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Action and topological charge

x

R

M

φB
S [φ] =

∫
dt

I

2
(∂tφ)

2 , I = MR2

Q[φ] =
1

2π

∫
dt ∂tφ ∈ Π1[S

1] = Z

Lθ(φ, ∂tφ) =
I

2
(∂tφ)

2 − ℏθ
2π

∂tφ

Angular momentum and Hamilton function
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Vector potential Aφ and magnetic flux B
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Canonical quantization and Hamilton operator
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Moving θ to the wave function by a unitary transformation
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Unitary transformation implements a gauge transformation
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Unit-vector field in (1 + 1)-d
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e⃗x

φ

ϑ

e⃗(x) = (sinϑ cosφ, sinϑ sinφ, cosϑ)

Action, topological charge, and Lagrangian

S [e⃗ ] =
1

2g2

∫
d2x ∂µe⃗ · ∂µe⃗

Q[e⃗ ] =
1

8π

∫
d2x ϵµν e⃗ · (∂µe⃗ × ∂ν e⃗) ∈ Π2[S

2] = Z

Lθ(e⃗, ∂µe⃗ ) =
1

2g2
∂µe⃗ · ∂µe⃗ − θ

8π
ϵµν e⃗ · (∂µe⃗ × ∂ν e⃗)



Lagrangian and conjugate momenta
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Hamilton density
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Canonical quantization and abstract gauge field
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Non-perturbative regularization of the (1 + 1)-d O(3) model

Nearest-neighbor lattice action
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Lattice topological charge
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Oriented area of a spherical triangle
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∈ ]− 2π, 2π]



Time-continuum limit of the topological density
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Lagrangian and conjugate angular momenta
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Hamilton density
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Configuration space (S2)N for a lattice with N sites

e⃗1 e⃗2 e⃗3 e⃗4 e⃗5 e⃗6 e⃗7 e⃗8 e⃗9 e⃗10
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Canonical quantization and Hamilton operator
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Standard angular momentum algebra
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Abstract gauge field in the configuration space (S2)N
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θ
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θ-dependent angular momentum and covariant derivative

ˆ⃗
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Unitary transformation as an abstract gauge transformation
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†
θ

ˆ⃗
Jx

′
= Ûθ
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Abstract gauge field in the configuration space (S2)N
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Abstract field strength
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Local angular momentum algebra at θ ̸= 0

ˆ⃗
Jθx =

ˆ⃗
Jx + e⃗x × A⃗x = −i e⃗x ×

(
∇⃗ex + i A⃗x

)
A⃗x =

θ

4π

(
e⃗x+1

1 + e⃗x · e⃗x+1
− e⃗x−1

1 + e⃗x · e⃗x−1

)
[
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Extension of the algebra and naive “continuum limit”[
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b
θ

]
= iϵabc

(
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Parity

Pe⃗x = ÛP e⃗x Û
†
P = e⃗−x
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As expected, θ explicitly breaks parity.



Charge conjugation

Ce⃗x = ÛC e⃗x Û
†
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†
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Unexpectedly, θ seems not to break charge conjugation. This
is a somewhat subtle issue that still requires clarification.



Conclusions

• In order to understand the nature of topology in asymptotically free
theories including QCD, it is necessary to go beyond semiclassics. This is
possible using the lattice regularization. Lüscher’s geometric topological
charge is particularly well suited for investigations in the Hamiltonian
formulation.

• The vacuum-angle θ enters the Hamilton operator via an abstract
gauge field that turns the canonically conjugate momentum field into a
covariant derivative. As one of the simplest asymptotically free theories,
the (1 + 1)-d O(3) model is appropriate for carrying out explicit
calculations in a transparent manner.

• The algebra of the θ-dependent angular momentum operators of the
O(3) spins is extended in a non-trivial manner. This implies that it is not
unitarily equivalent to the θ = 0 algebra. As a consequence, θ cannot be
rotated completely from the Hamilton operator into the wave functional.

• It will be interesting to extend the analysis to (1 + 1)-d CP(N − 1)

models as well as to (3 + 1)-d non-Abelian gauge theories. Another

interesting (although not asymptotically free) case is the (2 + 1)-d O(3)

model. Then θ multiplies the Hopf number H[e⃗ ] ∈ Π3[S
2] = Z, which

endows the skyrmions with anyon spin and statistics.
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