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m Universality and the unitary limit
m Short-range effective field theory

o Two-body system
o Three-body system and beyond

m High-energy nuclear reactions with neutrons

Reviews:

Braaten, HWH, Phys. Rep. 428, 259 (2006) [arxiv:cond-mat/0410417

Epelbaum, HWH, Meiliner, Rev. Mod. Phys. 81, 1773 (2009) [arxiv:0811.1338 [nucl-th]]
HWH, K6nig, van Kolck, Rev. Mod. Phys. 92, 025004 (2020) [arxiv:1906.12122 [nucl-th]]
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Universality: Physical systems with different short-distance behavior exhibit identical
behavior at large distances
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Universality: Physical systems with different short-distance behavior exhibit identical
behavior at large distances

= Consider system with short-ranged, resonant interactions

m Unitary limit:a — oo, £ ~re — 0 (cf. Bertsch problem, 2000)
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Physics Near the Unitary Limit

m Consider system with short-ranged, resonant interactions
(cf. Bertsch problem, 2000)

T L

T r T

m Unitary limit: a — oo, £ ~re — 0

Tak,k) o [ keots —ik] T = i/k

—1/a+rek? /2+...

m Scattering amplitude scale invariant, saturates unitarity bound
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m Unitary limit:a - 00, £ - 0 = Ta(k,k) xi/k
m Use as starting point for effective field theory description

o Large scattering length: |a| > ¢ ~ re, g, -
o Natural expansion parameter: ¢/|a|, k¢,...
o Universal dimer with energy B, = h2/(ma?), size (2)1/2 ~a = halo state

e~r/a ¥
;

o Reproduce tail of the wave function: P(r) =

= Nonperturbative resummation in EFT (van Kolck, Kaplan, Savage, Wise, 1998)

—a reak?/2
Ta(k, k) Tk 1e+”{a +..., 1/a~k<1/re

= universal properties (and perturbative corrections)
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® Natural expansion parameter: ¢/|al, kf,... (€ ~ re,law,...)
= Nuclear Physics: S-wave NN scattering, halo nuclei,...
o 1Sg, 38! |a| > fe ~ 1/my; — By ~ 2.2 MeV
o nheutron matter
o halo nuclei, "Be «» °Be + n
= Atomic Physics:
o 4He atoms: a ~ 104 A > re ~ 7 A ~ l,qyy, — By ~ 100 neV
o ultracold atoms near Feshbach resonance = variable a
m Particle Physics

o X(3872) asa |DOD%* + DOD%*) molecule? (JPC =1t+)
BX =Mp+Mp. —My = (007 + 012) MeV
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Large scattering length: Q ~ k ~ 1/a < 1/¢
Effective Lagrangian

= (104 5t )w - Llor - L2 (vl .

P/2+k P/2+¥

KX X

P/2-k i ) P
71‘,(]( “EF‘T“‘) — g2 —iga, 2 k k

= Scaling: g5 ~1/(mQ), g5, ~¢/(mQ?), @55~ ¢/(mQ*)
Scaling of diagrams with Q: Q¥ v=3L+2+ Z (—3)Vy > -1
J
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All diagrams with only g, vertices scale as 1/Q

® Scattering Amplitude: :@: = >-< + >O< + >(:(:)< ¥

2 A g3 iq2
. . ig5 d°q 1 . ig5 T [ = 8« 1
lTE:—lg——/ +..=—ig +—(/\—— —mE>+..:—7~
2(E) 2 ) ‘a4 2 m _1/a+/-mE

(271’)3 mE — q2 w2
mE = mE + ie matching!
m Geometric series = can be summed

Loop linearly divergent = regulate, e.g., with momentum cutoff A

-1
m Running coupling constant:  g2(A) = 8% (1 — g/\)

a ™
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= How does g, change with A (resolution scale)
m Renormalization group equation (Kaplan, Savage, Wise, 1998)

mA d . ~ ~
92 = 3292 = Ngp92=52(1+G2)
= Two fixed points:
—0>=0 <« a=0 = nointeraction
—g2=-1+ 1/a=0 = unitary limit
scale and Schrodinger conformal invariance (Mehen, Stewart, Wise, 2000; Nishida, Son, 2007; ...)

m |nteresting consequences for hard nuclear reactions with neutrons: (HWH, Son, 2021)
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m Higher-order derivative terms are perturbative
= Diagrams with g, » scale like Q% first correction

P B8 &3 BEHE

+ const.) = & mEre/2 matching!

m (—1/a +V —m[—')2

1 81 \?2
e = (/o v/ ) (29’2’2'"5 (7e:)

m Constant subtracted by counterterm g(zz)
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Three-boson system near the unitary limit ~ (Efimov, 1970)
Hyperspherical coordinates: R* = (r%, +ri; +13,)/3
Schrodinger equation simplifies for |a| > R > I

W[ si+1/4 _
~7m {W + T] fR) = == f(R)

Singular Potential: renormalization required (or self-adjoint extension)
Efimov’s solution: boundary condition at small R:  breaks scale invariance

= scale invariance is anomalous

— observables depend on boundary condition and a

Universality concept must be extended = 3-body parameter
Spin-1/2 fermions: repulsive = Schrodinger conformal symmetry
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m Use auxilliary field d = 42 + ... (cf. Hubbard-Stratonovich, Kaplan, ...)

m Effective Lagrangian

o
Lg=t (:at + %VZ) b+ %d*d - %(d*wz + (¥1)2d) — g%d*dwzp + .

m Equation of motion — eliminated — £

m Full dimer propagator: . _ ___ + =O_

. —1
iDy(Po,P) = 732;” [1/a - \/—mPU +P2/4— ie:|
93

= Two-body amplitude: % _ >_<
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Three-Body System in EFT

= Three-body equation: B I
(S-waves) B +

4
To(k.p) = M(k.p) + - [ da

. Js3
with M(k,p) =  F(k,p) -9
) ’ 9 2

1-particle exchange gz
H(A) /A2

(g3 = 0, A — oo, Skorniakov, Ter-Martirosian '57)
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® Require invariance under A — A = A+ 6A

100 .
E 5pmp g El
= H(A) periodic: limit cycle o J o ]
F2,f ]
A = Ne"™/%0 ~ \(22.7)" o T f j ]
S 10 shodl vl 03 =
1S E 3
(Bedaque, HWH, van Kolck, 1999) &b i 10 B
(cf. Wilson, 1971; Albeverio et al., 1981) r
= Anomaly: scale invariance broken to |
discrete subgroup S

~ cos(sg In(A/A,)+arctan(sp)) ~
H(A) =~ 532(53|2(A/A,)7Z$it22(sﬂ)) ;S0 ~1.00624

m Matching: A, «— three-body observable
m |R Limit cycle <= Discrete scale invariance <= Efimov physics
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Discrete Scale Invariance

= Similarity to Matrjoschka doll

— “Russian Doll Renormalization”  ( LeClair, Roman, Sierra)

= Some other examples

a 1/r? potential in QM
(Beaneetal, ...)

o Field theory models
(Wilson, Glazek, LeClair et al.,...)

o Turbulence, earthquakes, finance,...
(cf. Sornette, Phys. Rep. 297 (1998) 239)

m Observable consequences?
— Universal correlations (2 parameters at LO), Efimov effect, log-periodic dependence on g, ...
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= Universal spectrum of three-body states (Efimov, 1970)

E (m|l:‘,|/'),’,/rz""” e
=

\ —

o Discrete scale invariance for fixed angle ¢
o Geometrical spectrum for1/a — 0

2
B /B 120 (ew/SO) = 515.035...

m Ultracold atoms — variable scattering length
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= No four-body force required at LO  (Platter, HWH, MeiRner, 2004)
= Universal tetramers: B”) = 4.610(1) B3, B!’ =1.00227(1) B  (Platter, HWH, 2004, 2007; von Stecher et al,
2009; Deltuva 2010-2013, ...)
m Two tetramers attached to each trimer
m Universal states up to N = 16 calculated (von Stecher, 2010, 2011; Gattobigio, Kievsky, Viviani, 2011-2014)
m Observationupto N = 5in Cs losses (Grimm et al. (Innsbruck), 2009, 2013)
£ gl s
% , © 1.0
E i, g-zo
) 3.0
R ”L_;nhy]‘:/ﬁu‘nl e -3.0 -2.0 -1.0 0.0
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m Renormalization group treatments (Wilson, Functional, ....)
(Birse, McGovern, Richardson, Barford, Walet, Avila, Epelbaum, Gegelia, ...)
m Explicit expansion around the unitary limit
(Konig, Griesshammer, HWH, van Kolck, Teng, ...)

Higher-order four-body forces, large cutoffs
(Bazak, Kirscher, Konig, Pavon Valderrama, Barnea, van Kolck, Lin, ...)

Renormalization of singular interactions
(Beane, Bedaque, van Kolck, Pavon Valderrama, Epelbaum, Gegelia, Gasparyan, Meiliner, Yang,...)

Pionless EFT up to "0
(Contessi, Schafer, Gnech, Lovato, van Kolck)
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(HWH, Son, 2021)

&

= High-energy nuclear reaction with multi-neutron final state
Al \ v . "
’ A, /
n
& = T~ %’
Az/ \B A2/ \B
AMc? + Ep, + En, = Eg + Eu

m Assumption: energy scale of primary reaction > E;; — % = E™s

N do
m Factorization: E” |./\/lp,,~ma,y\2 Im Gy (Ew,p) <— strongly constrained by Schrédinger conformal symmetry
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Predictions for relative energy distributions
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m Power law behavior at low energies

E 2.57

E

SL g I 05 ] m Predictions for N < 70 available
=T e . m Scaling dimension A from energy of unitary
3 fermions in harmonic trap
i ]
S — 2 (cf. M.G. Endres et al., PRA 84, 043644 (2011))
L E - — 4l ] = No peak except for 2n

: B E

0.1 e “1 ‘ 1‘0

Ele
Braaten, HWH, Phys. Rev. D 107, 034017 (2023)
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3n distributions from experiment
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= 3n case consistent with previous experiments for *H(w~,~)3n  (Miller et al., Nucl. Phys. A 343, 347 (1980))
= 3n distributions from *H(®H,2He)3n  (Miki et al., Phys. Rev. Lett. 133, 012501 (2024))

I LS
3,03 7 3.3 /
H(t, He)3n g =22MeV/c 125 H(t, 'He)3n  q =40 MeV/c
0.8 B ~“F B
S —— pionless EFT S —— pionless EFT
0 o 17T oY 177
= ¢k, > 1f |7 ek, 7
2 0.6 A Miki et al., PRL (2024) i = A Miki etal., PRL (2024)
3 3 ’
E E075F E
Zoal B g
=i S L ]
2 3 05
o2 B
o =
021 1 0250 g
0 A 0 L L
0 1 4 5 0 1 2 3 4 5
E, [MeV]

|
2 3
E, [MeV]

Backert, Dietz, HWH, Kénig, Son, arxiv:2601.19408 [nucl-th]
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= Search for tetraneutron resonances in 8He(p, pa)4n (M. Duer et al., Nature 606,678 (2022))

[ * ®He(p, p‘He) S
30 |- — “nresonance
r -~ Continuum
32 [ — Background lese spae
=  — Total
o2 g55
5 L
o [
2 L
3 [ 2.6
8 10 [ E** Coulommal
O’HHHHHHHL " 1 // R -
C,
—20 0 20 40 60 =] 5 El,: /Me\/

E,, MeV)

m Structure from initial state?

m Dineutron correlations can produce peak (Lazauskas, Hiyama, Carbonell, Phys. Rev. Lett. 130, 102501 (2023))
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Universality in strongly interacting quantum systems
Effective field theory for unitary limit
= renormalization governed by fixed points and IR limit cycle

m Scale invariance anomalously broken for 3 and more particles
= Efimov states and cousins
High-energy nuclear reactions with final state neutrons

= (approximate) Schrodinger conformal symmetry
= power law behavior of observables determined by scaling dimension A

Model-independent constraints on nuclear reactions
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Universality in the 3-Body System
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m Three-body observables for different potentials are correlated

TT T[T T T [TTT

L
TTT T

m Different values for A. — physics at small distances

m Correlation universal: Nucleons, “He atoms,...

N

3

= Phillips line

(Phillips, 1968)

300.0
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Universality in the 4-Body System
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= No Four-body force required in LO  (Platter, HWH, Meilner, 2004)
= Universal correlations persist in 4-body system = Tjon line  (Tjon, 1975)

B 600

LA B

PR RN I NN N NI Y

Y5 8 35 9 70 % 10180
B, [MeV] B, [B,]

m Variation of A, parametrizes Tjon line
m Correlation universal: Nucleons, *He atoms,...
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®m First experimental evidence in *°Cs (Kramer et al. (Innsbruck), 2006) ~ also °Li, ’Li, *°K, *'K/¥’Rb, SLi/"*3Cs, ...
= Example: Efimov spectrum in7Li (jmF = 0), |mg = 1))  (Gross et al., Phys. Rev. Lett. 105 (2010) 103203)

1E-224

1E-234

1E-24

3-body loss coefficient K3 (cmsls)

T T T
200 1000 -1000 -200
scattering length (a,)

® Van der Waals tail determines position: a_ /l,gw ~ —10 (+15%) (Wang et al., 2012; Naidon et al. 2012, 2014; ...)
... but not width parameter 7. ...
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