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Outline

I Preamble: a simple minded perspective on naturality and power
counting

I The subleading three-nucleon contact interaction

I Accurate description of low-energy N − d scattering

I Testing hieararchies from large-Nc and relativistic counting
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Choosing the right cutoff

renormalization:

Loops(Λ)+ LECs(Λ) = observables

I an unnatural cutoff Λ leads to unnatural LECs

I LECs are natural when comparable to loops

I unnatural LECs are subject to fine-tuning problems when fitted to
data

I if the theory is to be effective, the cutoff must be natural

I this requires having renormalized the theory, not easy to do
non-perturbatively

I renormalization can also be checked a posteriori, inspecting the
order-by-order convergence
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A destabilizing accident

B(2H) =

∼ Q2

ΛH
∼20MeV

〈T 〉 +

∼ Q3

4πF2
π
∼ Q2

ΛH
∼20MeV

〈V 〉 ∼ 2MeV

the first term in the chiral expansion is accidentally suppressed

A = ALO + ANLO + δA

which causes no harm to the overall convergence of linear functions of A

but non-linearities may hurt, e.g.

1

A
=

1

ALO
− ANLO

A2
LO

+ ...

and the NN force enter in the 3N system quite non-linearly
4 3NF makes ∼ 1 MeV attraction in the 3H, comparable to ∼ 2MeV/pair
of the 2NF: is this a symptom of such instabilities?

L. Girlanda (Univ. Salento) Short-range TNI 4



A destabilizing accident

B(2H) =

∼ Q2

ΛH
∼20MeV

〈T 〉 +

∼ Q3

4πF2
π
∼ Q2

ΛH
∼20MeV

〈V 〉 ∼ 2MeV

the first term in the chiral expansion is accidentally suppressed

A = ALO + ANLO + δA

which causes no harm to the overall convergence of linear functions of A
but non-linearities may hurt, e.g.

1

A
=

1

ALO
− ANLO

A2
LO

+ ...

and the NN force enter in the 3N system quite non-linearly
4 3NF makes ∼ 1 MeV attraction in the 3H, comparable to ∼ 2MeV/pair
of the 2NF: is this a symptom of such instabilities?

L. Girlanda (Univ. Salento) Short-range TNI 4



A destabilizing accident

B(2H) =

∼ Q2

ΛH
∼20MeV

〈T 〉 +

∼ Q3

4πF2
π
∼ Q2

ΛH
∼20MeV

〈V 〉 ∼ 2MeV

the first term in the chiral expansion is accidentally suppressed

A = ALO + ANLO + δA

which causes no harm to the overall convergence of linear functions of A
but non-linearities may hurt, e.g.

1

A
=

1

ALO
− ANLO

A2
LO

+ ...

and the NN force enter in the 3N system quite non-linearly
4 3NF makes ∼ 1 MeV attraction in the 3H, comparable to ∼ 2MeV/pair
of the 2NF: is this a symptom of such instabilities?

L. Girlanda (Univ. Salento) Short-range TNI 4



Näıve dimensional analysis

L =
∑
klm

cklmA

(
N̄N

B

)k (
∂µ,Mπ

C

)l ( π
D

)m
, cklm ∼ 1

The scale factors are uniquely fixed by the lowest order Lagrangian

L = N̄(i /∂ −mN)N +
1

2
∂µπ · ∂µπ −

1

2
M2
ππ

2 − gA
2Fπ

N̄γµγ5∂µπ · τN + ...

to be

L =
∑
klm

cklmΛ2F 2
π

(
N̄N

F 2
πΛ

)k (
∂µ,Mπ

Λ

)l ( π

Fπ

)m

[Georgi, Manohar, Friar]

if a new scale is identified as ε, it must come from a further interaction

∆L = −D0

2
(N̄N)2, D0 ∼

4πa

mN
∼ 4π

mNε
∼ 1

Fπε

=⇒ L =
∑
klm

cklmΛ2Fπε

(
N̄N

FπΛε

)k (
∂µ,Mπ

Λ

)l ( π

Fπ

)m
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Tracking the soft scale
use auxiliary dibaryon fields [Kaplan, Bedaque, Hammer, van Kolck,...]

L = N†
(
i∂0 +

∇2

2M

)
N + ~T†

(
i∂0 +

∇2

4M
− ∆T

)
· ~T −

gT

2

(
~T† · NT

τ2σ2~σN + h.c
)

+ ...

= i

∆T−
Mg2

T
2π

√
−ME+ p2

4
−iη+...

∼ g2

∆T
∼ 1

ε

∼ H g2

∆2
T
∼ 1

ε2
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The subleading contact TNI

(picture by Machleidt)L. Girlanda (Univ. Salento) Short-range TNI 7



Motivation

I accurate NN potentials developed up to N4LO and N5LO

I N3LO 3N forces awaiting revision (see Evgeny’s talk)

I well-known discrepancies (cfr. Ay puzzle) [LENPIC, EPJA(2014)]

I is N4LO needed also in the 3N case? new LECs arising!

I notice that p−3He Ay is almost solved by
chiral 3NF at N2LO (or by AV18+IL7)
[Viviani et al. PRL111 (2013) 172302]

I For Nd , possibly affected by large
uncertainty [LENPIC, PRC93 (2016) 044002],

[Epelbaum et al. 1907.03608]
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Minimal subleading contact TNI

I in [LG et al. PRC78 (2011) 014001] we classified all possible 3N contact
terms with two derivatives

I they are strongly constrained by the Pauli principle and Poincaré
invariance: 10 operators

I a local 3N potential

V =
∑
i 6=j 6=k

(E1 + E2τi · τj + E3σi · σj + E4τi · τjσi · σj )

[
Z ′′0 (rij ) + 2

Z ′0(rij )

rij

]
Z0(rik )

+(E5 + E6τi · τj )Sij
[
Z ′′0 (rij )−

Z ′0(rij )

rij

]
Z0(rik )

+(E7 + E8τi · τk )(L · S)ij
Z ′0(rij )

rij
Z0(rik )

+(E9 + E10τj · τk )σj · r̂ijσk · r̂ikZ ′0(rij )Z
′
0(rik )

Spin-orbit terms suitable for the Ay puzzle [Kievsky PRC60 (1999) 034001]
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invariance: 10 operators

I a local 3N potential

V =
∑
i 6=j 6=k

(E1 + E2τi · τj + E3σi · σj + E4τi · τjσi · σj )

[
Z ′′0 (rij ) + 2

Z ′0(rij )

rij

]
Z0(rik )

+(E5 + E6τi · τj )Sij
[
Z ′′0 (rij )−

Z ′0(rij )

rij

]
Z0(rik )

+(E7 + E8τi · τk )(L · S)ij
Z ′0(rij )

rij
Z0(rik )

+(E9 + E10τj · τk )σj · r̂ijσk · r̂ikZ ′0(rij )Z
′
0(rik )

Spin-orbit terms suitable for the Ay puzzle [Kievsky PRC60 (1999) 034001]

L. Girlanda (Univ. Salento) Short-range TNI 9



Numerical implementation
The N-d scattering wave function is written as

ΨLSJJz = ΨC + ΨA

with ΨC expanded in the HH basis

|ΨC 〉 =
∑
µ

cµ|Φµ〉

and ΨA describing the asymptotic relative motion

ΨA ∼ ΩR
LS(k , r) +

∑
L′S ′

RLS ,L′S ′(k)ΩI
L′S ′(k , r)

with the unknown cµ and R-matrix elements (related to the S-matrix) to
be determined so that the Kohn functional is stationary

[RLS ,L′S ′ ] = RLS ,L′S ′ − 〈ΨC + ΨA|H − E |ΨC + ΨA〉
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imposing the Kohn functional to be stationary leads to a linear system∑
L′′S ′′

RLS ,L′′S ′′XL′S ′,L′′S ′′ = YLS ,L′S ′

with the matrices

XLS,L′S′ = 〈ΩI
LS + ΨI

C |H − E |ΩI
L′S′〉 YLS,L′S′ = −〈ΩR

LS + ΨR
C |H − E |ΩI

L′S′〉

and the Ψ
R/I
C solutions of∑

µ′

cµ〈Φµ|H − E |Φµ′〉 = −DR/I
LS (µ)

with
D

R/I
LS (µ) = 〈Φµ|H − E |ΩR/I

LS 〉

11 set of matrices are calculated once for all, and only linear systems are
solved for each choice of Ei ’s
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Fit strategy
I we ask whether the subleading contact interaction has enough

flexibility to solve the existing puzzles in low-energy N − d scattering
I to start, we consider this interaction as a remainder to the

phenomenological AV18+UIX

I we have 11 LECs, E = cE
F 4
πΛ

(LO) and Ei=1,...,10 =
eNNi
F 4
πΛ3 (NLO)

to be fitted to B(3H), 2and , 4and and accurate p − d scattering data
at 3 MeV proton energy (∼ 300 data), for different values of Λ

I all fits are performed with POUNDerS algorithm [T. Munson et al. @ ANL]

I data are mostly sensitive to the tensor and spin-orbit operators

Λ (MeV) 200 300 400 500

χ2/d.o.f. 2.0 2.0 2.1 2.1
e0 -0.074 -0.037 0.053 0.451
e5 -0.212 -0.248 -0.403 -0.799
e7 1.104 1.195 1.686 2.598

〈AV18〉 (MeV) -7.353 -7.373 -7.394 -7.343
〈UIX〉 (MeV) -1.118 -1.095 -1.058 -1.031

〈V (0)〉 (MeV) -0.057 -0.069 0.125 0.841
〈E5O5〉 (MeV) -0.032 -0.182 -0.609 -1.553
〈E7O7〉 (MeV) 0.079 0.237 0.454 0.605
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Isospin projection

I N − d scattering only gives access to the T = 1/2 component of 3NF

I we can project each operator on isospin channels

oi = P(1)(oi ) + P(3)(oi ) ≡ P1/2oiP1/2 + P3/2oiP3/2

P1/2 =
1

2
− 1

6
(τ1 · τ2 + τ2 · τ3 + τ1 · τ3), P1/2 + P3/2 = 1

I the projected operators can again be expressed in the initial
10-operator basis, using the Fierz identities

I at the end we find 9 independent operators among the 10 P(1)(oi )

I there is a single combination which is purely T = 3/2

o3/2 = 3o1 − 3o3 − o4 − 3o5 − o6 − 36o7 − 12o8 − 9o9 − 3o10

(up to cutoff effects ...)

I we can exclude 1 LEC from the fits and absorb its effect in the
remaining LECS
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10-parameter fits
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Predictions at lower energies
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Predictions at lower energies
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Predictions at lower energies
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Predictions at lower energies
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Insight from the large-Nc limit

I initially proposed by ’t Hooft in 1974, to define a weak coupling limit
of QCD, g2Nc =const giving rise to substantial simplifications over
QCD, but with similar physical properties

I a topological expansion emerges in which only planar diagrams
survive, and no dynamical quark loops

I extended to baryons by Witten in 1979

I a spin-flavour symmetry appears, in which e.g. N and ∆ belong to
the same SU(4) multiplet

[Kaplan, Savage, Dashen, Jenkins, Manohar,...]

I as a result, one finds e.g.

1 ∼ σ1 · σ2τ1 · τ2 ∼ O(Nc)

while
σ1 · σ2 ∼ τ1 · τ2 ∼ O(1/Nc)
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Large-Nc and Pauli principle
however, nowhere in the argument we have used that the baryons are
identical bosons or fermions!

I in an effective theory one obtains that amplitude from

L = c1N
†NN†N + c2N

†σiNN
†σiN + c3N

†τ aNN†τ aN + c4N
†σiτ

aNN†σiτ
aN ≡

∑
i

cioi

I but from the identicality of N, o3 = −o2 − 2o1, o4 = −3o1 which do
not conform with the large-Nc scaling

I one way to implement the Pauli principle is to start with a redundant
set of operators, and declare, by tree-level matching, c1 ∼ c4 ∼ Nc ,
c2 ∼ c3 ∼ 1/Nc

I observable quantities will depend on two combinations of LECs,

L = (c1 − 2c3 − 3c4)N†NN†N + (c2 − c3)N†σiNN
†σiN

reobtaining the well-established fact that CS >> CT
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3NF and large-Nc

the generalization to 3 nucleon forces has been given recently
[D.R.Phillips and C.Schat, PRC88 (2013) 034002]

at the leading order one finds

L ≡ −
6∑
i

EiOi = −E1N
†NN†NN†N − E2N

†σiNN†σiNN†N

−E3N
†τ aNN†τ aNN†N − E4N

†σiτ aNN†σiτ aNN†N

−E5N
†σiNN†σiτ aNN†τ aN − E6ε

ijkεabcN†σiτ aNN†σjτbNN†σkτ cN

I only E1, E4 and E6 are O(Nc)

I but since the 6 operators are all proportional, the LEC associated to
any choice will be ∼ O(Nc)

I operators with different scaling properties in 1/Nc get mixed
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Large-Nc constraints on subleading 3N contact interaction

I applying Phillips and Schat counting to our redundant operators we
get 13 leading structures

I using Fierz identities we find 4 vanishing LECs in the large-Nc limit

E2 = E3 = E5 = E9 = 0

thus reducing the number of subleading LECs to 6

L. Girlanda (Univ. Salento) Short-range TNI 23



Testing the large-Nc hierarchy

E2,3,5,9 = 0
Λ = 200 − 500 MeV
χ2/d.o.f.∼ 2
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Subleading contact terms from “relativistic counting”

“relativistic corrections are in
the data”
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Relativistic counting applied to contact TNI

There are 25 C−, P− and T− relativistic invariant operators
o1,2 = (ψ̄ψ)1(ψ̄ψ)2(ψ̄ψ)3[1, τ1 · τ2]

o3,4,5 = (ψ̄ψ)1(ψ̄γ5ψ)2(ψ̄γ5ψ)3[1, τ2 · τ3, τ1 · (τ2 + τ3)]
o6,7,8 = (ψ̄ψ)1(ψ̄γµψ)2(ψ̄γµψ)3[1, τ2 · τ3, τ1 · (τ2 + τ3)]

o9,10,11 = (ψ̄ψ)1(ψ̄γµγ5ψ)2(ψ̄γµγ5ψ)3[1, τ2 · τ3, τ1 · (τ2 + τ3)]
o12,13,14 = (ψ̄ψ)1(ψ̄σµνψ)2(ψ̄σµνψ)3[1, τ2 · τ3, τ1 · (τ2 + τ3)]

o15 = (ψ̄γ5ψ)1(ψ̄γµψ)2(ψ̄γµγ5ψ)3[τ1 · τ2 × τ3]
o16 = (ψ̄σµνψ)1(ψ̄γµψ)2(ψ̄γνψ)3[τ1 · τ2 × τ3]
o17 = (ψ̄σµνψ)1(ψ̄γµγ5ψ)2(ψ̄γνγ5ψ)3[τ1 · τ2 × τ3]
o18 = (ψ̄σµνψ)1(ψ̄σµαψ)2(ψ̄σαν ψ)3[τ1 · τ2 × τ3]

o19,20,21 = (ψ̄γ5ψ)1(ψ̄σµνψ)2(ψ̄σµνγ5ψ)3[1, τ2 · τ3, τ1 · (τ2 + τ3)]
o22,23,24,25 = (ψ̄γµψ)1(ψ̄γνγ5ψ)2(ψ̄σµνγ5ψ)3[1, τ2 · τ3, τ1 · (τ2 + τ3), τ1 · (τ2 − τ3)]

After deriving all sort of Fierz identities like

(σµα)[σ ν
α ]− µ↔ ν = i(σµν ][)− i(][σµν) + i(σµνγ5][γ5)− i(γ5][σµνγ5)

using the 3×25 linear relations we are left with 5 operators

o1, o3, o6, o9, o12

=⇒ test the relativistic counting by including only 5 combinations of the
10 LECs
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Testing the relativistic counting

A LO contact 3NF de-
pending on relativistic,
derivativeless 6 fermion
operators
4 only 5 operators, like
in NN relativistic con-
tact operators
4 reduced to 4 by the
isospin projection
4 “natural” explana-
tion for the size of spin-
orbit terms

Λ = 200− 500 MeV

χ2/d.o.f.∼ 2.2
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Summary and conclusions

I We have assessed, in a hybrid approach, the capability of the N4LO
contact interaction to solve long-standing problems in low-energy
N − d scattering

I It would be much more desirable from the ChEFT perspective if the
revised (parameter-free) N3LO 3N force achieved the same result

I Further studies are needed to test the derived interaction in an
extended energy domain

I It will also be interesting to investigate its impact in the spectrum of
medium-light nuclei.

I We have derived and tested two possible hierarchies among the
subleading contact LECs, based on the large-Nc limit and on a
recently proposed “relativistic power counting”, that are reasonably
respected.

I Work to embed the derived interaction in a consistent pionless
potential is in progresss
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