IkLN36LaTsL23ogcO6593JPTphwZqznfcPCxubW9k5xt7S3f3B4VK4ct41KNaEtorjS3RAbypmkLcssp91EUyxCTjvh+HbW7zxTbZiSj3aS0EDgoWQxI9g6qd23OB3Eg3LVq3lzoHXi56QKcjQHFVjsR4qkgkpLODam53uJDTKsLSOcTkv91NAEkzEe0p6jEgtqgmxud4rOnRKhWGn3pEVz9e9GhoUxExG6SYHtyKz2ZuJ/vV5q45sgYzJJLZVkcShOObIKzf6OIqYpsXziCCaaOa+IjLDGxLqElq4snC5JoVipQ8Wjacll568mtU7a9Zp/Was/XFUbd3mKRXAKzsAF8ME1aIB70AQtQMATeAGv4A2+ww/4Cb8WowWY75yAJcCfXyAipMk=</latexit>



A FEW THINGS TO NOTE ABOUT THE EUCLIDEAN PATH 
INTEGRAL

• The points xf and xi do not have to be distinct.  In principle, lots can be 
learned by setting xf=xi 

• Clearly not all paths, x(τ), are created equal.  
• Each path is weighted by 

• The “classical” path is defined where

x
<latexit sha1_base64="IxJ5dYNzmo4N/CgC37vOFXC0RRk=">AAACI3icbVDLTgIxFG3xhfgCXbppJCauyAya6JLoxiUmDpDAhLSdDjS0nUnbMRLCN7jVD/Br3Bk3LvwXC8xCwJM0Offce3NPD0kFN9bzvmFhY3Nre6e4W9rbPzg8KleOWybJNGUBTUSiOwQbJrhigeVWsE6qGZZEsDYZ3c367SemDU/Uox2nLJR4oHjMKbZOCnpEoud+uerVvDnQOvFzUgU5mv0KLPaihGaSKUsFNqbre6kNJ1hbTgWblnqZYSmmIzxgXUcVlsyEk7nbKTp3SoTiRLunLJqrfzcmWBozlsRNSmyHZrU3E//rdTMb34QTrtLMMkUXh+JMIJug2ddRxDWjVowdwVRz5xXRIdaYWhfQ0pWF0yWJyJWaJCKallx2/mpS66RVr/mXtfrDVbVxm6dYBKfgDFwAH1yDBrgHTRAACjh4Aa/gDb7DD/gJvxajBZjvnIAlwJ9f1MqkFA==</latexit>

xf
<latexit sha1_base64="+nGxkkNeae6iN1Cc+qV7CRwazyk=">AAACJXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoSSZTBuaZIYkI5ahH+FWP8CvcSeCK3/FtJ2FbT0QOPfce7knhySCG+t537Cwsbm1vVPcLe3tHxwelSvHbROnmrIWjUWsuwQbJrhiLcutYN1EMyyJYB0yvp31O09MGx6rRztJWCDxUPGIU2yd1OkTiZ4H0aBc9WreHGid+DmpghzNQQUW+2FMU8mUpQIb0/O9xAYZ1pZTwaalfmpYgukYD1nPUYUlM0E29ztF504JURRr95RFc/XvRoalMRNJ3KTEdmRWezPxv14vtdFNkHGVpJYpujgUpQLZGM0+j0KuGbVi4gimmjuviI6wxtS6iJauLJwuSUSu1CQW4bTksvNXk1on7XrNv6zVH66qjbs8xSI4BWfgAvjgGjTAPWiCFqBgDF7AK3iD7/ADfsKvxWgB5jsnYAnw5xd446Tw</latexit>

xi
<latexit sha1_base64="7WhU/gTHzDPvoqJVLOMbpEIrifY=">AAACJXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoSSZTBuaZIYkI5ahH+FWP8CvcSeCK3/FtJ2FbT0QOPfce7knhySCG+t537Cwsbm1vVPcLe3tHxwelSvHbROnmrIWjUWsuwQbJrhiLcutYN1EMyyJYB0yvp31O09MGx6rRztJWCDxUPGIU2yd1OkTiZ4HfFCuejVvDrRO/JxUQY7moAKL/TCmqWTKUoGN6fleYoMMa8upYNNSPzUswXSMh6znqMKSmSCb+52ic6eEKIq1e8qiufp3I8PSmIkkblJiOzKrvZn4X6+X2ugmyLhKUssUXRyKUoFsjGafRyHXjFoxcQRTzZ1XREdYY2pdREtXFk6XJCJXahKLcFpy2fmrSa2Tdr3mX9bqD1fVxl2eYhGcgjNwAXxwDRrgHjRBC1AwBi/gFbzBd/gBP+HXYrQA850TsAT48wt+FKTz</latexit>

⌧
<latexit sha1_base64="OkPrfuwSf5QxNoOYqK4e+4SDJRA=">AAACInicbVDLSgMxFE181vpqdekmWARXZaYKuiyI4LKCfUA7lEwm04bmMSQZoQz9Bbf6AX6NO3El+DFm2lnY1gOBc8+9l3tywoQzYz3vG25sbm3v7Jb2yvsHh0fHlepJx6hUE9omiivdC7GhnEnatsxy2ks0xSLktBtO7vJ+95lqw5R8stOEBgKPJIsZwTaXBhanw0rNq3tzoHXiF6QGCrSGVVgaRIqkgkpLODam73uJDTKsLSOczsqD1NAEkwke0b6jEgtqgmxudoYunBKhWGn3pEVz9e9GhoUxUxG6SYHt2Kz2cvG/Xj+18W2QMZmklkqyOBSnHFmF8p+jiGlKLJ86golmzisiY6wxsS6fpSsLp0tSKFbqUPFoVnbZ+atJrZNOo+5f1RuP17XmfZFiCZyBc3AJfHADmuABtEAbEDAGL+AVvMF3+AE/4ddidAMWO6dgCfDnF30uo/A=</latexit>

⌧i
<latexit sha1_base64="VsMQNA4/3SbZaDzV3HZwB38j6AI=">AAACJHicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoWQymTY2jyHJCGXoP7jVD/Br3IkLN36LaTsL23ogcO6593JPTphwZqznfcPCxubW9k5xt7S3f3B4VK4ct41KNaEtorjS3RAbypmkLcssp91EUyxCTjvh+HbW7zxTbZiSj3aS0EDgoWQxI9g6qd23OB2wQbnq1bw50Drxc1IFOZqDCiz2I0VSQaUlHBvT873EBhnWlhFOp6V+amiCyRgPac9RiQU1QTa3O0XnTolQrLR70qK5+ncjw8KYiQjdpMB2ZFZ7M/G/Xi+18U2QMZmklkqyOBSnHFmFZn9HEdOUWD5xBBPNnFdERlhjYl1CS1cWTpekUKzUoeLRtOSy81eTWiftes2/rNUfrqqNuzzFIjgFZ+AC+OAaNMA9aIIWIOAJvIBX8Abf4Qf8hF+L0QLMd07AEuDPLyVTpMw=</latexit>

⌧f
<latexit sha1_base64="IH2abYqwGlbRH4kNmHuPYRQKTq0=">AAACJHicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoWQymTY2jyHJCGXoP7jVD/Br3IkLN36LaTsL23ogcO6593JPTphwZqznfcPCxubW9k5xt7S3f3B4VK4ct41KNaEtorjS3RAbypmkLcssp91EUyxCTjvh+HbW7zxTbZiSj3aS0EDgoWQxI9g6qd23OB3Eg3LVq3lzoHXi56QKcjQHFVjsR4qkgkpLODam53uJDTKsLSOcTkv91NAEkzEe0p6jEgtqgmxud4rOnRKhWGn3pEVz9e9GhoUxExG6SYHtyKz2ZuJ/vV5q45sgYzJJLZVkcShOObIKzf6OIqYpsXziCCaaOa+IjLDGxLqElq4snC5JoVipQ8Wjacll568mtU7a9Zp/Was/XFUbd3mKRXAKzsAF8ME1aIB70AQtQMATeAGv4A2+ww/4Cb8WowWY75yAJcCfXyAipMk=</latexit>

xc
<latexit sha1_base64="4xEKuRP0Y/giC73HtoFUY9/4zYo=">AAACJXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNV0GVBBJcV7APaoSSZTBuaZIYkI5ahH+FWP8CvcSeCK3/FtJ2FbT0QOPfce7knhySCG+t537Cwsbm1vVPcLe3tHxwelSvHbROnmrIWjUWsuwQbJrhiLcutYN1EMyyJYB0yvp31O09MGx6rRztJWCDxUPGIU2yd1OkTiZ4HdFCuejVvDrRO/JxUQY7moAKL/TCmqWTKUoGN6fleYoMMa8upYNNSPzUswXSMh6znqMKSmSCb+52ic6eEKIq1e8qiufp3I8PSmIkkblJiOzKrvZn4X6+X2ugmyLhKUssUXRyKUoFsjGafRyHXjFoxcQRTzZ1XREdYY2pdREtXFk6XJCJXahKLcFpy2fmrSa2Tdr3mX9bqD1fVxl2eYhGcgjNwAXxwDRrgHjRBC1AwBi/gFbzBd/gBP+HXYrQA850TsAT48wtzsqTt</latexit>

exp (�S[x(⌧)])
<latexit sha1_base64="S2FTb8iqs10VaRpHzqs5gnr5f1g="></latexit>

@S[x(⌧)]

@x(⌧)

����
xc(⌧)

= 0
<latexit sha1_base64="Rdg4armI5P+c1F69Ts4duhhxOLs="></latexit>



Problem #1 (simple):

Assume V(x,t) is the time-independent, one-dimensional harmonic 
oscillator potential:

i.e.

What is U(t’,t)?

What is the general solution for U(t’,t) in the case of time-independent 
potentials?

V (x, t) =
m!2

2
x2

<latexit sha1_base64="VchWfR8BorM24acuaSCJvnw10jI="></latexit>



Problem #2 (simple):

Assuming a time-independent Hamiltonian, show that the long-time 
behavior (i.e. t’>>t) of the evolution operator is

where  E0 is the system’s ground state energy and Ψ0(x) is the ground state 
wavefunction

lim
⌧!1

hx0|U(⌧, 0)|x0i ! | 0(x)|2 e�E0⌧

<latexit sha1_base64="OEvnWrBbCL+GB5x5lJ0U3XAKFJo="></latexit>



Problem #3 (simple):

Assume 

Use standard Rayleigh-Taylor perturbation theory to determine the 
ground-state energy shift to order λ and λ2.

V (x) =
m!2

2
x2 + �m2!3x4

<latexit sha1_base64="3it97JMF8ObmXaYofpvxAUmMpKs="></latexit>



SO WHY IS THIS USEFUL?
• The Path-Integral formalism is amenable to numerics

• It’s rather straightforward to put this formalism on a 
computer

• We just need to “discretize” the formalism

• Not limited to “perturbative” interactions—should be able to 
do it all—well, in principle. . .



SO LET’S DISCRETIZE OUR 1-D 
HO EXAMPLE

• First:  Let’s discretize the time direction:

• Each path is represented by an array of position points
•For example, the path above can be written as

t

a

0 1 . . . N2

x

x[t=2]

�
<latexit sha1_base64="elWT0+1vVyZkGybTi9shfm7YgnQ=">AAACJHicbVDLSgMxFE181vpqdekmWARXZaYKuiyI6LKCfUA7lEwm08bmMSQZoQz9B7f6AX6NO3Hhxm8xbWdhWw8Ezj33Xu7JCRPOjPW8b7i2vrG5tV3YKe7u7R8clspHLaNSTWiTKK50J8SGciZp0zLLaSfRFIuQ03Y4upn2289UG6bkox0nNBB4IFnMCLZOavXusBC4X6p4VW8GtEr8nFRAjka/DAu9SJFUUGkJx8Z0fS+xQYa1ZYTTSbGXGppgMsID2nVUYkFNkM3sTtCZUyIUK+2etGim/t3IsDBmLEI3KbAdmuXeVPyv101tfB1kTCappZLMD8UpR1ah6d9RxDQllo8dwUQz5xWRIdaYWJfQwpW50wUpFEt1qHg0Kbrs/OWkVkmrVvUvqrWHy0r9Nk+xAE7AKTgHPrgCdXAPGqAJCHgCL+AVvMF3+AE/4dd8dA3mO8dgAfDnF9M5pJ0=</latexit>

� = {x[0], x[1], x[2], . . . , x[N � 1], x[N ]}
<latexit sha1_base64="yjXVlbGjh7EVzbOcraqtj9isybo="></latexit>



AND OF COURSE, S[X] MUST 
NOW BE APPROXIMATED

Z (j+1)a

ja
dt

✓
ẋ2

2m
+ V (x)

◆
⇡ a

 
1

2m

⇢
x[j + 1]� x[j]

a

�2

+
1

2
{V (x[j + 1]) + V (x[j])}

!

<latexit sha1_base64="vMmqo9YgbGWKEgxglJE2dAow6AE="></latexit>

S[x(t)] =

Z tf

ti

dt

✓
ẋ(t)2

2m
+ V (x(t))

◆

) Slat[�] ⇡
N�1X

j=0

✓
m

2a
{x[j + 1]� x[j]}2 + 1

2
{V (x[j + 1]) + V (x[j]}

◆

<latexit sha1_base64="W/OCbNsClUN3gkzzhZ83kYsm/G0="></latexit>



AND THE INTEGRATION MEASURE 
BECOMES LESS ABSTRACT

We don’t integrate over 
endpoints x[0] and x[N] 

since they are fixed

Z
[dx] !

⇣ m

2⇡a

⌘N/2
Z 1

�1
dx[1] dx[2] dx[3] . . . dx[N � 1]

<latexit sha1_base64="Pwa7zfukawpzx8bhqdxNHiWrPVM="></latexit>

hxf |e�H(tf�ti)|xii = hxf |U(tf , ti)|xii ⇡
⇣ m

2⇡a

⌘N/2
Z 1

�1
dx[1] dx[2] dx[3] . . . dx[N � 1]e�Slat[x]

<latexit sha1_base64="AzvRGlT+eN5KMK8p8giO8ipTCiY="></latexit>

Therefore:



LET’S TAKE A CLOSER LOOK AT 
WHAT WE’VE DONE

• We’ve only discretized the time direction

• At each point in time, x[j] can take on any value from –Infinity to +Infinity

• So essentially we’ve taken the path integral (a rather abstract object) and 
reduced it to an (N-1)-dimensional integral (a numerical object that can be 
simulated on a computer)

hxf |e�H(tf�ti)|xii ⇡
⇣ m

2⇡a

⌘N/2
Z 1

�1
dx[1] dx[2] dx[3] . . . dx[N � 1]e�Slat[x]

<latexit sha1_base64="8fiIHbdta5FnpXR+w2eJAdziJy0="></latexit>



IT’S STILL NOT AN EASY PROBLEM, EVEN IN 1-D

• For accurate solutions, one ideally wants N to be large

• A layman’s attempt would be to generate an ensemble of paths, or 
“configurations”, {x} at random and compute

average value 
within ensemble

volume of N-1 
dimensional space

number of paths 
in ensemble

“Monte Carlo” 
integration

hxf |e�H(tf�ti)|xii ⇡V
⇣ m

2⇡a

⌘N/2 1

Ncf

X

{x}

e�Slat[x]

=V
⇣ m

2⇡a

⌘N/2 D
e�Slat[x]

E

<latexit sha1_base64="bV4ofxihyjaj508yi38/1wAUz2E="></latexit>



Problem #4 (simple):

Set xf=xi=x and attempt the layman’s approach to calculating the matrix element of the 
evolution operator.  Try to extract the ground-state energy at large times.

Note:  Sample points within a uniform distribution between -3.5 and 3.5, for example.  In this 
case V=(3.5)Nt-1, where Nt is the number of time slices. 

Problem #5 (moderate):

Now add an interaction term 

to the action.  Investigate the behavior of the ground-state energy as a 
function of λ between 0 and 1.  Overlay your results from Problem 4 to 

determine range of validity of your perturbative results.  

VI(x) = �m!3x4
<latexit sha1_base64="Qemh0i2imqz8Ib1ubKiZMCXGexQ="></latexit>



LET’S LOOK AT PROBLEM 4

hxf , ⌧
0|xi, ⌧i = hxf |U!(⌧

0, ⌧)|xii =
exp

✓
� (e�2!�+1)(x2

f+x2
i )�4e�!�xfxi

2(1�e�2!�) � !�
2

◆

p
⇡
p
1� e�2!�

� = ⌧ 0 � ⌧
<latexit sha1_base64="o4s9NsBpjpQh2QNNkrt8tZe02VM="></latexit>

Turns out the evolution operator can be solved exactly for the 1-D HO
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xf = xi = 0
<latexit sha1_base64="Wc1iCb/jMS3epCC/hqrBtcoxjyE=">AAACJ3icbVDLTgIxFG19Ir5Al24aiYkrMoML3ZAQ3bjERB4GJpNOpwMN7XTSdgxkwle41Q/wa9wZXfonFpiFgCdpcu659+aeniDhTBvH+YYbm1vbO7uFveL+weHRcal80tYyVYS2iORSdQOsKWcxbRlmOO0mimIRcNoJRnezfueZKs1k/GgmCfUEHsQsYgQbKz2N/ag+9lnd8UsVp+rMgdaJm5MKyNH0y7DQDyVJBY0N4VjrnuskxsuwMoxwOi32U00TTEZ4QHuWxlhQ7WVzx1N0YZUQRVLZFxs0V/9uZFhoPRGBnRTYDPVqbyb+1+ulJrrxMhYnqaExWRyKUo6MRLPvo5ApSgyfWIKJYtYrIkOsMDE2pKUrC6dLUiBW6kDycFq02bmrSa2Tdq3qXlVrD06lcZunWABn4BxcAhdcgwa4B03QAgQI8AJewRt8hx/wE34tRjdgvnMKlgB/fgHaxaWc</latexit>

“inverse temperature”



WHAT HAPPENS IF YOU HAVE TWO OR MORE 
(INTERACTING) PARTICLES?

• First off, if the particles aren’t interacting, then the problem 
reduces to a one-body problem

• If the particles are interacting, then for two particles have, for 
example,

Problem #6 (easy):

Show that for N non-interacting particles, the full path 
integral reduces to the product of N single-particle path 

integrals

hxfyf |U(t0, t)|xiyii =
Z x(t0)=xf

x(t)=xi

[dx(⌧)]

Z y(t0)=yf

y(t)=yi

[dy(⌧)] e�S[x(t),y(t)]

S[x(t),y(t)] =

Z t0

t
d⌧

✓
ẋ(⌧)2

2m
+

ẏ(⌧)2

2m
+ V (x(⌧),y(⌧), ⌧)

◆

<latexit sha1_base64="UFrAKQ79+/jA0C3Z3w4GkimRfRE="></latexit>



EXPECTATION VALUES OF OTHER 
OPERATORS ARE EASY TO CALCULATE
• Given an operator O(x), the expectation value can be calculated as

• The expectation value of O(x) is just the sum over all paths weighted by exp(-S[x]). 

• We could just apply our layman’s approach to this problem. . .

Problem #7 (moderate):

Prove it!

hE0|Ô(x̂)|E0i =
R
[dx(t)]O(x)e�S[x(t)]

R
[dx(t)] e�S[x(t)]

<latexit sha1_base64="OgfjMTMk3G/lMxikjyh7c+B8uAg="></latexit>



BUT WE CAN DO BETTER 
THAN THAT!

• The problem with the layman’s attempt is that one spends lots of time 
generating configurations that are not relevant!  In other words, the phase space 
being probed is too large.

• What we want is to generate configurations in such a way that the probability 
P[xn] of obtaining a particular configuration x is

• This ensures that the generated ensemble of configurations have the highest 
probability of being relevant.

P [x(⌧)] / exp (�S[x(⌧)])
<latexit sha1_base64="GVSr8w3WxUYMpcGRA5fGdH7OAdE="></latexit>



SO HERE’S SOME PSEUDO-CODE THAT DOES JUST THAT

Procedure to generate xn+1 given xn:

Loop through xn[j]
At site j, generate a random number χ uniformly 

distributed from –μ to +μ
Replace xn[j]àxn[j]+χ and compute the change 

in action ΔS

If ΔS < 0, accept the new value of xn[j] and 
continue to site j+1 

If ΔS > 0, sample another number ρ uniformly 
distributed from 0 to 1. If exp(-ΔS) >ρ accept 
the new value of xn[j], otherwise reject change. 

Continue to site j+1 

Metropolis-
Hastings



SOME POINTS TO CONSIDER
• This is the simplest example of the Metropolis Algorithm (they 

can get much more complicated)

• One has to start from some initial configuration x1 
• Usually these initial configurations don’t represent ‘good’ configurations
• Run the algorithm for the first 100-1000 ‘trajectories’, allowing the configurations to ‘thermalize’—keep configurations 

afterwards

• One tunes μ such that one gets approximately ~70% acceptance 
rate

• In general configuration xn+1 is correlated to some degree with xn
—there are statistical methods to reduce these effects (e.g. 
binning, blocking, . . .)



SO HERE’S AN EXAMPLE OF 
THERMALIZING A CONFIGURATION
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LET’S COME BACK TO OUR 
PROBLEM OF EXPECTATION VALUES
• Our original problem involved a sum over paths weighted by exp(-S[x]) 

• We’ve now generated an ensemble of paths {χ} with probability distribution

• Our problem now turns into an unweighted sum over paths in our 
distribution

P [x(⌧)] / exp (�S[x(⌧)])
<latexit sha1_base64="GVSr8w3WxUYMpcGRA5fGdH7OAdE="></latexit>

hE0|Ô(x̂)|E0i =
R
[dx(t)]O(x)e�S[x(t)]

R
[dx(t)] e�S[x(t)]

<latexit sha1_base64="OgfjMTMk3G/lMxikjyh7c+B8uAg="></latexit>

hE0|Ô(x̂)|E0i =
1

Ncf

X

xi2{x}

O[xi] +O(N�1/2
cf )

<latexit sha1_base64="eLbrevA/qtZF52p/B7+H7NiyJOw="></latexit>



MY PYTHON CODES
• In each folder, there are various python routines
• actions.py
• metropolis.py
• xxxx.py

• To run any of the python executables, just type

                     >> python3 xxxx.py

Contains various function definitions—
needs to be in the same directory with 

xxxx.py

Python executable


