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Putting all together?

Computer Experiment→ Emulation→ Calibration

Sürer, Plumlee, and, Wild. 2024. Technometrics. Sequential Bayesian
Experimental Design for Calibration of Expensive Simulation Models.

Sürer, 2025. Technometrics. Batch Sequential Experimental Design for Calibration
of Stochastic Simulation Models.

Link to the code repo of PUQ.
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Introduction



Simulation Model/Computer Code/Numerical Model

I The reaction code FRESCOX takes optical model parameters as input and computes
the corresponding cross sections over scattering angles from 0◦ to 180◦.

I The case study focuses on elastic scattering data for the 48Ca(n,n)48Ca reaction.
I Physical experimental data are available at only 15 discrete angles.
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Experimental Design: Real and Numerical Designs

I Physical Design: [Arendt et al., 2016, Krishna et al., 2022]
I Data from physical experiments may be used to update knowledge of

parameters in a model or to discriminate among competing models.
I Conducting experiments on physical systems can be costly and time-consuming.
I Physical experimental design aims to maximize information gain while

minimizing cost and effort.

I Computer Design: [Binois et al., 2018, Koermer et al., 2023]
I Data-efficient planning of a simulation campaign.

I Integration of Designs: [Williams et al., 2011, Leatherman et al., 2017]
I Successful experimental design requires interaction between physical and

computer designs.
I Feedback from experimental outcomes can drive improvements in both designs.
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Deterministic vs. Stochastic Models in Computer Design

Deterministic Models
I Output is a fixed function of inputs
I No randomness in simulation

outcomes
I Design space exploration is more

predictable
I Replication not required
I Focus: finding unique “best”

design points through exploration

Example: Breakup reactions
[Sürer et al., 2022]

Stochastic Models
I Output varies due to inherent

randomness
I Requires multiple replications for

estimation
I Design must account for

uncertainty and variability
I Noise can mask performance

differences
I Focus: finding robust “best” design

points through exploration and
replication

Example: Viscous anisotropic
hydrodynamic simulations of heavy-ion
collisions [Liyanage et al., 2023]
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Review of Statistical Model
Emulation and Calibration



Deterministic and Stochastic Simulation

Parameter θθθ Model M

Deterministic
output ηηη(θθθ)

Stochastic
output ζζζ(θθθ)

Stochastic simulation:

ζζζ(θθθ) = ηηη(θθθ) + ννν, ννν ∼ MVN(0,R(θθθ)), ηηη(θθθ) = E[ζζζ(θθθ)]

Deterministic simulation:

ηηη(θθθ) (direct model evaluation, no stochastic noise)
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Model Calibration

Parameter θθθ Model M

Deterministic
output ηηη(θθθ)

Stochastic
output ζζζ(θθθ)

Observed
y

Simulation outputs

Statistical model for observed data:

y = ηηη(θθθ) + εεε, εεε ∼ MVN (0,ΣΣΣ)
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Model Calibration via Bayes’ Rule

Given observed data y, we update our belief about θθθ using Bayes’ rule:

p (θθθ | y)︸ ︷︷ ︸
posterior

=
p (y | θθθ) p (θθθ)∫

Θ p
(
y | θθθ′

)
p
(
θθθ′
)

dθθθ′
∝ p̃ (θθθ | y) = p (y | θθθ)︸ ︷︷ ︸

likelihood

p (θθθ)︸︷︷︸
prior

Gaussian likelihood model:

p (y | θθθ) =
1

(2π)d/2|ΣΣΣ|1/2 exp

(
−1

2
(y− ηηη(θθθ))>ΣΣΣ−1 (y− ηηη(θθθ))

)

o Challenge

Inferring ηηη(θθθ) may require expensive simulations from modelM

� Solution: Use a statistical emulator as a fast surrogate for modelM
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Why Design Matters for Simulation Models
I Simulation models are costly: only a limited number of runs can be

performed, whether deterministic or stochastic.
I Space-filling designs are commonly used to build emulators for simulation

models.
I Spread inputs uniformly across the parameter space.
I Provide broad coverage but ignore where the model–data agreement is most

critical.
I In high-dimensional spaces, may miss the (unknown) region of interest relevant

for calibration.
I Stochastic models inherit these issues and introduce new ones:

I A fixed number of replicates is typically assigned at each input, regardless of
local noise levels.

I Ignoring heteroscedasticity leads to inefficient allocation of simulation effort.
I Both signal estimation and uncertainty characterization suffer.

Key Challenge
How can we design simulation experiments that efficiently explore the

parameter space and account for both deterministic trends and stochastic
variability?
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Motivation: Deterministic Models

Contour lines represent the model
surface η(θθθ)

We consider a unimodal function with p = 2
and d = 1, where the parameter vector is

θθθ = (θ1, θ2) ∈ [−4,4]2.

η(θθθ) = θ2
1 + θ1θ2 + θ2

2
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Motivation: Deterministic Models

Simulation model Space-filling design
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Motivation: Deterministic Models

Simulation model Posterior density

Data y
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Motivation: Deterministic Models

Simulation model Posterior density

Data y
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Motivation: Stochastic Models

Colors indicate intrinsic noise; contour lines represent
the mean surface η(θθθ).

We consider a unimodal function with p = 2
and d = 1, where the parameter vector is
θθθ = (θ1, θ2) ∈ [0,1]2.

η(θθθ) = 0.26
[
(20θ1 − 10)2 + (20θ2 − 10)2

]
− 0.48 (20θ1 − 10) (20θ2 − 10)
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Motivation: Stochastic Models

Simulation Mean Surface

Contours show the expected simulation
output.

Posterior Density Surface

Contours show the posterior probability
density.

Data y
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Motivation: Stochastic Models

Uniform Allocation

Allocate unique input locations with uniform sampling, and assign a
uniform number of replicates at each location.

IMSE-based Allocation

Allocate unique input locations and replicates based on Integrated Mean
Squared Error (IMSE)

[Ankenman et al., 2009, Chen and Zhou, 2017, Binois et al., 2019].

Özge Sürer (Miami University) Designing Computer Experiments for Calibration 17 / 32



Motivation: Stochastic Models

IVAR-Based Allocation (Integrated
Variance)

I Minimizes aggregated uncertainty of the
posterior, not just emulator uncertainty.

I Prioritizes replication in regions with
high posterior probability and
uncertainty to improve calibration.

I Selects new inputs if current design
misses the parameter region of interest.

I Balances replication and exploration
under limited simulation budgets.

I Avoids allocating to noisy but irrelevant
regions (low posterior density).
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(Batch) Sequential Experimental Design

Build emu-
lator with D

Initialize simula-
tion campaign D

Acquire a batch
of b parame-
ters given D

Evaluate the
model in parallel

with b parameters
Update D

Stop?

Stop

no, continue
yes

Type of emulator: Gaussian
process or stochastic
kriging depending on

model noise characteristics

Acquisition strategy:
exploration vs. repli-
cation (if stochastic)

Parallel model eval-
uations for efficiency

Update dataset for
the next iteration
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Integrated Variance for Calibration



Integrated Variance for Exploration
At stage t , for deterministic simulators, the next parameter is chosen to (approximately)
minimize the acquisition function At :

θθθnew ∈ arg min
θ̆θθ∈Lt

At (θ̆θθ),

where

At (θ̆θθ) =

∫
Θ

Eηηη(θ̆θθ)|Dt

(
Vηηη(θθθ)|D̆t

[p̃(θθθ|y)]
)

dθθθ,

and the extended dataset after evaluating the model at θ̆θθ is

D̆t = Dt ∪
{(
θ̆θθ,ηηη(θ̆θθ)

)}
.

For stochastic simulators, the benefit of allocating ă replications at θ̆θθ can be evaluated
by extending the acquisition function as:

At (θ̆θθ, ă) =

∫
θθθ∈Θ

E¯̆
ζζζ|Dt

(
Vηηη(θθθ)|D̆t

[p̃(θθθ|y)]
)

dθθθ,

where the augmented dataset includes ă replicate simulations:

D̆t = Dt ∪
{(
θ̆θθ, ζζζ(θ̆θθ)l) : l = 1, . . . , ă

}
.

Özge Sürer (Miami University) Designing Computer Experiments for Calibration 21 / 32



Integrated Variance for Exploration
At stage t , for deterministic simulators, the next parameter is chosen to (approximately)
minimize the acquisition function At :

θθθnew ∈ arg min
θ̆θθ∈Lt

At (θ̆θθ),

where

At (θ̆θθ) =

∫
Θ

Eηηη(θ̆θθ)|Dt

(
Vηηη(θθθ)|D̆t

[p̃(θθθ|y)]
)

dθθθ,

and the extended dataset after evaluating the model at θ̆θθ is

D̆t = Dt ∪
{(
θ̆θθ,ηηη(θ̆θθ)

)}
.

For stochastic simulators, the benefit of allocating ă replications at θ̆θθ can be evaluated
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}
.
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Toy Example

A toy simulator with heteroskedastic noise and periodic signal.

Simulation model: ζ(θ) = η(θ) + ν, where η(θ) = sin(10θ) and
ν ∼ N (0, 1.1 + 0.05 sin(2πθ)).
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Illustration of IVAR-Guided Exploration

Allocation of b = 15 simulation evaluations using the IVAR criterion.
The design consists of b̆ = 3 parameter points, each evaluated with ă = 5 replicates.
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Integrated Variance for Replication
Goal: Allocate replications to minimize posterior uncertainty in model parameters.

Extended data set:

D∆
t = Dt ∪

{(
θθθi , ζ(θθθi )

l
)

: l = 1, . . . ,∆ai , i = 1, . . . ,nt

}
.

Objective: Minimize the Integrated Variance (IVAR):

IVAR(∆aaat ) =

∫
θθθ∈Θ

Vηηη(θθθ)|D∆
t

[p̃(θθθ|y)] dθθθ

Closed-form expression:

Vηηη(θθθ)|D∆
t

[p̃(θθθ|y)] =

(
f (θθθ)

2dπd/2|ΣΣΣ|1/2 − g(θθθ)2
)

p(θθθ)2

where
f (θθθ) = fN

(
y;µµµ∆

t (θθθ), 1
2ΣΣΣ + S∆

t (θθθ)
)
, g(θθθ) = fN

(
y;µµµ∆

t (θθθ),ΣΣΣ + S∆
t (θθθ)

)
.

µµµ∆
t (θθθ): predictive mean; S∆

t (θθθ): predictive variance; both depend on replication allocation ∆aaat .
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Integrated Variance for Replication

We aim to minimize IVAR as a function of the number of additional replicates allocated to
each design point.

Following [Ankenman et al., 2009], we formulate the problem as a constrained
optimization:

min
∆aaat

IVAR(∆aaat )

s.t.
nt∑

i=1

∆ai ≤ b,

∆ai ∈ Z+,∀i = 1, . . . ,nt .

We obtain an approximate solution to this nonlinear program using its first-order
conditions.
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Optimal Replication Allocation

Setup: At stage t , suppose nt design points θθθ1, . . . , θθθnt have received replicates
aaat = (a1, . . . ,ant )

>. We plan to allocate an additional ∆aaat = (∆a1, . . . ,∆ant )
>

replicates.

Assumption: The change in intrinsic variance from extra replicates is small.

Result: The optimal allocation to minimize IVAR satisfies

ai + ∆ai ∝
√

Ci(aaat ), i = 1, . . . ,nt

What is Ci(aaat )?
I Combines intrinsic uncertainty (variance of the simulator) and extrinsic

uncertainty (correlation structure across parameters)

I Gives more weight to points θθθi similar to high-posterior regions — ensures the
emulator is accurate where it matters most
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Illustration of IVAR-Guided Replication

Comparison of replicate allocation strategies. We allocate 100 new replicates using:

(a) the proposed acquisition function (left)

(b) the method from [Ankenman et al., 2009] (right)

Takeaway: Unlike the IMSE criterion, the proposed IVAR approach accounts for both
intrinsic variance and the extrinsic correlation structure, while prioritizing replication in
parameter regions of interest.
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Results with Test Functions



Experimental Setup and Evaluation

I Inference of hetGP hyperparameters follow from [Binois et al., 2018] and
[Binois and Gramacy, 2021].

I We assess the IVAR criterion using three synthetic simulation
models—unimodal, banana, and bimodal—as well as epidemiologic
simulation models.

I Competing acquisition strategies: IMSE, VAR, and UNIF.
I The experimental setup begins with an initial design of n0 = 15 points

generated via LHS, with two replicates per point.
I All strategies proceed with a batch-sequential design using batch sizes

b ∈ {8,16,32,64}, collecting a total of 256 simulations.
I Performance metrics:

I Mean Absolute Difference (MAD) between estimated and true posterior
densities

I Interval Score, reflecting the width of acquired parameter regions and coverage
of high-posterior areas
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IVAR VAR IMSE
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Questions?

Sürer, 2025. Technometrics.

Batch Sequential Experimental Design for Calibration of Stochastic Simulation
Models.

Sürer, Plumlee, and, Wild. 2024. Technometrics.

Sequential Bayesian Experimental Design for Calibration of Expensive Simulation
Models.

Link to the code repo.

The author is grateful for support from the National Science Foundation (NSF)
grant OAC 2004601 and PHY 2402275.
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