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• Renormalization UV and IR

Modern physics views renormalization not just as a mathematical trick, but as deep insight into how nature

works across different scales, from UV to nonperturbative IR scales. The foundational framework is the

renormalization group (RG), also known as functional renormalization group (FRG), or nonperturbative

renormalization group

• Effective field theory (EFT)

This reveals that the Universe is not one set of rules, but a layer of different behaviors that emerge at

different energy scales. Exact RG transformations allow for models that reflect the dynamics at the scale

they are representing. At the hadronic scale, for example, we do not see the individual quarks and gluons

anymore. Instead, the effective physics at that scale is just the hadrons held together by the residual strong

force

⋆ Confinement Hallmark

While EFT is a general mathematical framework, confinement is the essential physics that validates the use

of EFTs. It is generally assumed that confinement has already taken place



In this talk I will restrict myself to the pure SU(3) YM theory. I do not expect any conceptual difference as

virtual gluons dominate over quarks. The effective Lagrangian normalized at the point µ is given by

L(µ) =
1

4g2(µ)
G

a
µνG

a
µν + iθ(µ)

1

32π2
G

a
µνG̃

a
µν ,

where L(µ) is obtained by averaging the seed Lagrangian over quantum fluctuations with virtualities

greater than µ. The running of g(µ) and θ(µ) are a central mechanism that ensures physical results

remain independent of the arbitrary scale

In the EFT high-energy fine details get compressed into numbers called Wilson coefficients, which can be

computed in perturbation theory, provided one knows g2(µ), ΛQCD, etc.

The Gradient Flow is the RG transformation of choice. It can be considered as a particular, infinitesimal

realization of the coarse-graining step of momentum space RG transformations à la Wilson, Polchinski and

Wetterich Lüscher
Makino, Morikawa and Suzuki
Carosso, Hasenfratz and Neil

The flowed fields allow for the construction of renormalized composite operators without needing additive

renormalization Lüscher



Gradient flow

The gradient flow evolves the gauge field along the gradient of the action. The flow of SU(3) gauge fields

is defined by

∂ t Bµ(t, x) = DνGµν(t, x) , Gµν = ∂µ Bν − ∂ν Bµ + [Bµ, Bν]

where Dµ is the covariant derivative and Bµ(t = 0, x) = Aµ(x) is the lattice gauge field. The

renormalization scale is set by µ = 1/
√
8t, where

√
8t is the smoothing range over which Bµ is

averaged. The expectation value 〈E(t)〉 of the energy density

E(t, x) =
1

4
G

a
µν(t, x)G

a
µν(t, x)

defines a renormalized coupling

αGF (µ) =
g2
GF (µ)

4π
=

4π

3
t
2〈E(t)〉

∣

∣

t=1/8µ2
∴ µ

∂αGF

∂µ
= βGF (αGF )

in the gradient flow scheme Lüscher, Harlander



Flow to IR (θ = 0)

The gluon condensate

G =
αS

π
〈F a

µνF
a
µν〉 S : scheme

and the topological susceptibility

χt =
〈Q2〉 − 〈Q〉2

V
, Q =

1

32π2

∫

dxG
a
µνG̃

a
µν

are the only fundamental mass parameters of the YM theory. Both, G and χt are scale invariant for t & 0

In the gradient flow scheme arXiv:2509.10658

G =
αGF (µ)

π
〈Ga

µνG
a
µν〉 = 4

αGF (µ)

π
〈E(t)〉 = 192

π2
α

2
GF (µ)µ

4

Scale invariance implies

µ
∂ G

∂ µ
=

384

π2
αGF (µ)

(

2αGF (µ) + β(αGF )
)

µ
4
= 0



This leads to

β(αGF ) = −2αGF ∴ αGF (µ) =
Λ2

GF

µ2

in accord with infrared slavery. The Λ parameter is no longer an arbitrary constant, but is physically related

to the gluon condensate

Λ
2
GF =

π

8

√

G

3

It turns out that the infrared behavior of the running coupling is universal. Under a change of renormalization

scheme

log
ΛS

ΛGF

= −
∫ αS(µ)

αGF (µ)

dα

β(α)

Knowing αGF (µ) and β(α) for small values of µ, this can be solved for αS(µ). Of particular

phenomenological interest is the coupling in the MS scheme

αMS(µ) =
Λ2

MS

µ2

where ΛMS = 0.534ΛGF Lüscher



Numerical verification

Plaquette action Ensemble

S = β
∑

�

(

1− 1

3
ReTr U�

) 164 244 324

# 4000 5000 5000

β = 6.0 a = 0.082 fm

A key quantity is the vacuum energy density 〈E(t)〉
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Finite size scaling→



Gluon Condensate
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cf. Bali, Bauer and Pineda



Running Coupling
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Topological Susceptibility and Polyakov Loop Susceptibility
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Corollary

Effective Action

On a finite lattice, the transformation

U → V = Ut

is invertible, and one can perform a change of integration variables in the path integral from the fundamental

field U to the field V at the scale µ = 1/
√
8t Lüscher

This leads to the effective action

Seff(V ) = S(U) +
16g2

0

3a2

∫ t

0

dt S(Ut) ∴ 〈O〉 = 1

Z

∫

D[V ]O(V ) e
−Seff(V )

It follows that

−a2 ∂

∂t
〈E〉 ≡ −a2

4

∂

∂t
〈Ga

µνG
a
µν〉 =

1

3

∫

d
4
x 〈Ga

µνG
a
µν(0) G

a
µνG

a
µν(x)〉c > 0

which suggests the existence of a Mass Gap A posteriori: 〈E(t)〉 ∝ 1/t ⇒ G = constant



String Tension

At small virtualities only tree-level diagrams are expected to contribute. In the infrared, the static potential

can thus be approximated by

V (q) = −16π

3

αV (q)

q2

where αV (q) is the effective coupling in the V scheme, with Schröder

ΛV = 1.61ΛMS

The Fourier transformation of V (q) to configuration space gives Jezabek, Peter and Sumino

V (r) = − 1

(2π)3

∫

d
3
q e

i qr 16π

3

αV (q)

q2
=

r≫ 1/ΛV

2

3
Λ

2
V r ∴ σ =

2

3
Λ

2
V

√
σ = 0.34(2)GeV



Flow of g2(µ) and θ(µ) jointly to IR EDM

The vacuum energy density broken down by topological charge

244 324

0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25
0.001

0.01

0.1

1

0 0.05 0.1 0.15 0.2 0.25

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

L
2
〈E

(Q
,t
)〉
/8
π
2

t/L2

√

(f(t/L2)2 + (Q/L2)2)



The transformation of 〈E(Q, t)〉 to 〈E(θ, t)〉 is obtained by discrete Fourier transform

〈E(θ, t)〉 = 1

Z(θ)

∑

Q

e
iθQ

P (Q)〈E(Q, t)〉

Z(θ) =
∑

Q

e
iθQ

P (Q)

As a result of finite size scaling, the various curves

are independent of the lattice volume

Conclusion: To secure permanent confinement,

θ(µ) must renormalize to zero in the IR limit

✽ t ❂ ✷�✁ ❢✂

✽ t ❂ ✷�✄ ❢✂

✽ t ❂ ✶�✁ ❢✂

✽ t ❂ ✶�✄ ❢✂

✲ ✲ ✲

☎

✆
❱
✭✝
✞
✮✴
✟

This should not surprise. Similar results have been found for the CPN−1 model at large N , modeling the

quantum Hall effect, as well as from FRG studies Levine, Libby and Pruisken, Reuter



It is only natural to conclude that CP is conserved throughout the entire RG trajectory, connecting the

perturbative vacuum to the confinement regime. After all, CP is preserved at both ends

Vacuum Energy

✽ t ❂ ✷�✁✂ ❢✄
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✽ t ❂ ✂�✵✁ ❢✄
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✲

✲

✲

☎

×
✇
✆

✹

•

A vacuum state is stable if the vacuum energy is

at a true minimum. The figure shows that the

vacuum energy is minimized at θ = 0 for all flow

times t & 0

RG transformations exactly describe how the

parameters that define the minimum evolve across

different scales, ensuring the theory remains

consistent with its vacuum definition

Vafa and Witten

This implies that the vacuum will naturally settle

into a state that preserves CP symmetry

Ward –Takahashi



Conclusions

• The gradient flow proved a powerful tool for tracing the gauge field over successive length scales,

demonstrating its potential to reveal the characteristic nonperturbative properties of the theory

• Key quantities are the vacuum energy density and the gluon condensate. At smaller virtualities,

corresponding to larger length scales, the vacuum splits into disconnected sectors of topological charge,

offering direct access to the nonperturbative elements of the theory

• Quantities of prime interest are the renormalized coupling g2(µ) and the parameter θ(µ), which are

fundamental to the theory and relate to confinement and the CP-violating topological structure of the

vacuum – two of the biggest unsolved puzzles of QCD

• Presently the most celebrated result of the deal is that color confinement implies CP invariance of the

strong interaction

• To exploit the full potential of the gradient flow we need to flow the quark fields as well. For matching

the effective action to EFT that is not needed though


