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Outline
Most of this talk: real and virtual photons(*) of, at the most, a 
couple of GeV’s 
Photons can be soft and still penetrating 

        They enjoy a unique status 
¢(Very brief) Review of the physics of the bulk system 

¢Reaction modelling and EM emission are indissociable  
¢Electromagnetic radiation, theory status and updates 

¢The “photon flow puzzle” 
¢Towards a complete treatment of “viscous photons” 
¢Pre-hydro photons 
¢BES-energies radiation 
¢Dileptons 
¢Small systems

(*) Photons and dileptons
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Relativistic nuclear collisions: The emergence 
of a “standard picture”

Initial state Pre-“equilibrium” QGP Hadronization Thermal freeze-out}
Relativistic hydrodynamics

~ 20fm/c

Glasma
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Much progress in the calculation of the initial state

IP-Glasma

MC-Glauber

Schenke, Tribedy, and Venugopalan, PRL (2012)

Energy density

Nucleons

Colour fields

Also: Effective kinetic theory; 3D IP-Glasma…

EKRT
Saturated NLO 
pQCD minijets

Niemi, Eskola, Paatelainen, PRC (2015)
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Tideal
µν = (ε + P)uµuν − Pgµν ;T µν = Tideal

µν +Tdiss
µν ;

Israël & Stewart, Ann. Phys. (1979);  
Baier et al., JHEP (2008);  
Denicol et al., PRD (2012);  
Denicol et al., PRC (2014);  
Jeon & Heinz, Int. J. Mod. Phys. E (2015)

¢To first order in the velocity gradient: Navier-Stokes 
¢To higher order: 

are shear and bulk viscositiesη,
¢Resistance to deformation, and to volume expansion 
¢A fundamental property of QCD

The success of fluid dynamics modelling at RHIC and at the LHC: 
The existence of collectivity

¢Viscous relativistic fluid dynamics

Tdiss
µν =π µν(η)− ΔµνΠ(ζ ) Δµν = gµν − uµuν

ζ



Charles Gale 
McGill

One lesson from hydro: Matter behaves collectively 

Calculating transport coefficients

¢Kubo relation:
Sij = T ij −δ ijP

For finite-temperature QCD, can be calculated  
¢Perturbatively: 

¢On the lattice: 

¢Using FRG techniques 

¢Using Schwinger-Dyson   

¢Using strong-coupling AdS/CFT techniques:

Arnold, Moore, Yaffe JHEP (2000, 2003)

H. B. Meyer PRD(2007); (2009)

Sakai, Nakamura LAT2007

Policastro, Son, Starinets PRL(2001)

Kovtun, Son, Starinets (KSS) PRL(2003)

η / s ≥ 1
4π

Haas, Fister, Pawlowski PRD (2014)

Christiansen et al., PRL (2015)

η = 1
20
lim
ω→0

1
ω
∫d 4xeiωt 〈[Sij (t, !x),Sij (0,

!
0)]〉θ(t)

Liu, Rapp 1612.09138
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FIG. 4: The ratio η/s for the low temperature hadronic phase and for the high temperature quark-

gluon phase. Neither calculation is very reliable in the vicinity of the critical or rapid crossover

temperature.

12

Csernai, Kapusta, McLerran PRL (2006)

Arnold, Moore, Yaffe JHEP (2003)

Prakash, Prakash, Venugopalan, Welke

Phys. Rep. (1993)

KSS

Calculating transport coefficients, II

η
s
= 15
16π

fπ
4

T 4

J.-B. Rose, QM 2018
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WHAT ABOUT BULK?
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(ε-3p)/T4
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asqtad, Nτ=8

FIG. 5: The trace anomaly calculated in lattice QCD with p4 and asqtad actions on Nτ = 6 and
8 lattices compared with the parametrization given by Eqs. (4.2) and (4.3). The solid, dotted

and dashed lines correspond to parametrizations s95p−v1, s95n−v1 and s90f−v1 respectively, as
discussed in the text.
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FIG. 6: The pressure, energy density (left panel) and speed of sound (right panel) in the equations

of state obtained from Eqs. (4.2) and (4.3). The vertical lines indicate the transition region (see
text). In the right panel we also show the speed of sound for the HRG EoS and EoS with first
order phase transition (thin dotted) line, the EoS Q

hadron gas, and its minimum value is that of HRG speed of sound3. It is quite simple to
understand why this happens: To achieve smaller speed of sound than the speed of sound in
hadron gas, the trace anomaly should be larger than in HRG. As one can see in Fig. 4, the
present lattice data clearly disfavors such a scenario. In Figure 6 we indicate the transition
region from hadronic matter to deconfined state by vertical lines. We define the transition

3 Similar EoS was presented already in Refs. [45, 46].
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¢For a non-conformal fluid, the bulk 
viscosity is not zero 

¢Around, and sightly above, Tc, the bulk 
viscosity will matter

Huovinen and Petreczky, Nucl. Phys. A (2010)


T µν = −Pgµν +ωuµuν + ΔT µν

The dissipative terms, to second order: ΔT µν = Fµν [η,ζ ,χ ]
¢Calculations now incorporate these 

¢The hydro description is still in evolution: Extract 
the transport coefficients from analyzing data 

S. Ryu et al., PRL (2015); PRC 2018; J. E. Bernhard et al., PRC (2016)

Kharzeev, Tuchin PLB (2007); JHEP (2008)

Czajka et al., PRC 2018
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THE SITUATION WITH HADRONS
¢ The bulk viscosity reduces the average pT: it acts as a negative pressure Π ~ −ζθ

S. McDonald et al., PRC 2017

S. Ryu et al., PRL 2015
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THE SITUATION WITH HADRONS
¢ The bulk viscosity reduces the average pT: it acts as a negative pressure Π ~ −ζθ

S. McDonald et al., PRC 2017

S. Ryu et al., PRL 2015

http://www.physics.mcgill.ca/music/
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Hard direct photons. pQCD with shadowing 
Non-thermal

Fragmentation photons. pQCD with shadowing 
Non-thermal

Thermal photons 
“Thermal”

 Jet in-medium bremsstrahlung 
“Thermal”

 Jet-plasma photons  
“Thermal”

Pre-hydro?

DIRECT PHOTONS

Photon Sources (real and/or virtual)
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DIRECT PHOTONS AND HIC MODELLING
¢ Unlike hadrons, photons are emitted throughout the 

entire space-time history of the HIC 

Decay photons

Late stage reactionspQCD photons


“pre-hydro” photons

Plasma photons

Hadronic medium

photons
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pQCD Photons

¢Calculated @ NLO in pQCD 
¢ INCNLO, P. Aurenche et al., Eur. PJC (2000) 
¢ CTEQ6.1m, BFG-2, Isospin, EPS09 
¢ Measurement!

pp

J.-F. Paquet, PhD Thesis (2015)
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pQCD Photons

Aurenche et al., PRD (2006) 

Klasen, König, Eur. PJC (2014) 
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Info Carried by the thermal radiation 

Emission rates:

(photons)

E+E−

d 6R
d 3p+d

3p−
= 2e2

(2π )6
1
k 4
Lµν ImΠµν

R (ω ,k) 1
eβω −1

(dileptons)

ω d 3R
d 3k

= − gµν

(2π )3
ImΠµν

R (ω ,k) 1
eβω −1

dR = − g
µν

2ω
d 3k
(2π )3

1
Z

e−βKi (2π )4δ (pi − pf − k)
f
∑

i
∑

× 〈 f | Jµ | i〉〈i | Jν | f 〉

Thermal ensemble average of the current-current correlator

Feinberg (76); McLerran, Toimela (85); Weldon (90); Gale, Kapusta (91) 

¢QGP rates have been calculated up to NLO in      in FTFT α s
Ghiglieri et al., JHEP (2013); M. Laine JHEP (2013)


…and on the lattice (dileptons)
Ding et al., PRD (2011)


¢Hadronic rates C. Gale, Landolt-Bornstein (2010)

Turbide, Rapp, Gale PRC (2004)
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Photon rates@LO

Kapusta, Lichard, Seibert (1991) 
Baier, Nakkagawa, Niegawa, 
Redlich (1992)

Going to two loops:  Aurenche, Kobes, Gélis, Petitgirard (1996) 
                    Aurenche, Gélis, Kobes, Zaraket (1998) 

Co-linear singularities:

2001: Results complete at O(α s )
Arnold, Moore, and Yaffe JHEP 12, 009 (2001); JHEP 11, 057 (2001)
Incorporate LPM; Inclusive treatment of collinear enhancement, photon and 

gluon emission

ImΠR µ
µ ∼ ln ωT

mth
2

⎛
⎝⎜

⎞
⎠⎟

Thermal Photons from hot QCD: HTL program (Klimov (1981), Weldon (1982), 
Braaten & Pisarski (1990); Frenkel & Taylor (1990))
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C(qT )LO =
Tg2mD

qT (qT +mD )
⇒NLO

The two main contributions:

Ghiglieri, Hong, Kurkela, Lu, Moore, Teaney, JHEP (2013)

g

Simon Caron-Huot PRD (2009)

g Larger angle bremmstrahlung

Enhanced at NLO

Suppressed at NLO

Photon rates@NLO

(d)(c)(b)(a) (e) (f) (g)

Figure 3: Tree and one-loop diagrams contributing to C(q⊥).

should cause no confusion; “
!

p” is short for
!

d3p
(2π)3 ):

C(q⊥)(b)/g
2TCs =

δΠ00(q⊥)

(q2⊥+m2
D)

2
− δΠzz(q⊥)

q4⊥
,

δΠ00(q)

g2TCA
= −

"

p

#

(2q⊥ − p)2

p2((q⊥−p)2 +m2
D)

− 3

p2

$

,

δΠzz(q)

g2TCA
= −

"

p

#

2p2z
(p2+m2

D)((q⊥−p)2+m2
D)

− 1

p2+m2
D

$

−
"

p

#

3p2z + 2q2⊥ + p2

p2(q⊥−p)2
− 2

p2
− p2z

p2(q⊥−p)2

$

. (11)

Each bracket includes the contributions of one fish and one tadpole diagram, while the
last one also includes the ghost loop.

The (linear) ultraviolet divergences in (11) are to be canceled by matching counter-
terms that can be unambiguously calculated within the framework of dimensional re-
duction [37, 38]. They merely represent the (hard thermal loop) coupling of the n ≠ 0
gluons to the soft n = 0 ones, e.g. the gluon contribution to the A0 mass squared
m2

D. The fact that the direct coupling to exchange gluons with q0 = q3 ≠ 0 does not
contribute to the divergences can also be checked explicitly, from the convergence, with
respect to q3, of the real-time integral (22) (this justifies making the soft approximation
on q0). Thus the divergences in (11) do not signal the presence of “new contributions”
beyond the EQCD effective theory, as discussed in section 3.2.

Employing dimensional regularization, the divergences simply go away8 and the
counter-terms are zero to O(g) [38]. This way we obtain (all our arctangents run from
0 to π/2):

C(q⊥)(b)
g4T 2CsCA

=
−mD − 2

q2
⊥
−m2

D

q⊥
tan−1

%

q⊥
mD

&

4π(q2⊥+m2
D)

2
+

7

32q3⊥
+
mD − q2

⊥
+4m2

D

2q⊥
tan−1

%

q⊥
2mD

&

8πq4⊥
(12)

8 The dimensionally-regulated integrals (11) have poles in dimensions 2 and 4 but are finite and
unambiguous in dimension 3.

11J. Ghiglieri’s talk
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C(qT )LO =
Tg2mD

qT (qT +mD )
⇒NLO

The two main contributions:

Ghiglieri, Hong, Kurkela, Lu, Moore, Teaney, JHEP (2013)

g

Simon Caron-Huot PRD (2009)

g Larger angle bremmstrahlung

Enhanced at NLO

Suppressed at NLO

NLO Results: �LO+NLO ⇠ LO + g3 log(1/g) + g3
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NLO Corrections are small and k independent

•Net correction to photon production 
rate is modest, for all k/T  

•Study results consistent with those of 
lattice estimates:

Ghiglieri, Kaczmareck, 
Laine, Meyer, JHEP (2016)

Photon rates@NLO

(d)(c)(b)(a) (e) (f) (g)

Figure 3: Tree and one-loop diagrams contributing to C(q⊥).
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Each bracket includes the contributions of one fish and one tadpole diagram, while the
last one also includes the ghost loop.

The (linear) ultraviolet divergences in (11) are to be canceled by matching counter-
terms that can be unambiguously calculated within the framework of dimensional re-
duction [37, 38]. They merely represent the (hard thermal loop) coupling of the n ≠ 0
gluons to the soft n = 0 ones, e.g. the gluon contribution to the A0 mass squared
m2

D. The fact that the direct coupling to exchange gluons with q0 = q3 ≠ 0 does not
contribute to the divergences can also be checked explicitly, from the convergence, with
respect to q3, of the real-time integral (22) (this justifies making the soft approximation
on q0). Thus the divergences in (11) do not signal the presence of “new contributions”
beyond the EQCD effective theory, as discussed in section 3.2.

Employing dimensional regularization, the divergences simply go away8 and the
counter-terms are zero to O(g) [38]. This way we obtain (all our arctangents run from
0 to π/2):

C(q⊥)(b)
g4T 2CsCA

=
−mD − 2

q2
⊥
−m2

D

q⊥
tan−1

%

q⊥
mD

&

4π(q2⊥+m2
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2
+

7

32q3⊥
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2q⊥
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8πq4⊥
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8 The dimensionally-regulated integrals (11) have poles in dimensions 2 and 4 but are finite and
unambiguous in dimension 3.
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Photon rates II

f0 (u
µ pµ ) =

1
(2π )3

1
exp[(uµ pµ − µ) /T ] ±1

In-medium hadrons:

q0
d3R
d3q 1+2→3+γ

=
d3p1

2(2π )3E1
d3p2

2(2π )3E2
d3p3

2(2π )3E3
(2π )4 M 2

δ 4(...)∫
f (E1) f (E2) 1± f (E3)⎡⎣ ⎤⎦

2(2π )3

Consider all the reaction and radiative decay channels of combinations of:

{π ,K ,ρ,ω ,K *,a1} With hadronic form factors

Thermal Photons from a hot ensemble of hadrons
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Parameters and form factors are constrained by  
hadronic phenomenology: 
• Masses & strong decay widths 
• Electromagnetic decay widths  
• Photoabsorption data 
• Others: e.g. 

Turbide, Rapp, Gale, PRC (2004) ; S. Turbide, PhD Thesis (2006)

Chiral, Massive Yang-Mills: 
¢ O. Kaymakcalan, S. Rajeev, J. Schechter, PRD 30, 594 (1984) 
¢ Ulf G. Meissner, Phys. Rept. 161, 213 (1988)

a1→π + ρ



Charles Gale 
McGill

¢ All reactions combining light and intermediate mass mesons 
and baryons  

¢        and        bremsstrahlungπKππ

Comparing the rates:

Heffernan, Hohler, Rapp, PRC (2015)

5

10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
10-3
10-2

 0  0.5  1  1.5  2  2.5  3

(1
/2
πp

T
) 

dR
/d

p T
 (

G
eV

-2
 fm

-4
)

pT (GeV)

Solid line:
QGP LO
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FIG. 3. Ideal QGP and hadronic photon rate near the cross-
over region.

validity of perturbative QCD calculation of prompt pho-
tons, additional measurements will also help constrain
uncertainties due to the photon fragmentation function,
which are significant in the soft domains of perturbative
QCD calculation of prompt photons [50]. Without direct
measurements, those uncertainties will likely persist.

B. Thermal photons

The “thermal photons” are those photons result-
ing from the interaction of thermalized medium con-
stituents1. The computation of photon production rates
may be done using thermal field theory techniques, or
using relativistic kinetic theory [51]. Both approaches
have contributed to the compendium of rates used in this
work.

In the partonic sector, photon-production processes
calculated at leading order in the strong coupling con-
stant, gs, have been available for almost 15 years [52].
Those are used here2. At high energies, the charged
particle multiplicity is dominated by mesons. In the
hadronic sector at temperatures comparable to, and
lower than, the crossover temperature, photons originat-
ing from thermal reactions of mesonic origins were calcu-
lated in Ref. [26]. That same work also includes the pho-
tons obtained from taking the ⇢-meson self-energy to zero
invariant mass. This procedure accounts for the baryonic
contributions, be it radiative decays or reactions of the
type ⇡N ! ⇡N�, and NN ! NN�, where N represents
a nucleon. The net rate parametrized in Ref. [26] also

1
The thermalization approximation will be relaxed later.

2
Some recent work has extended this seminal result by going up

next-to-leading order [53]. For values of the strong coupling rel-

evant to the phenomenology considered in the current work, the

net photon rate at NLO is a modest 20% larger than that at LO.

avoids possible double-counting issues between mesonic
and baryonic contributions. Finally, this work includes
also recent estimates of ⇡⇡ bremsstrahlung contributions
[27], and of the reactions ⇡⇢ ! !�, ⇡! ! ⇢�, and
⇡! ! ⇢⇡ [28], absent from Ref. [26]. It is instructive
to compare rates, prior to integrating them with a dy-
namical four-volume evolution. This is done in Fig. 3.
The figure shows the LO partonic rates of Ref. [52] (solid
lines) compared with the hadronic rates of Refs. [26–28]
(dashed lines) for a range of temperatures in the cross-
over region.

C. Non-cocktail hadronic decay photons

As the strongly-interacting fluid hadronizes, it trans-
forms into hadrons which will interact. When those in-
teractions cease, the momentum distributions are frozen
and the particles free-stream out to the experimental de-
tectors. The longer-lived hadrons will contribute signif-
icantly to the photon signal and therefore have to be
included. Collectively, they are dubbed “the cocktail”
and are (for ALICE) ⇡0, ⌘, ⇢,!, ⌘0,�; the relevant photon-
producing decays are subtracted from the measured in-
clusive signal [54], to expose a combination of thermal
photons and prompt photons. There are however other,
shorter-lived, states which decay with a photonic com-
ponent in the final states [55]. This work includes all
of the ones with a mass M < 1.7 GeV. The di↵erential
cross section of the decay photons can then be calculated,
knowing the relevant branching ratio. After including all
of these, together with the decays considered in Ref. [56],
the most important channels were found to be ⌃ ! ⇤�,
f1(1285) ! ⇢0�, and K⇤(982) ! K�. All contributions
are however included, for completeness.

IV. CORRECTING THE PHOTON EMISSION
RATES FOR VISCOSITY

As mentioned earlier, it is an established fact that the
bulk dynamics of strongly interacting matter is sensitive
to the value of shear and bulk viscosities, two of the trans-
port coe�cients of QCD. Switching to a corpuscular de-
scription, and considering separately the reactions that,
together, define the fluid enables a channel-by-channel
viscous correction of the photon emission rates. The pho-
ton production rate, R� , admits a kinetic theory formu-
lation. For 2 ! 2 scattering (1 + 2 ! 3 + �) it is [51]

!
d3R�

d3k
=

1

2(2⇡)3

Z
d3p1

2P 0
1 (2⇡)

3

d3p2
2P 0

2 (2⇡)
3

d3p3
2P 0

3 (2⇡)
3

⇥(2⇡)4�4(P1 + P2 � P3 �K)|M|2fB/F (P1)fB/F (P2)

⇥
�
1 + �B/F fB/F (P3)

�
, (9)

where |M|2 is the squared matrix element corresponding
to the 2 ! 2 scattering, fB/F is the particle momentum
distribution for bosons (�B = 1) or fermions (�F = �1),

Then:

J.-F. Paquet et al., PRC (2016)
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¢ All reactions combining light and intermediate mass mesons 
and baryons  

¢        and        bremsstrahlungπKππ

Comparing the rates:

Heffernan, Hohler, Rapp, PRC (2015)
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FIG. 3. Ideal QGP and hadronic photon rate near the cross-
over region.

validity of perturbative QCD calculation of prompt pho-
tons, additional measurements will also help constrain
uncertainties due to the photon fragmentation function,
which are significant in the soft domains of perturbative
QCD calculation of prompt photons [50]. Without direct
measurements, those uncertainties will likely persist.

B. Thermal photons

The “thermal photons” are those photons result-
ing from the interaction of thermalized medium con-
stituents1. The computation of photon production rates
may be done using thermal field theory techniques, or
using relativistic kinetic theory [51]. Both approaches
have contributed to the compendium of rates used in this
work.

In the partonic sector, photon-production processes
calculated at leading order in the strong coupling con-
stant, gs, have been available for almost 15 years [52].
Those are used here2. At high energies, the charged
particle multiplicity is dominated by mesons. In the
hadronic sector at temperatures comparable to, and
lower than, the crossover temperature, photons originat-
ing from thermal reactions of mesonic origins were calcu-
lated in Ref. [26]. That same work also includes the pho-
tons obtained from taking the ⇢-meson self-energy to zero
invariant mass. This procedure accounts for the baryonic
contributions, be it radiative decays or reactions of the
type ⇡N ! ⇡N�, and NN ! NN�, where N represents
a nucleon. The net rate parametrized in Ref. [26] also

1
The thermalization approximation will be relaxed later.

2
Some recent work has extended this seminal result by going up

next-to-leading order [53]. For values of the strong coupling rel-

evant to the phenomenology considered in the current work, the

net photon rate at NLO is a modest 20% larger than that at LO.

avoids possible double-counting issues between mesonic
and baryonic contributions. Finally, this work includes
also recent estimates of ⇡⇡ bremsstrahlung contributions
[27], and of the reactions ⇡⇢ ! !�, ⇡! ! ⇢�, and
⇡! ! ⇢⇡ [28], absent from Ref. [26]. It is instructive
to compare rates, prior to integrating them with a dy-
namical four-volume evolution. This is done in Fig. 3.
The figure shows the LO partonic rates of Ref. [52] (solid
lines) compared with the hadronic rates of Refs. [26–28]
(dashed lines) for a range of temperatures in the cross-
over region.

C. Non-cocktail hadronic decay photons

As the strongly-interacting fluid hadronizes, it trans-
forms into hadrons which will interact. When those in-
teractions cease, the momentum distributions are frozen
and the particles free-stream out to the experimental de-
tectors. The longer-lived hadrons will contribute signif-
icantly to the photon signal and therefore have to be
included. Collectively, they are dubbed “the cocktail”
and are (for ALICE) ⇡0, ⌘, ⇢,!, ⌘0,�; the relevant photon-
producing decays are subtracted from the measured in-
clusive signal [54], to expose a combination of thermal
photons and prompt photons. There are however other,
shorter-lived, states which decay with a photonic com-
ponent in the final states [55]. This work includes all
of the ones with a mass M < 1.7 GeV. The di↵erential
cross section of the decay photons can then be calculated,
knowing the relevant branching ratio. After including all
of these, together with the decays considered in Ref. [56],
the most important channels were found to be ⌃ ! ⇤�,
f1(1285) ! ⇢0�, and K⇤(982) ! K�. All contributions
are however included, for completeness.

IV. CORRECTING THE PHOTON EMISSION
RATES FOR VISCOSITY

As mentioned earlier, it is an established fact that the
bulk dynamics of strongly interacting matter is sensitive
to the value of shear and bulk viscosities, two of the trans-
port coe�cients of QCD. Switching to a corpuscular de-
scription, and considering separately the reactions that,
together, define the fluid enables a channel-by-channel
viscous correction of the photon emission rates. The pho-
ton production rate, R� , admits a kinetic theory formu-
lation. For 2 ! 2 scattering (1 + 2 ! 3 + �) it is [51]

!
d3R�

d3k
=

1

2(2⇡)3

Z
d3p1

2P 0
1 (2⇡)

3

d3p2
2P 0

2 (2⇡)
3

d3p3
2P 0

3 (2⇡)
3

⇥(2⇡)4�4(P1 + P2 � P3 �K)|M|2fB/F (P1)fB/F (P2)

⇥
�
1 + �B/F fB/F (P3)

�
, (9)

where |M|2 is the squared matrix element corresponding
to the 2 ! 2 scattering, fB/F is the particle momentum
distribution for bosons (�B = 1) or fermions (�F = �1),

Then:

Viscosity??

J.-F. Paquet et al., PRC (2016)
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Rate/viscous 
correction Ideal I+Shear I+S+Bulk

QGP: 2->2 AMY (2001) Shen et al., PRC 
(2015)

• Paquet et al., PRC 
(2016) 

• Hauksson, Jeon, 
Gale (2017)

QGP: LPM-
Brem. AMY (2001) Hauksson, Jeon, Gale 

(2017)

Hadronic: 
Meson 

reactions

• Turbide et al. , PRC 
(2004) 

• van Hees et al., 
PRC (2011)

• Dion et al., PRC 
(2011) 

• Paquet et al., PRC 
(2016)

Paquet etal., PRC 
(2016)

Hadronic: 
Meson-Meson 

Brem.

• Liu et al., NPA 
(2007) 

• Linnyk et al., PRC 
(2015)

Hadronic: 
Baryons

• Rapp et al., ANP 
(2000) 

• Turbide et al., PRC 
(2004) 

• Paquet et al., PRC 
(2016)

Where we are with “viscous photon” rates (no NLO): 

Some boxes are (still) empty

(An incomplete reference list)
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f0 (u
µ pµ ) =

1
(2π )3

1
exp[(uµ pµ − µ) /T ]±1

In-medium hadrons:

q0
d 3R
d 3q

=
d 3p1

2(2π )3E1

d 3p2
2(2π )3E2

d 3p3
2(2π )3E3

(2π )4 M 2 δ 4 (...)∫
f (E1) f (E2 ) 1± f (E3)[ ]

2(2π )3

f → f0 +δ f , δ f = f0 (1± (2π )
3 f0 )p

α pβπαβ
1

2(ε + P)T 2

¢Recalculate all the rates 
¢Integrate rates with viscous hydro

M. Dion, MSc thesis (2011), Dion et al., PRC (2011);  
Shen et al., PRC (2014), Paquet et al., (2016)

Calculating with a system out of equilibrium

Photons:
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“Viscous photons”
Can’t directly compare rates with and without viscous corrections

f → f0 +δ f , δ f = f0 (1± (2π )
3 f0 )p

α pβπαβ
1

2(ε + P)T 2

Dion et al., PRC (2011) 

Shen et al., PRC (2015) 

Au+Au (RHIC)

Pb+Pb (LHC, 2.76TeV/A)

Shear

Vujanovic et al., PRC (2015) 
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Bulk

“Viscous photons” (II)

δ fi = −
Π

Tζ!
f0i f
!
0i( ) cs

2 − 13
⎛
⎝⎜

⎞
⎠⎟
Ei +

mi
2

3Ei
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

(Massive hadrons)

ζ̂ = 1
3T d∫

i

N

∑ Kimi
2 gi f0i f0i

! cs
2 − 13

⎛
⎝⎜

⎞
⎠⎟
Ei +

mi
2

2Ei
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥Paquet et al., PRC (2011) 

Czajka et al., PRC (2018)

J-.F. Paquet, PhD thesis (2015)
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UPDATE: YIELDS & FLOW

Paquet, Shen, McDonald, Jeon, Gale, in preparation
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FIG. 5. The result of a hydrodynamic calculation of direct
photon spectra, for Au - Au collisions at RHIC, in minimum
bias centrality range. The data are from Refs. [11, 71].

sources considered in this work (Section III). One ob-
serves that the calculation, with the contributions enu-
merated in the text, and the experimental tend to con-
verge for values of pT & 2.5 GeV. There, the calcula-
tion almost entirely consists of the pQCD component.
For intermediate transverse momenta (as defined by this
figure, pT ⇡ 1.5 GeV), the calculation underestimates
the PHENIX data central points roughly by a factor
of 3. Agreement of the calculations with the preliminary
STAR data (Fig. 5) is considerably better, well within
systematic uncertainties.

In the low pT region, calculation and data are reunited
again, but bear in mind the strong caveats regarding the
trustworthiness of the pQCD calculations at such low
transverse momenta. As supported by a direct compari-
son with pp photon data, the prompt photon curve shown
in Figs. 4 and 5 should hold down to pT ⇡ 1 GeV. While
one does not expect a sudden breakdown of the formalism
used here, it does becomes less predictive as the photon
momentum goes down. The theoretical interpretations
of photon production in nucleus-nucleus collisions would
rest on much firmer ground if a fundamental measure-
ment of soft photons from pp collisions, extending to val-
ues of transverse momenta compared to those in Figs. 4
and 5 existed. Such a measurement, while challenging,
would provide a valuable baseline for phenomenological
modelling, and would further our understanding of QCD
in its strongly coupled regime.

Figure 6 shows the calculated photon elliptic flow, com-
pared with data measured by the PHENIX collaboration.
The photon anisotropy was evaluated with Eq. (27). The
elliptic flow shows the now characteristic shape, with the
turnover at pT & 2 GeV driven by the pQCD photons.

FIG. 6. Hydrodynamic calculation of the direct photon v2,
for Au - Au collisions at RHIC, in the 0 - 20 % (top panel)
and 20 - 40% (bottom panel) centrality range . The data are
from Ref. [12].

As was the case for the photon spectra the calculation of
the photon elliptic flow systematically undershoots the
central data points. However, and this also holds for
the spectra, taking into account the statistical and sys-
tematic uncertainties greatly reduces the tension between
theory and experiment. Thermal photons, represented by
the dashed curves, are shown separately to highlight that
the thermal contribution does exhibit a large v2, but that
this momentum anisotropy is then suppressed by prompt
photons.
As can be expected from their small contribution to

the direct photon spectra (Fig. 4), non-cocktail photons
do not contribute significantly to the direct v2. They are
not shown in Figure 6.

B. LHC

The direct photon spectrum and v2 in Pb-Pb colli-
sions at

p
sNN = 2760 GeV are presented in Figs. 7 and

STAR arXiv:1607.01447
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FIG. 5. The result of a hydrodynamic calculation of direct
photon spectra, for Au - Au collisions at RHIC, in minimum
bias centrality range. The data are from Refs. [11, 71].

sources considered in this work (Section III). One ob-
serves that the calculation, with the contributions enu-
merated in the text, and the experimental tend to con-
verge for values of pT & 2.5 GeV. There, the calcula-
tion almost entirely consists of the pQCD component.
For intermediate transverse momenta (as defined by this
figure, pT ⇡ 1.5 GeV), the calculation underestimates
the PHENIX data central points roughly by a factor
of 3. Agreement of the calculations with the preliminary
STAR data (Fig. 5) is considerably better, well within
systematic uncertainties.

In the low pT region, calculation and data are reunited
again, but bear in mind the strong caveats regarding the
trustworthiness of the pQCD calculations at such low
transverse momenta. As supported by a direct compari-
son with pp photon data, the prompt photon curve shown
in Figs. 4 and 5 should hold down to pT ⇡ 1 GeV. While
one does not expect a sudden breakdown of the formalism
used here, it does becomes less predictive as the photon
momentum goes down. The theoretical interpretations
of photon production in nucleus-nucleus collisions would
rest on much firmer ground if a fundamental measure-
ment of soft photons from pp collisions, extending to val-
ues of transverse momenta compared to those in Figs. 4
and 5 existed. Such a measurement, while challenging,
would provide a valuable baseline for phenomenological
modelling, and would further our understanding of QCD
in its strongly coupled regime.

Figure 6 shows the calculated photon elliptic flow, com-
pared with data measured by the PHENIX collaboration.
The photon anisotropy was evaluated with Eq. (27). The
elliptic flow shows the now characteristic shape, with the
turnover at pT & 2 GeV driven by the pQCD photons.

FIG. 6. Hydrodynamic calculation of the direct photon v2,
for Au - Au collisions at RHIC, in the 0 - 20 % (top panel)
and 20 - 40% (bottom panel) centrality range . The data are
from Ref. [12].

As was the case for the photon spectra the calculation of
the photon elliptic flow systematically undershoots the
central data points. However, and this also holds for
the spectra, taking into account the statistical and sys-
tematic uncertainties greatly reduces the tension between
theory and experiment. Thermal photons, represented by
the dashed curves, are shown separately to highlight that
the thermal contribution does exhibit a large v2, but that
this momentum anisotropy is then suppressed by prompt
photons.
As can be expected from their small contribution to

the direct photon spectra (Fig. 4), non-cocktail photons
do not contribute significantly to the direct v2. They are
not shown in Figure 6.

B. LHC

The direct photon spectrum and v2 in Pb-Pb colli-
sions at

p
sNN = 2760 GeV are presented in Figs. 7 and
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ANALYZING THE YIELDS AND FLOW

Reminder:

¢ No jet-medium photons

¢ No in-medium jet fragmentation photons

¢ A consistent treatment of viscous effects 

on LPM photons is missing (see later)

¢ Photons from final hadronic stage [See A. 

Schaefer’s talk]

Applications:

¢ Photon tomography: Temperature/early-

time dynamics
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PHSD

W. Cassing’s talk

¢ The contribution of 
equilibrium vs. non-
equilibrium stages?


¢ Fugacities 

THE “PRE-HYDRO” PHOTONS?
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THE PRE-HYDRO PHOTONS?

BAMPS

M. Greif’s talk

kµ ∂µ f
i =C2→2 f⎡⎣ ⎤⎦+C

2↔3 f⎡⎣ ⎤⎦
¢ Compton,

¢ Brem/LPM (added)

qq

Pre-hydro radiation: intriguing results



Charles Gale 
McGill

ω d 3R
d 3k

= i
2(2π )3

(Π12 )
µ
µ

8

4. Hard contribution

The hard contribution to the photon emission rate can be computed by writing down all two-loop diagrams with
bare propagators (13) that contribute to the photon self energy, and computing its imaginary part by applying the
finite temperature cutting rules [20]. One finds formally the same expression as in thermal equilibrium [30] but with
anisotropically modified distribution functions:

k
dR

d3k
=

X

channels

Z

p,p0,k0

1

2(2⇡)3
(2⇡)4�(4)(P+P 0

�K�K 0)|M|
2f(P )f(P 0)(1±f(K 0)), (36)

where
R
p is a shorthand notation for 1

(2⇡)3

R d3p
2P 0 (all incoming and outgoing particles are on-shell and massless). Note

that the same expression, with modified matrix elements, is used in the kinetic approach [18] discussed in the following
subsection.

There are two contributing processes, (anti-)quark-gluon Compton scattering q+g ! q+�, q̄+g ! q̄+�, and quark-
antiquark annihilation q+q̄ ! �+g (see Fig. 3). For Compton scattering |M|

2
/ �

s
t �

t
s while for pair annihilation

|M|
2
/

u
t . We treat the phase space integrals as done in [1], handling the three infrared divergent t-channel diagrams

in Fig. 3 together and the finite s-channel diagram separately. In the t-channel part the change of variables Q = P�K
facilitates implementation of the phase space cut q > qcut to excise the infrared divergence in a manner that perfectly
complements the calculation of the soft contribution in the preceding subsection [30]. No such cut is needed for the
s-channel diagram.

Q

P

P’

K

K’

P

Q

P’

K

K’

P

P’

Q

K

K’

P

P’

Q

K

K’

FIG. 3: Compton scattering and pair annihilation. Compton scattering can involve gluons scattering o↵ quarks (shown) or
antiquarks (not shown).

The details of the calculation are presented in Appendix A. The final expression for the viscous correction to the
photon production rate is very similar to the corresponding ideal rate in [1], in the sense that it is a multidimensional
integral over the same variables and with the same kinematic limits, but with a modified integrand.

One should note that strictly speaking this calculation is only valid for internal quark momenta q⇠O(T )� gsT
[29–31] whereas the soft part, Eqs. (34) and (35), is valid only for q⇠O(gsT )⌧T . In Sec. III A we will explore to
what extent there exists a “window of insensitivity” gsT ⌧ qcut ⌧T where both approximations are simultaneously
valid and can be matched to each other without strong dependence on the cuto↵ qcut.

C. Kinetic Approach

Photon emission rates for 2 ! 2 scattering processes can also be calculated in the kinetic approach sketched in
Eq. (5), involving a sum of terms corresponding to the Compton scattering and pair annihilation channels shown
in Fig. 3. In the equilibrated case this was shown to be equivalent to the diagrammatic approach up to subleading
corrections in gs [20, 30, 31]. (In fact, the equivalence can be extended to the full leading-order rate by suitably
modifying the structure of the collision term in the kinetic description [32].) In Compton scattering and pair annihila-
tion, logarithmic infrared divergences will be generated in the t and u channels if one uses scattering matrix elements

2→ 2 Schenke, Strickland, PRD (2007)

Shen et al., PRC (2015)

4

in translationally invariant systems. This last equation
says that the decay width of a quasi-particle is the dif-
ference of the annihilation and creation rate.

For scalar particles we can go further and derive a more
intuitive expression for Drr. In translationally invariant
systems Eq. (11) and (12) give that

Dret �Dadv = 2 (Im⇧ret)DretDadv. (23)

Thus we see that

Drr =


1

2
+

⇧<

2iIm⇧ret

�
(Dret �Dadv) . (24)

This equation has a striking resemblance with the rr
propagator in equilibrium, Eq. (6). Indeed ⇧</2iIm⇧ret

reduces to the Bose-Einstein distribution by using the
KMS relation for self-energies. In non-equilibrium sys-
tems ⇧</2iIm⇧ret is in general not the same as the bare
momentum distribution f(p). It can be viewed as a re-
summed occupation density. We emphasize that we have
only derived Eq. (24) for scalar particles since we needed
to invert the order of propagators. In the next two sec-
tions we will derive a similar relation for soft gluons and
hard quarks and evaluate the resummed occupation den-
sity explicitly.

III. THE rr PROPAGATOR OF SOFT GLUONS

The photon production rate is given by the 12 compo-
nent of the photon polarization tensor

k
dR

d3k
=

i

2(2⇡)3
(⇧�

12)
µ
µ , (25)

where k is the photon momentum and ⇧�
12 is one com-

ponent of the photon polarization tensor. This equation
is valid in non-equilibrium systems as has been shown in
[28].

The diagram corresponding to bremsstrahlung and
quark-antiquark pair annihilation is in Fig. 3. Due to
the LPM e↵ect the quarks can have arbitrarily many
gluon exchanges, see Fig. 4. We will now briefly ex-
plain why these diagrams contribute at leading order for
a medium in thermal equilibrium, see [18, 29] for further
details. The quarks are hard, P ⇠ T , and nearly on shell,
P 2

⇠ g2T 2, where T is the temperature and g ⌧ 1 is the
strong coupling constant. The photon is emitted with an
angle ✓ ⇠ g relative to the quark momentum. Finally,
the exchanged gluons are soft, Q ⇠ gT , forcing us to use
resummed propagators.

We analyze the diagram in Fig. 3. In thermal equilib-
rium the rr propagator for soft gluons is

Grr(Q) =

✓
1

2
+ fB(q

0)

◆
[Gret �Gadv] ⇠

1

g3T 2
(26)

where fB(q0) ⇠ T/q0 ⇠ 1/g and the retarded gluon prop-
agator is Gret ⇠ 1/g2T 2. Furthermore, each pair of quark

K

P +K

P

Q

FIG. 3. Definition of momenta in the argument for
bremsstrahlung and pair annihilation contribution at leading
order.

FIG. 4. The diagrams for the LPM e↵ect.

propagators gives pinching poles of order 1/g2. This can
be seen more easily for bare scalars for which
Z

dp0 Dar(K + P )Dra(P )

=

Z
dp0

1

[(p0 + i✏)2 � p2] [(p0 + k � i✏)2 � |p+ k|2]

⇠
1

T 2
⇥

1

p+ k � |p+ k|
⇠

1

g2T 3

(27)

where we did a contour integration and used that p̂ · k̂ =
1 � O(g2). In real calculations one must use resummed
fermion propagators since their self-energy is O(g2). Fi-
nally each gluon vertex contributes a factor g and each
photon vertex contributes a factor e as well as a factor
g because of kinematics [18]. Including a g3 phase space
suppression because q is soft and a g2 suppression be-
cause p is collinear with k one sees that the diagram is
of order g2e2. A similar analysis shows that Fig. 4 is also
leading order.
The above argument relied mostly on kinematics and is

therefore equally valid in non-equilibrium systems. Nev-
ertheless, it assumed thermal equilibrium in two crucial
places. Firstly, the authors of [18] used a KMS condi-
tion for four-point functions to show that only Sra and
Sar contribute to the pinching poles. We provide a more
general argument in the next two sections. Secondly, Eq.
(26) for the rr propagator was derived using the KMS
condition.

In general the retarded self-energy for soft gluons is
[21, 30]

⇧µ⌫
ret(Q) = �2g2

R d3p
(2⇡)3

1
2p

⇣
@ftot(p)
@P!

⌘

⇥

h
�Pµg!⌫ + Q!PµP ⌫

P ·Q+i✏

i
. (28)

where

ftot = 2Nffq + 2Ncfg. (29)

Calculating photon rates complete at LO, for a 
system out of equilibrium (I)

Landau-Pomeranchuk-Migdal

c.f. Majumder, Gale PRC 2002
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Calculating photon rates complete at LO, for a 
system out of equilibrium (II)
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the Levi-Civita tensor. The imaginary part of the self
energy still has the same sign for both helicities. Thus
we can write

Sret =
i /P

P 2 �m2
1 + i�p0

. (50)

at leading order where m2
1 is given by Eq. (40). We

have used that (P � ⌃)2 ⇡ P 2
� 2P · ⌃. We see that

the pseudovector component, and therefore ImGrr, does
not contribute when considering on-shell particles which
simplifies the calculations considerably.

We can finally derive Srr in Eq. (39). A similar argu-
ment as for ⌃ret shows that

P · ⌃<(P ) = 4⇡ig2CF

⇥
fq(p)✓(p

0) + (fq(p)� 1)✓(�p0)
⇤

⇥ PµP⌫

Z gT d4Q

(2⇡)4
ReGµ⌫

rr (Q) �(2P ·Q).

(51)

The quark momentum distribution comes from S0
12 and

we have used that G12 ⇡ Grr for soft gluons. Since

/P /⌃< /P = �P 2 /⌃< + 2P · ⌃< /P ⇡ 2P · ⌃< /P (52)

one can easily show that at leading order

Srr(P ) =
1

2
(Sret � Sadv) + Sret (�i⌃<)Sadv

⇡

✓
1

2
� F (P )

◆
(Sret � Sadv) .

(53)

where

F (P ) := �
P · ⌃<

2iP · Im⌃ret
= fq(p) ✓(p

0)+(1�fq(p)) ✓(�p0).

(54)
All dependence on Grr cancels out in F .

Comparing with the expression for Srr in equilibrium
we see that F should be interpreted as a resummed oc-
cupation density. Its form makes perfect sense. In the
Boltzmann equation incoming particles have p0 > 0 and
outgoing particles have p0 < 0. Thus F is just the bare
momentum distribution with Pauli blocking for outgoing
quarks. This function reduces to the Fermi-Dirac dis-
tribution fF (p0) in equilbrium as can be seen by using
1 � fF (�x) = fF (x) and noting that when going from
equilibrium to non-equilibrium systems one makes the
identification fF (|p0|) $ fq(p).

V. THE LPM EFFECT IN A
NON-EQUILIBRIUM PLASMA

We now have all the ingredients to evaluate the LPM
e↵ect in an out-of-equilibrium quark-gluon plasma, and
to compute the photon production rate in Eq. (25). The
photon sources are connected to a quark and an anti-
quark so we need to evaluate the four-point function

S1122(x1, x2; y1, y2) = hTC
�
 1(x1) 1(x2) 2(y1) 2(y2)

 
i.

(55)

m k

n l
x1

x2

y2

y1

(a)

1 2

1 2
P

K + P

P

K + P

(b)

FIG. 7. Definition of the four-point function
Snmkl(x1, x2; y1, y2) in position space. n, m, k, l are
either 1 or 2. Also shown is the diagram we need to evaluate,
i.e. S1122 in momentum space.

See Fig. 7, top diagram, for the corresponding contribu-
tion. When going to momentum space we can approxi-
mate the momentum in the quark or the antiquark rail as
constant because it only changes through the exchange
of soft gluons. The relevant diagram is the bottom one
in Fig. 7 where K is the photon momentum and P is the
loop momentum.

A. Summing four-point functions without the
KMS condition

Up until now our analysis has been in the r/a basis
which enables power counting of the complicated dia-
grams. We must evaluate S1122 using the expression

S1122 = Srrrr +
1

2
(Sarrr + Srarr � Srrar � Srrra)

+
1

4
(Saarr � Sarar � Sarra � Sraar � Srara + Srraa)

+
1

8

✓
Sraaa + Saraa � Saara � Saaar +

1

2
Saaaa

◆
.

(56)

This task might look overwhelming. Each four-point
function on the right hand side is a sum of infinitely many
diagrams with a di↵erent number of gluon rungs. They
need not have any clear pattern in their r/a indices.
In thermal equilibrium the four-point functions have

been related using the KMS condition [34]. Specifically,

S1122 =↵1Saarr + ↵2Saaar + ↵3Saara + ↵4Saraa

+ ↵5Sraaa + ↵6Sarra + ↵7Sarar + c.c.
(57)

where the coe�cients depend on the Fermi-Dirac distri-
bution. As an example ↵1 = fF (p0 + k0)

�
1� fF (p0)

�
.

One can also show that Saarr is the only one of these
four-point functions that contributes at leading order.
Therefore

S1122 = 2fF (p
0 + k0)

�
1� fF (p

0)
�
ReSaarr. (58)
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in translationally invariant systems. This last equation
says that the decay width of a quasi-particle is the dif-
ference of the annihilation and creation rate.

For scalar particles we can go further and derive a more
intuitive expression for Drr. In translationally invariant
systems Eq. (11) and (12) give that

Dret �Dadv = 2 (Im⇧ret)DretDadv. (23)

Thus we see that

Drr =


1

2
+

⇧<

2iIm⇧ret

�
(Dret �Dadv) . (24)

This equation has a striking resemblance with the rr
propagator in equilibrium, Eq. (6). Indeed ⇧</2iIm⇧ret

reduces to the Bose-Einstein distribution by using the
KMS relation for self-energies. In non-equilibrium sys-
tems ⇧</2iIm⇧ret is in general not the same as the bare
momentum distribution f(p). It can be viewed as a re-
summed occupation density. We emphasize that we have
only derived Eq. (24) for scalar particles since we needed
to invert the order of propagators. In the next two sec-
tions we will derive a similar relation for soft gluons and
hard quarks and evaluate the resummed occupation den-
sity explicitly.

III. THE rr PROPAGATOR OF SOFT GLUONS

The photon production rate is given by the 12 compo-
nent of the photon polarization tensor

k
dR

d3k
=

i

2(2⇡)3
(⇧�

12)
µ
µ , (25)

where k is the photon momentum and ⇧�
12 is one com-

ponent of the photon polarization tensor. This equation
is valid in non-equilibrium systems as has been shown in
[28].

The diagram corresponding to bremsstrahlung and
quark-antiquark pair annihilation is in Fig. 3. Due to
the LPM e↵ect the quarks can have arbitrarily many
gluon exchanges, see Fig. 4. We will now briefly ex-
plain why these diagrams contribute at leading order for
a medium in thermal equilibrium, see [18, 29] for further
details. The quarks are hard, P ⇠ T , and nearly on shell,
P 2

⇠ g2T 2, where T is the temperature and g ⌧ 1 is the
strong coupling constant. The photon is emitted with an
angle ✓ ⇠ g relative to the quark momentum. Finally,
the exchanged gluons are soft, Q ⇠ gT , forcing us to use
resummed propagators.

We analyze the diagram in Fig. 3. In thermal equilib-
rium the rr propagator for soft gluons is

Grr(Q) =

✓
1

2
+ fB(q

0)

◆
[Gret �Gadv] ⇠

1

g3T 2
(26)

where fB(q0) ⇠ T/q0 ⇠ 1/g and the retarded gluon prop-
agator is Gret ⇠ 1/g2T 2. Furthermore, each pair of quark

K

P +K

P

Q

FIG. 3. Definition of momenta in the argument for
bremsstrahlung and pair annihilation contribution at leading
order.

FIG. 4. The diagrams for the LPM e↵ect.

propagators gives pinching poles of order 1/g2. This can
be seen more easily for bare scalars for which
Z

dp0 Dar(K + P )Dra(P )

=

Z
dp0

1

[(p0 + i✏)2 � p2] [(p0 + k � i✏)2 � |p+ k|2]

⇠
1

T 2
⇥

1

p+ k � |p+ k|
⇠

1

g2T 3

(27)

where we did a contour integration and used that p̂ · k̂ =
1 � O(g2). In real calculations one must use resummed
fermion propagators since their self-energy is O(g2). Fi-
nally each gluon vertex contributes a factor g and each
photon vertex contributes a factor e as well as a factor
g because of kinematics [18]. Including a g3 phase space
suppression because q is soft and a g2 suppression be-
cause p is collinear with k one sees that the diagram is
of order g2e2. A similar analysis shows that Fig. 4 is also
leading order.
The above argument relied mostly on kinematics and is

therefore equally valid in non-equilibrium systems. Nev-
ertheless, it assumed thermal equilibrium in two crucial
places. Firstly, the authors of [18] used a KMS condi-
tion for four-point functions to show that only Sra and
Sar contribute to the pinching poles. We provide a more
general argument in the next two sections. Secondly, Eq.
(26) for the rr propagator was derived using the KMS
condition.

In general the retarded self-energy for soft gluons is
[21, 30]

⇧µ⌫
ret(Q) = �2g2

R d3p
(2⇡)3

1
2p

⇣
@ftot(p)
@P!

⌘

⇥

h
�Pµg!⌫ + Q!PµP ⌫

P ·Q+i✏

i
. (28)

where

ftot = 2Nffq + 2Ncfg. (29)

→ Multiple insertions of 
4-point functions

Using the r/a basis φr =
1
2
(φ1+φ2 ), φa = φ1 −φ2,

One can derive expression for hard quark and soft gluon 
propagators, to leading order, and construct the self-energy

12

a r

a r

=

a r

a r

+

a r a r

a r a r

+

a r a r a r

a r a r a r

+ . . .

FIG. 18. (Color online) Leading order diagrams contributing to Saarr.

+ + + . . .

=

FIG. 19. (Color online) The LPM diagrams that contribute
at leading order to the photon polarization tensor ⇧�

12. Red
propagators are Sar and blue propagators are Sra.

= +

FIG. 20. (Color online) Procedure for summing up the dia-
grams in Fig. 19.

of ef without the Pauli matrix. The new factors in pz and
k come from summing over the physical polarization of
the photon [18]. Furthermore Q is defined by

Q2e2 =
X

flavour

q2 (79)

where we sum over the di↵erent flavours of light quarks.
As explained above, F is the momentum distribution of

D =

I =

M =

F =

FIG. 21. (Color online) Definition of the quantities in Eq.
(67).

quarks including Fermi suppression for outgoing quarks,

F (P ) = fq(p)✓(p
0) + (1� fq(p))✓(�p0) (80)

Finally p0 = (�k0 + Ep sgn(pz) + Ep+k sgn(pz + k))/2.
In this expression f satisfies a Boltzmann-like integral

equation

p? = i�E f(p?)+

Z
d2q?
(2⇡)2

C(q?) [f(p?)� f(p? + q?)] .

(81)
Here f(p?; pz,k) is an analog of the density of hard
quarks with transverse momentum p? that emit a pho-
ton with momentum k. The term i�E f works like a
time derivative in momentum space. The integral de-
scribes the change in transverse momentum of the quarks
through the exchange of soft gluons with the medium.
The gain term comes from the gluon rungs while the loss
term comes from the quark decay width.

VI. THE LPM EFFECT IN AN ISOTROPIC
PLASMA

In an isotropic plasma, f(p) = f(p), one gets a simple
expression for the collision kernel C(q?). This special
case is relevant for the bulk viscous correction to photon
production.
The only available tensors are the momentum Qµ, the

flow velocity of the plasma uµ and the metric tensor gµ⌫ .
Furthermore, all components of the HTL gluon polariza-
tion tensor satisfy a Ward identity,

Qµ⇧
µ⌫ = 0. (82)

Thus one can write

⇧µ⌫ = ⇧TP
µ⌫
T +⇧LP

µ⌫
L . (83)

for any of the components with PT and PL the transversal
and longitudinal projection operators defined in [32]. The
Dyson equation for Gret then gives

Gret(Q) =
�iQµQ⌫

Q2Q2
+

iPT

Q2 �⇧T
+

iPL

Q2 �⇧L
(84)

where we work in Feynman gauge and ⇧T and ⇧L refer
to the retarded polarization tensor.
To get Grr one uses Eq. (19) and Gadv = �G⇤

ret. An
easy calculation shows that

Grr =


1

2
�

⇧<
T

2iIm⇧T
PT �

⇧<
L

2iIm⇧L
PL

�
(Gret �Gadv) .

(85)
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FIG. 19. (Color online) The LPM diagrams that contribute
at leading order to the photon polarization tensor ⇧�

12. Red
propagators are Sar and blue propagators are Sra.
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FIG. 20. (Color online) Procedure for summing up the dia-
grams in Fig. 19.

of ef without the Pauli matrix. The new factors in pz and
k come from summing over the physical polarization of
the photon [18]. Furthermore Q is defined by

Q2e2 =
X

flavour

q2 (79)

where we sum over the di↵erent flavours of light quarks.
As explained above, F is the momentum distribution of
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FIG. 21. (Color online) Definition of the quantities in Eq.
(67).

quarks including Fermi suppression for outgoing quarks,

F (P ) = fq(p)✓(p
0) + (1� fq(p))✓(�p0) (80)

Finally p0 = (�k0 + Ep sgn(pz) + Ep+k sgn(pz + k))/2.
In this expression f satisfies a Boltzmann-like integral

equation

p? = i�E f(p?)+

Z
d2q?
(2⇡)2

C(q?) [f(p?)� f(p? + q?)] .

(81)
Here f(p?; pz,k) is an analog of the density of hard
quarks with transverse momentum p? that emit a pho-
ton with momentum k. The term i�E f works like a
time derivative in momentum space. The integral de-
scribes the change in transverse momentum of the quarks
through the exchange of soft gluons with the medium.
The gain term comes from the gluon rungs while the loss
term comes from the quark decay width.

VI. THE LPM EFFECT IN AN ISOTROPIC
PLASMA

In an isotropic plasma, f(p) = f(p), one gets a simple
expression for the collision kernel C(q?). This special
case is relevant for the bulk viscous correction to photon
production.
The only available tensors are the momentum Qµ, the

flow velocity of the plasma uµ and the metric tensor gµ⌫ .
Furthermore, all components of the HTL gluon polariza-
tion tensor satisfy a Ward identity,

Qµ⇧
µ⌫ = 0. (82)

Thus one can write

⇧µ⌫ = ⇧TP
µ⌫
T +⇧LP

µ⌫
L . (83)

for any of the components with PT and PL the transversal
and longitudinal projection operators defined in [32]. The
Dyson equation for Gret then gives

Gret(Q) =
�iQµQ⌫

Q2Q2
+

iPT

Q2 �⇧T
+

iPL

Q2 �⇧L
(84)

where we work in Feynman gauge and ⇧T and ⇧L refer
to the retarded polarization tensor.
To get Grr one uses Eq. (19) and Gadv = �G⇤

ret. An
easy calculation shows that

Grr =


1

2
�

⇧<
T

2iIm⇧T
PT �

⇧<
L

2iIm⇧L
PL

�
(Gret �Gadv) .

(85)

Without using the KMS condition G12(Q) = −e−βQ
0

G21(Q)

S1122 (x1, x2;y1, y2 ) = 〈Tc ψ 1(x1)ψ 1(x2 )ψ 2 (y1)ψ 2 (y2 ){ }〉

Hauksson, Jeon, Gale, PRC 2017
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Photons from a medium out of equilibrium

ω dR
d3k

~ ∫p⊥[...]p⊥ ⋅Ref (p⊥ )

Obtain a Boltzmann-like equation:

p⊥ = iδE f(p⊥ )+ q⊥
∫ C(q⊥ )[f(q⊥ )− f(q⊥ +p⊥ )]

¢ Solve numerically for f by a functional expansion

¢ C is a scattering kernel

¢ No reliance on the KMS condition

¢ Perturbative treatment

¢ In the appropriate limit, same result as AMY kinetic theory

¢ Formalism can be applied to jet-medium interaction at finite temperature

¢ …work in progress; more to come…

S. Hauksson’s talk
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(preliminary) Exploration of the phenomenology

Assume f (p)~ feq( p2 +ξ(p⋅n)2 /Λ)

¢ Less interactions with soft 
gluon exchanges


¢ Leads to a path-dependent 
photon emission rate: effect 
on photon flow

Grr ~
1

p0 − iΓ
→ 1
p0 − iΓ

(1−eip0teΓt )



Charles Gale 
McGill

Photons from lower energy heavy-ion collisions?

RHIC
LHC

~ 154MeV
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Photons from lower energy heavy-ion collisions?

RHIC
LHC

~ 154MeV

Using photons to explore collision 
dynamics at low energies/high baryon 
density
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Photons from lower energy heavy-ion collisions?

RHIC
LHC

~ 154MeV

Using photons to explore collision 
dynamics at low energies/high baryon 
density

J.-F. Paquet et al., in preparation
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Hadronic dynamics at lower energies

Shen and Schenke, 1710.00881

Dynamical initialization 
Algorithm:

¢ Each pair of colliding nucleons is identified

¢ A string connects them

¢ The string ends are decelerated through some 

(phenomenological) algorithm

¢ The deceleration dictates the energy assigned 

to the string profile

¢ The energy is fed into the hydro source term

¢ The baryon density associated with the string 

ends is fed into the baryonic density
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Hadronic dynamics at lower energies

Shen and Schenke, 1710.00881

¢ Dynamical initial state

¢ 3D hydro with baryon current

¢ Finite baryon density EOS

∂µT
µν = Sν

∂µ JB
µ = ρB

Denicol et al., 1804.10557



Charles Gale 
McGill

The dynamics of gradual energy deposition

C. Shen’s talk

¢ Suppression of the early-
time/high-pT photons


¢ Enhancement of v2
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Dileptons: Theory-experiment comparison 

¢ At all energies: Important/
dominant contribution from 
vector meson (mostly rho) 
mass broadening


¢ No dilepton flow 
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New development: low pT dileptons
pT <0.15 GeV

¢ Large enhancement over cocktail

¢ Evidence for light-by-light scattering?

Adam et al. [STAR], PRL 2018

Zha et al., PLB (2018)

Zlusek-Gawenda et al., arXiv:1809.07049

R. Rapp’s talk
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Dilepton flow

Vujanovic et al., PRC 2016

τπ
!π µν ~π µν −πNS

µν

¢ Privileged, even unique, access to 
early times and therefore to 
details of the transport 
coefficients!

Au+Au, 20-40%, RHIC
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¢ Agreement between theory and measurement for spectra, 
centrality tracking, and flow 


¢  
< pT > values in agreement within uncertainties

5

FIG. 4. Identified particle averaged transverse momentum (a), and charged hadron anisotropic flow coe�cients (b), compared
to the CMS measurements [3, 4]. Charged hadron vn{2} is integrated from pT = 0.3 to 3.0 GeV. The mapping between
centrality class boundaries and the number of particle tracks, hN trki and No✏ine

trk is taken from Table 1 in Ref. [4].

collision system dNch

d⌘

��
|⌘|<0.5

hpT i(⇡+) (GeV) hpT i(K+) (GeV) hpT i(p) (GeV) vch2 {2} vch3 {2}

0-5% p+Au @ 200 GeV 11.8(1) 0.52(1) 0.72(2) 0.98(3) 0.037(1) 0.0091(3)

0-5% d+Au @ 200 GeV 17.7(1) 0.50(1) 0.70(1) 0.95(2) 0.054(1) 0.0114(4)

0-5% 3He+Au @ 200 GeV 22.9(1) 0.49(1) 0.69(1) 0.93(2) 0.059(1) 0.0116(4)

TABLE I. The global observables of hadronic particle production and their anisotropic flow coe�cients in (p, d, 3He)+Au
collisions at 200 GeV. Statistic errors to the last digit of the numbers are indicated in the parenthesis.

to p+Pb collisions at 5.02 TeV. The elliptic flow coef-
ficients in d+Au and 3He+Au collisions, on the other
hand, are comparable with v2{2} in p+Pb collisions be-
cause of larger initial eccentricities in these systems.

Now, we take a closer look at pT -di↵erential observ-
ables. The charged hadron anisotropic flow coe�cients,
v2,3{SP}(pT ), are compared with experimental measure-
ments in Fig. 5 and Fig. 6 for small collision systems
at RHIC and LHC energies, respectively. At the top
RHIC energy, our hybrid approach with ⌘/s = 0.08
for T > 155 MeV successfully provides a consistent de-
scription of the PHENIX anisotropic flow measurements
in 0-5% p+Au, d+Au, and 3He+Au collisions. Com-
pare with results from pure hydrodynamic simulations
(dashed lines), we find the transport phase in the late
stage increases the high pT charged hadron vn{SP} and
improves the agreement with experimental data. Pre-
diction of pT -di↵erential triangular flow v3{SP}(pT ) in
p+Au and d+Au collisions are shown for future compar-
isons. In Fig. 6, a same level of agreement of charged
hadron v2,3{SP}(pT ) is achieved in the top 2% p+Pb
collisions at 5.02 TeV with an e↵ective ⌘/s = 0.10 for
T > 155 MeV. The mild increase of the e↵ective ⌘/s in
our simulations suggests a small temperature dependence
of ⌘/s(T ) in high temperature regions. We notice that
as the collision system lives longer the role of hadronic
cascade become smaller as the increase of the collision

energy.
In Fig. 7, identified particle spectra are compared with

experimental measurements in 0-20% d+Au collisions at
200 GeV and minimum bias p+Pb collisions at 5.02 TeV.
In 0-20% d+Au collisions, our hybrid calculations pro-
vide a good description of the soft hadron spectra up
to 1.5 GeV. For pT > 1.5 GeV, one would expect the
contributions from recombinations with jet shower par-
tons gradually become important. The agreement with
experimental measured spectra extends to higher pT in
minimum bias p+Pb collisions at 5.02 TeV. This is be-
cause a stronger radial flow is developed which blue shifts
the produced soft hadrons toward higher pT regions.
By comparing hybrid results with pure hydrodynamic

simulations, shown as the dashed lines in Fig. 7, we find
that the spectra of pions and kaons remain almost un-
changed with hadronic cascade. The proton yields in
pT < 0.5 GeV are reduced due to baryon anti-baryon
annihilations in the transport phase. The fact that the
high pT region of proton spectra remains the same sug-
gests the hadronic rescatterings play a minor role in the
dilute gas phase. Hence, the observed increase of the
proton mean hpT i in Fig. 4 is mainly originated from the
baryon anti-baryon annihilation.
Finally, the mass ordering in the identified particle el-

liptic flow is investigated in Fig. 8. Our hydrodynamic
model quantitatively produced the mass splitting be-
tween pion and proton v2{SP}(pT ) measured in 0-5%
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FIG. 5. Charged hadron pT -di↵erential anisotropic flow coe�cients, v2,3{SP}, compared with the PHENIX measurements for
0-5% (p, d, 3He)+Au collisions at 200 GeV [6, 7]. The preliminary elliptic flow data are extracted from J. Nagle’s talk slides
in Quark Matter 2015.

FIG. 6. Charged hadron anisotropic flow v2,3{SP} compared
with the CMS [4] and the ATLAS measurements [5] in 0-2%
p+Pb collisions at 5.02 TeV.

d+Au collisions at 200 GeV and 0-20% p+Pb collisions
at 5.02 TeV. Within hydrodynamic framework, the larger
di↵erence between pion and proton elliptic flow in p+Pb
collisions at 5.02 TeV can be understood as the conse-
quence of a stronger radial flow blue shifts the proton v2
to high pT regions at higher collision energy. By compar-
ing with the results pure hydrodynamic simulations, we
find most of the mass splitting is developed in the hydro-
dynamic phase where temperature is above 155 MeV. It
suggests that a strongly-coupled QGP core in the small
collision systems can be the origin of the mass ordering in
measured identified particle v2. Predictions of pion and
proton elliptic flow coe�cients in p+Au and 3He+Au
collisions are shown in Figs. 8c and 8d for future com-
parisons. The mount of mass splitting is found to be
comparable among the three collisions systems at the top
RHIC energy.

FIG. 7. Identified particle spectra compared with experimen-
tal measurements in 0-20% d+Au collisions at 200 GeV [39]
(a) and minimum bias p+Pb collisions at 5.02 TeV [4] (b).

C. Shen et al., PRL (2016)

Collectivity in small systems?
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Photon results

¢ For minimum bias p+Pb collisions, thermal photons are suppressed 
w.r.t. prompt photons, but are still visible in the total yield


¢ Prompt photons: NLO pQCD

¢ There is however a clear photon elliptic flow, and a photon 

triangular flow

Min. bias
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Photon results

¢ In the 0-20% centrality range, the thermal photons compete with 
the prompt, up to intermediate pT


¢ Larger elliptic and triangular flows

0-20%

Glauber
Glauber-Gribov
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Photon results

¢ In the 0-10% centrality range, the thermal photons compete with 
the prompt, up to intermediate pT


¢ Larger elliptic and triangular flows

0-10%
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Photon results

¢ In the 0-1% centrality range, a clear thermal photon signal over 
the prompt photon contribution; a factor of 3 @ 1.5 GeV


¢ There is a clear photon elliptic flow, and a photon triangular flow

¢ Tdec is kept high: arguably even a lower limit to the thermal 

contributions

0-1%
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Photon results

¢ In the 0-1% centrality range, a clear thermal photon signal over 
the prompt photon contribution


¢ There is a clear photon elliptic flow, and a photon triangular flow

¢ Tdec is kept high: arguably a lower limit to the thermal 

contributions

0-1%
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Comparing against what is currently known, 
and some predictions

¢ Thermal radiation can leave a measurable imprint even on min. bias

¢ An additional empirical support to the existence of a medium with 

features of collectivity

RpPb
γ

C. Shen et al., PRL (2016)
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Comparing against what is currently known, 
and some predictions

¢ Thermal radiation can leave a measurable imprint even on min. bias

¢ An additional empirical support to the existence of a medium with 

features of collectivity

RpPb
γ

C. Shen et al., PRL (2016)
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Shown for the first time at Quark Matter 2018:

24

Small Systems: PHENIX Preliminary RpA

Vladimir Khachatryan, Quark Matter 2018,  Venice

NEW
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Conclusions

¢ Photons (real and virtual) are unique probes

¢Early stages of the reaction, T, viscosities…

¢Parton content (q,g…)


¢ Info about electromagnetic observables inform the 
modelling of bulk matter


¢ Much progress in theory - towards a comprehensive 
theory of photons from out of equilibrium media

¢Application to jets coming


¢ Update on the “photon flow puzzle”

¢ EM radiation: valuable probe of early time dynamics 

in lower energy collisions

¢ Thermal photons in pA collisions?!



Charles Gale 
McGill

Conclusions (cont’nd)

¢ Low pT photons in pp, measurement?

¢ STAR/PHENIX photons

¢ Photon multiplicity scaling [A. Drees’ talk]

¢ Non-equilibrium radiation, new developments

¢ Dilepton flow measurements at RHIC and LHC

¢ Effect of magnetic fields

¢ Jet-photon conversion

¢ …
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Conclusions (cont’nd)

¢ Low pT photons in pp, measurement?

¢ STAR/PHENIX photons

¢ Photon multiplicity scaling [A. Drees’ talk]

¢ Non-equilibrium radiation, new developments

¢ Dilepton flow measurements at RHIC and LHC

¢ Effect of magnetic fields

¢ Jet-photon conversion

¢ …

There is work for all!


