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The Efimov effect

* Was proposed 1n 1970 by Vitaly Efimov
e At the unitarity limit (a = ©0), an infinite tower of three-body bound states
appears

 The ratio between the energies of successive states 1s a universal constant
(discrete scale symmetry)
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e For three identical bosons 1n three-dimensions, we have
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 For finite scattering length, a finite number of Efimov states appear

V. Efimov, Phys. Lett. B, 33, 563 (1970)



Two heavy impurities immersed in light few-boson

systems with noninteger dimensions

 The Born-Oppenheimer approach

Light particles Schrodinger-like equation

Heavy particles Schrodinger-like equation
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FIG. 1. Representation of the AABB...B structure forming
the N-body system composed by two identical heavy-atoms
with masses m4, and (NN — 2) light-atoms with masses mp.
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The effective potential in the BO picture

* The Born-Oppenheimer approach (we are considering finite scattering length)

Effective potential for small distances (R — 0)
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The effective potential in the BO picture
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FIG. 6. Effective potential for different dimensions D. The
band corresponds to the region where the short-range poten-
tial is repulsive to avoid the Thomas collapse.
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The scale parameter in the BO

e At the unitarity limit, after some manipulation, we can write the

heavy particle equation as ]
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e We can obtain the condition for the effective potential to be . A
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3 (D-2+ 21)2 FIG. 4. Regions for the existence of the Efimov effect in the
(N—-2)g(D) > unitary limit for different dimensions, angular momentum and
MB.AA number of light-atoms. Lower blue and upper cyan regions
presents results for mp/m4 = 6/133 and mp/m4 = 0.1,
respectively.
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The scale parameter in the BO
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Why noninteger dimensions?

* We can think 1n cold atomic gases being squeezed from 3d to 2d by means of
external confining potentials

* The crucial development for practical application is the translation function
established between the external potential and the noninteger dimensional method
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Let's look at the equations for more general systems

Garrido, E., Jensen, A. S. Physical Review Research, 2(3), 033261 (2020)



Faddeev decomposition and Jacobi Coordinates
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 We obtain a system of coupled equations
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e In D dimensions we can write a reduced wave function as
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e This gives for the radial equation (with null angular momentum)
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We consider contact interactions via the Bethe-Peierls boundary condition




In hiperradial coordinates (r = Rsina and p = R cos a), we can write
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The solution of the radial part 1s the modified Bessel function of second kind and order s,
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The angular equation can be written in the form of the associated Legendre differential equation, which has the solution
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D-dimensional Bethe-Peierls boundary condition
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Scale parameter as a function of the
noninteger dimension

R. M. Francisco, D. S. Rosa, T. Frederico, M. T. Yamashita, G. Krein. Phys. Rev. A 112,033315 (2025)
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Fig. 3 Dimensionless radial distributions as a function of dimensionless quantities R = ko R3 ( "Li-
87Rb relative distance) and r = kor3 ("Li relative distance to the “Li-8”Rb system). We consider
the three-body system 37"Rbs-7Li embedded in three different dimensions 3D (upper panels), 2.5D
(middle panels) and at the critical dimension (lower panels). Left panels show the results from BP
approach and right panels present results obtained with the BO approximation. The angle between
7 and R is fixed to m/3.
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Unatomic states

The three-body wave function with the condition xR — 0 is given by
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Efimov regime: s, is imaginary — well known oscillatory behavior
Unatomic Regime: s, is real — power-law behavior
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Unatomic states

r
0.001 _—+ 10° )

. 1 ~N - S mEEEEEEes L/J(r,p) | 0R-0
~ 0.00001 e ™~ R
— 106 - N 102 =~ llf(rsp) 7
a —~
£ 103 = =
> t: 100,
= 10° > ]
iy ull
< 107° 11072
5 107 D .
9 SR :

S W(P) | wrye— — —
107° * * * * S
10> 10* 102 102 107! 10° 10
I
Probability density at the critical dimension (yellow curve) and Probability density in the unatomic regime for a system with
in the unatomic regime (green curve) for a system with three three identical bosons. Black curves for asymptotic functions
identical bosons and green curve for regular function

D. S. Rosa, R. M. Francisco, T. Frederico, G. Krein, M. T. Yamashita. Phys. Rev. A, 110, 042803 (2024)



Momentum space

We can write the D-dimensional Faddeev component in momentum space for shallow bound states as
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Momentum space

In the unatomic regime (2 < D < D_), where the values of s, are real, the spectator function reads
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The presence of the power-law symmetry, which 1s the signature of unatomic states, can be appreciated as
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Probability density in momentum space
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For 2 < D < D, the tail of the momentum distribution is entirely defined by the three-body parameter
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Two-neutron halo nuclei

* A dense, tightly-bound core with two valence neutrons
orbiting at a great distance, forming a diffuse *“halo."

 The halo neutrons are very weakly bound, characterized by
an extremely low two-neutron separation energy (s2n)

Credits: https://www.sciencenews.org/article/rare-isotope-elements-
new-particle-accelerator-atom-nucleus (T. Tibbits)

T. Kobayashi et al., Breakup of a new type of nuclear halo in 11Li., Phys. Rev. Lett. 60, 2599 (1988)

Tanihata et al., Measurements of interaction cross sections and nuclear radii in the light p-shell region., Phys. Rev. Lett. 55,2676 (1985)
M. Fukuda et al., Neutron halo in 14Be., Phys. Lett. B 268, 339 (1991)
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Wave function forD =3
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V. Efimov, Soviet Journal of Nuclear Physics 12 (5) (1971) 589-595, original: Yader-
R.Y. Castin, F. Werner, Phys. Rev. A 83 (2011) 063614) naya Fizika 12 (1970) 1080-1091.




Separation distances
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Dimensionless root mean square distances

This is a universal quantity: \/ (0°) | E;|
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Opening angles
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Opening angles
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