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Fusion of tightly bound nuclei

detection



Collisions of weakly bound nuclei  
(different fusion processes)



Finding CF and ICF cross section is a 
great challenge 

(both for experimentalists and theorists)

▪ CF  absorption of all projectile charge  ( 11Be = 10Be +n)
▪ Most  experiments determine only TF
▪ Individual CF and/or ICF  have been measured for some 

particular weakly bound nuclei:

  6Li : BE= 1.47 MeV      ( α + d) 
   7Li : BE= 2.47 MeV      ( α + t) 

   11Be: BE = 0.500 MeV  (10Be + n) 

  6He : BE =0.600 MeV   (4He + n+n)

Experiment:
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CF, ICF



Fusion Estimations: classical picture

Hagino et al., NPA 238, 475 (2004), Dasgupta et al., PRC 66, 041602 
(2002),

•   Classical picture 
with stochastic 
parameters.



Fusion Estimations: semi classical models

* Marta et al., PRC 89, 034625 (2014), Kolinger et al., PRC 98, 044604 (2018)

• Classical trajectory
• Intrinsic dynamic: time 

dependent Schrödinger 
equation

• Fusion: tunelling through the  
barrier



 The method of Hagino, Vitturi, Dasso 
and Lenzi (HVDL)

•To solve the Shrödinger

•Coupled Channels 
equations:

target

projectil
e

R
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•Set of coupled equations
target

projectil
e

R
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•Coupled potential

 The method of Hagino, Vitturi, Dasso 
and Lenzi (HVDL)
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 The method of Hagino, Vitturi, Dasso 
and Lenzi (HVDL)

•Continuum Discretized Coupled Channels equations:

CDCC :

-2.47MeV
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•     P-T imaginary potential ( instead of W(1) + W(2) )

•  Or 

 The method of Hagino, Vitturi, Dasso 
and Lenzi (HVDL)
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Basic Assumption:

Limitation: works for a fragment much heavier than the 
other 

11Be (10Be - n) + 208Pb

Works fine !

10Be10Be



Basic Assumption:

Limitation: works for a fragment much heavier than the 
other 

7Li (4He - 3H) + 209Bi

Does not work !



• Direct calculation using radial wave functions

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )

Theory: based on HVDL *

Performing ang. mom. projection and the summing over a and a’,
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• Individual probability

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )

Theory: based on HVDL *

where

and



A new QM method to evaluate CF and 
ICF*

Contribution from the B-space: 
 

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )
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Contribution from channels in the 
continuum to TF*

P(i) (J) = abs. probability of fragment i in the C-space

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )
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ICF (ICF1, ICF2), SCF cross sections*

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )



ICF (ICF1, ICF2), SCF cross sections*

• J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 ) 
• Further applications: PRC, 102, 064628 (2020) and  PRC 105, 054601 (2022) 



Procedure Summary
• Run FRESCO code: CDCC Method 

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )



• Run FRESCO code: CDCC Method 

• Extract scattering wave function

Procedure Summary



• Run FRESCO code: CDCC Method 

• Extract scattering wave function

• Estimate probabilities

Procedure Summary



• Run FRESCO code: CDCC Method 

• Extract scattering wave function

• Estimate probabilities

• Separate fusion processes:

Procedure Summary



• TF and CF predictions are in 
excellent agreement with data 
below VB, and above up to E ~ 36 
MeV

• Predictions for TF above ~ 36 MeV 
overestimate the experiment. But…

7Li + 209Bi fusion – theory vs. experiment*

* Dasgupta et al., PRC 66, 041602(R) (2002); PRC 70, 
024606 (2004) 

3/2-
1/2-

0.0 MeV

0.48 MeV

2.47 MeV
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Decay schemes of nuclei produced by 
ICF

• 209Po is the decay chain of both ICF processes
• Contribution from 209Po is not detected
• Estimates with PACE: 209Po is important above 36 MeV. 
• Above Ec.m. ~ 36 MeV, data is only a lower bound

Authors’ conclusions 
of the experiment



• Excellent agreement where all relevant decay channels are measured
• Consistent with data where they give a lower bound

ICF



* M. Cortes,  J. Rangel, J. L. Ferreira,J. Lubian, LFC ( Phys. Rev. C, 00, 004600- 2020 )

CF – 7Li + targets



* M. Cortes,  J. Rangel, J. L. Ferreira,J. Lubian, LFC ( Phys. Rev. C, 00, 004600- 2020 )

CF – 7Li + targets

projectile’s effects 
over Coulomb barrier



ICF – 7Li + targets

* M. Cortes,  J. Rangel, J. L. Ferreira,J. Lubian, LFC ( Phys. Rev. C, 00, 004600- 2020 )



Complete fusion: neutron valence

 J. Ferreira , J. Rangel, J. Lubian,  L.F. Canto 
 Phys. Rev. C 107, 034603 (2023)

11Be 
+209Bi

• The same evaporation 
residues 

are produced by the fusion 
of 11Be and 10Be 
Data : Nuc. Phys. A 735, 329 
(2004)

1/2+
1/2-

0.0 MeV

0.320 MeV

0.50 MeV
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• The contribution of the 
absorption 
of 10Be is too small (~20 %)

Complete fusion: neutron valence

Data : Nuc. Phys. A 735, 329 
(2004)

 J. Ferreira , J. Rangel, J. Lubian,  L.F. Canto 
 Phys. Rev. C 107, 034603 (2023)

11Be 
+209Bi



6He +209Bi

Data: Phys. Rev. C 58, 3442 
(1998)

 J. Ferreira , J. Rangel, J. Lubian,  L.F. Canto  
Phys. Rev. C 107, 034603 (2023)

Complete fusion: neutron valence



Complete fusion 6He 
+238U

Data: Phys. Rev. Lett. 84, 2342 
(2004)

 J. Ferreira , J. Rangel, J. Lubian,  L.F. Canto 
 Phys. Rev. C 107, 034603 (2023)



Conclusions

•  We have proposed  a quantum mechanical method to evaluate CF 
and ICF in collisions of weakly bound nuclei

•  The method was applied to 7Li and neutron-valence projectiles  and 
the results were compared with very good agreement to CF / CF + 
ICF experimental data

•  Calculations of other litght systems are under way.
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 Indirect estimations using “Fusion” code 

Inclusive Alpha data: Phys. 
Rev. C, 81, 054601, (2010)

6Li + 90Zr 



 Indirect estimations using “Fusion” code 

Phys. Rev. C, 108, 
054601, (2023)

Data: Phys. Rev. C 
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"Data": Phys. Rev. C 
81, 054601 (2010).











Potential Scattering approach 
Fusion is not a channel  
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•What means                 ?  
Cross 
section:

Optical 
model:
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Potential Scattering approach 
Fusion is not a channel  

With 



Indirect determination of CF using spectator model*(IAV)

* Lei and Moro PRL 122, 042503 (2019)

•Extract    σCF   from the relation

• σR: from CDCC calculation or optical model analysis
• σine:from standard CC calculation (only bound channels)
• σebu: from CDCC calculation:
• σNEB1 , σNEB2 :from inclusive spectator- participant model (IAV)



* Lei and Moro, PRL 122, 042503 (2019) 

Indirect determination of CF using spectator model*(IAV)

•   Verification of the Trojan 
Horse mechanism 



 IAV
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Coupled equations:
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H +(R, r) = E +(R, r)

CDCC approach

Full numerical implementation by Kyushu group (Sakuragi, Yahiro, Kamimura, and co.):
Prog. Theor. Phys.(Kyoto) 68, 322 (1982)
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✏ = �2.2MeV

Model wave function
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 +(R, r) = �gs(r)�o(R) +
X

n>0

�n(r)�n(R)

Select a number of angular momenta (l=0,…,lmax).
 
For each l, set a maximum excitation energy εmax.
 
Divide the interval ε = 0 − εmax in a set of sub-intervals 
(bins). 

 For each bin, calculate a representative wave function.

CDCC approach
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Model wave function 

Bins:
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