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Interested in the strong
force and its properties, 20

especially in nuclear
matter and neutron
stars

Nuclear
physics

Neutron stars o
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Motivation: the dense matter EOS SANRE
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Chiral EFT Neutron stars
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The equation of state
(EOS) describes the
state of matter from

nuclei to neutron stars

to quarks and
deconfinement

Quark matter

-

o

How do we determine the
EOS for this phase diagram,
and how do we quantify
model uncertainties?
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Recap: BUQEYE truncation error model 0

Employ the BUQEYE truncation Yo — 1 — ]2 — 13 yo—Ayl—Ayz—AyS [&)] — (0 — () — (0
error mOdel (gSLI m) /(;\ 00 Predictions 20 b Differences 2 | Coeflicients
L E 15 5 1F

» PR Y Y n »

Y (1) = Yrer () E cn(x)Q" () 10
n=0 .

\ - | |

Known orders of 0 0.5 1 0.5 1
. (a) P P
expansion
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Recap: BUQEYE truncation error model ’

Employ the BUQEYE truncation T ——— T Ap — Ap — Ap 0 —a —a —a
eI’I’OI’ mOdel (gSLI m) /G\ 00 Predictions 20 b Differences 2 | Coeflicients
_ n 10 F
Y () = Yrer (@) E Cn(x)Q"(x) 10 o
n=0 . or
) _1
0 Fas===zo-rros i
\ 0 ¥/
Estimations for Known orders of ¢ 0.5 10 0.5 10 0.5 1
. b .
unknown expansion “ ’ " ’ v ’
orders
\ o0
» R Sy 3 » n -
OYk (7) — Yref (I’) (ﬂ(q)Q (7)
\
/ n=k+1 / Expansion
parameter
Dimensional Natural ii.d (suppresses
analysis cUrVes higher orders)
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Recap: BUQEYE truncation error model ’

Employ the BUQEYE truncation PP ——— P p— p— . o —a —a —a

error model (gsum) /(}\ .

Predictions Differences 2 | CoelTicients

15 Lk
[lengthscale]

Yr(T) = Yret () Z Cn(2)Q" (1) 1w

standard

n=0 .
\ { —1 deviation]

0 . . : . .

Estimations for Known orders of 0 0.5 1 0 0.5 1

unknown expansion ® z (c) z

orders ] . C L .

>0 Gaussian Processes: learn coefficient distributions

" — Ty ] » n »
0Yi(2) = Yret (@) Z cn(2)Q" () - Incorporates correlations in y(x), continuous
/ n=k+1 / Expansion model, priors constrain parameters of GP
parameter
Dimensional Natural ii.d (suppresses Easily test with diagnostics (Mahalanobis
analysis curve; ' higher orders) distance, pivoted Cholesky decomposition,...)
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R BUQEYE + the nuclear matter EOS 0

Fermi Momentum kg [fm_l]

Use the truncation 114 1.44 1.64

error model to train on ' ' ' ' '
o 6k Co —0— c3

EFT coefficients of - c

known orders to

obtain theory

inties 7\
uncertainties
>

Energy per Particle E/A
o

_4F !
k ~
Q) = 28 600 MeV B _
A, e
Lo \ 2 0.1 0.2 0.3
yref(kl:‘) = 16 MeV x ( d ) Density n [fm™?]
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~er BUQEYE + the nuclear matter EOS Er=w=w=m ’

P+1lc
L [[MeV fm ]

Fermi Momentum kr [fm™'] 40 20

Use the truncation 114 .44 1.64
error model to train on — | |
EFT coefficients of

known orders to
obtain theory

uncertainties /G\
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75

Energy per Particle E/A
o

50
4} -
k ~ 600 MeV
Q(kF) — A_lzj —6F I | | | | _ 25
k 2 0.1 0.2 0.3
Yret (kr) = 16 MeV x ( - ) Density n [fm~] -
F,0
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Density n [fm™?] Density n [fm™?]
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~vers BUQEYE + the nuclear matter EOS Ee=w=w =

E/N %+ 1o
Fermi Momentum kg [fm_l] 40 F [MCV.] \

Use the truncation 114 1 44 164 @)
error model to train on ' + — ' ' '
EFT coefficients of

known orders to
obtain theory

inties 7\
uncertainties
>

P+1lo
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Derivatives of GPs carry UQ along with them!
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~wmen Chiral EFT and perturbative QCD for neutron star matter S&%R2

Energy density from chiral EFT:

ENSM(nBamune:nu) — (1 - 2$)2€PNM(nB)
+ 433(1 — .GU)SSNM (’RB)
+ se(ne) + EM(TL#).

0-4() ! ] | ! 1 ! I ! ! ! 1 ' £ 1
[ = LO
—~ 035 F YEFT
= s NLO 1
Q(Ei 0.30 B N2LO //// —

N3LO

050 075 1.00 1.25 1.50 1.75 2.00
Scaled density n/ng
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~wmen Chiral EFT and perturbative QCD for neutron star matter S&%R2

BUQEYE methods used for

/C;E truncation error of SNM,

PNM, and symmetry energy

Energy density from chiral EFT:

ENSM(nBamune:nu) — (1 - 2$)2€PNM(nB)
+ 433(1 — .GU)SSNM (’RB)

+ ee(ne) +eu(ny). Esym(np) = Epnm(ng) — Esnm(np)
0.40 —— ——————————
:% 0.35 - : ;(EO YEFT
QL:. 0.30 [ &= N2L,O
=025 == NLO 4
020l 2D covariance

matrix

050 075 1.00 1.25 1.50 1.75 2.00
Scaled density n/ng
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a~vesry— Chiral EFT and perturbative QCD for neutron star matter =#&ise

Energy density from chiral EFT:

ENSM(TLB,%ne,nu) — (1 - 235')25PNM(71B)
+ 433(1 — .GU)SSNM (’RB)
+ se(ne) + EM(TL#).

0.40 —— ——
Chiral EFT S 035F ;(EO YEFT

yncertalntles 2 0.30 L NZLO

include full N NLO

density and 025 /
observable 020l 2D covariance

correlations matrix

-}:,(71) f— 0-10
0.05
n’ 4B (n) 000l - ' : ' : '
dn A 050 0.75 1.00 1.25 1.50 1.75  2.00

Scaled density n/ng
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/\ BUQEYE methods used for
GZ truncation error of SNM,

PNM, and symmetry energy

Esym(np) = Epnm(np) — Esnm(nB)
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~wmen Chiral EFT and perturbative QCD for neutron star matter S&%R2

BUQEYE methods used for

/C;E truncation error of SNM,

PNM, and symmetry energy

Energy density from chiral EFT:

ENSM(nB:377ne:nu) — (1 - 2$)2€PNM(TLB)
+ 433(1 — .GU)SSNM (’RB)

+ 66(”6) + E,',u('n;,u)- Esym(nB) = EPNM(nB) — ESNM(nB)
0.40 —— ————————
Chiral EFT B YEFT
ncertainties % NLO
naudeful S V[ == NLO . n = tip = 4(1 = 22) By (nB) = e =
include fu = NPLO S
density and 025 / p = Ne + 1y
observable 020l 2D covariance _

NN potential from Entem, Machleidt, Nosyk (2017)
+ 3N forces

correlations matrix

P(n) = 0.10 | Fitlow-energy constants (LECs) to experimental
0.05 data, empirical saturation point of SNM
" %Z(n) 0.00 =5 01751;)0 25 150 175 2.00 Employ momentum cutoff of 500 MeV

Scaled density n/ng
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~wmen Chiral EFT and perturbative QCD for neutron star matter S&%R2

Energy density from chiral EFT: PQCD: perturbative description of high-

ensm(nB, T, ne,n,) = (1 — 2x)epnm(nB) density EOS with 3 quark flavors

+ 4z(1 — z)esnm(nB) P(n) = Prg(n) |co + c1Q(Arg) + c2(n)Q*(Arg) + ...
+ €e(ne) +€u(np)-

0.40 T T T T T ' T T T T T 1 — T T T T T T T T T T T T 1.3
Chiral EFT  <o3sf ~ ;‘EO YEFT pQCD 1,5
uncertainties @ .. [ N?LO - BUQEYE
include full % NLO ( e P methods
densityand = 025 . Lo used for
observable ¢ 0.20 /" truncation
correlations 2 01 1F 109 error of
] L =
a. 11 dos both EOSs
Tg === NLO 07
d E © 0.05 s N21,0 1 /G\
n*—=—(n) 000l - - - - - - T — 0.6 E:
dn A 050 0.75 100 125 150 175 2.00 20 40 60 80 100
Scaled density n/ng Scaled density n/ng
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Chiral EFT and perturbative QCD for neutron star matter S&ise

Energy density from chiral EFT: PQCD: perturbative description of high-

ensm(nB, T, ne,n,) = (1 — 2x)epnm(nB) density EOS with 3 quark flavors

+ 433(1 — .GU)SSNM (’RB)

P(n) = PF(;(’n) co + ClQ(/_\F(;) + Cz(?’L)QQ(/_\F(;) +...
+ €e(ne) +€u(np)-

1.2 1 I I LI | 1 I L LI | 1 I 1 LI |
Chiral EFT e —
uncertainties LOF pQCD BUQEYE
include full methods
density and 0.8 . used for
observable = truncation
. p
correlations £ 06 _ error of
O both EOSs
P(n) = = |
n2 dF (n) GE ]
dn A 0.2 XEFT ]
L Ll il L Ll 1 Ll
0.0 10° 10! 102 OHID
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~wmen Chiral EFT and perturbative QCD for neutron star matter S&%R2

Energy density from chiral EFT: PQCD: perturbative description of high-
ensm(nn, T, ne,ny) = (1 — 2)2epan (15) density EOS with 3 quark flavors
+4z(l — z)esnm(np) P(n) = Prg(n) |co + c1Q(Arg) + c2(n)Q*(Arg) + . ..
+ €e(ne) +€u(np)-
12— - —— ————
Chiral EFT S
uncertainties LOF pQCD ] BUQEYE
include full methods
density and 0.8F . used for
observable % truncation
correlations = o6l ) ) error of
3 How to combine these theories? both EOSs
P(n) = ~ | |
4 = )3
dn A 0.2 XEFT ]
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Model mixing using GPs SANRE

1 Models written as:

Y(z‘)(x) = F(z) + 5Y(i)(;v) — ~ GPJ0, K{f) (z,z")]
¢ |
Truncation, many-body  Fuyll covariance matrix from
error, etc. EOS models
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OHIO . .
Model mixing using GPs

1 Models written as:

YO(z) = F(z)+ 6Y¥(z) — ~ GP[0,£(z,2')]
‘ 1
Truncation, many-body  Full covariance matrix from

error, etc. EOS models

2 GP prior written as:
k(z,z';0) = °k(x,2;0)
—(z — 93’)2)

F(z)|I ~ GP[m(z), ks(z,2')] —

[ krpr(z,z’;£) = exp (
Make kernel choice

207

or other forms (Matérn, rational
quadratic, non-stationary kernels, etc.)
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Model mixing using GPs SANRE

1 Models written as:

Y(z‘)(x) = F(z) + 5Y(i)(ac) — ~ GP[O, K’g) (x,g;-!)]

Truncation, many-body  Fyll covariance matrix from
error, etc. EOS models

2 GP prior written as:
k(z,z';0) = °k(x,2;0)

~ )

F(z)|I ~ GP[m(z), ks(z,2')] —

[ krpr(z,z’;£) = exp (
Make kernel choice

or other forms (Matérn, rational
quadratic, non-stationary kernels, etc.)

3 Include physics constraints

01T ~Ulag, be) x N (e, 02
as hyperpriors: | (ag,be) X N (e, 07)

or another appropriate form

FOREVER
4 OHIO
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Model mixing using GPs SN
1 Models written as: — 4
Y(i)(x) = F(z) + 5Y(i)(39) — ~ GPI0, Kéf) (z, 33’)] Assume Gaussian form and use
. 1 Bayes theorem, produce
Truncation, many-body  Full covariance matrix from posterior mean and covariance
error, etc. EOS models . matrix )
2 GP prior written as: -

k(z,z';0) = °k(x,2;0)
—(z — a:’)Q)

F(z)|I ~ GP[m(z), ks(z,2')] —

[ krpr(z,z’;£) = exp (
Make kernel choice

207

or other forms (Matérn, rational
quadratic, non-stationary kernels, etc.)

3 Include physics constraints

01T ~Ulag, be) x N (e, 02
as hyperpriors: | (ag,be) X N (e, 07)

or another appropriate form
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Model mixing using

1 Models written as: —

Y(z‘)(x) = F(z) + 5Y(i)(ac) — ~ GP[O, K’g) (x,g;-!)]

Truncation, many-body  Fyll covariance matrix from
error, etc. EOS models

2 GP prior written as:
k(z,z';0) = °k(x,2;0)

~ )

F(z)|I ~ GP[m(z), ks(z,2')] —

[ krpr(z,z’;£) = exp (
Make kernel choice

or other forms (Matérn, rational
quadratic, non-stationary kernels, etc.)

3 Include physics constraints

01T ~Ulag, be) x N (e, 02
as hyperpriors: | (ag,be) X N (e, 07)

Bayesian Analysis of Nuclear Dynamics
¥ F W E 9N

4

Assume Gaussian form and use
Bayes theorem, produce
posterior mean and covariance
matrix

- J

!

F. | {(yt)z éilaKy,ttaI ~ N[Me, Eee]

with:

He = Kf,et(Kf,tt + K ,tt)_l(yt — mt) + my,
See =Kfee — Kfet(Kppt + Kytt) K te.

or another appropriate form

|
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91\—1}(15 () . 0|1 ~U(ag,be) X N (e, 07)
First case: SNM pressure kRBF(x,ml;g):exp(

Bayesian AAE Of&e!’ Dynamics
N2 By ¥ W E W B
—(z — ') )

202

Unconstrained prior

L4r GP learns very long
length scale => induces [P(n)/Pp(;(n) + 10J ‘
1.2r | strong pQCD influence 1
» in chiral EFT region -
L.O
pQCD cutoff
/- R
0.8} /./ : 7 ————::,// 40n,
Yy
0.6} // i 7 [— xEFT (NLO)
| Wy /d —— bQCD (N2LO)
0.4f iy —— Mixed Model
, V' 4 \: —-—=-- Danielewicz et al. (2002)
0.2} Y/ _/// T e Leonhardt et al. (2020)
“a L. - k [ Training points
0.090 ‘ AT 102
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Unconstrained prior

Lar f GP learns very long
length scale => induces [P(n)/Ppg(n) + 10J ‘
1.2r | strong pQCD influence 1
in chiral EFT region S —
L.O l
pQCD cutoff
/- R
0.8} Y auwa 40ng
/ | 4 //
0.6} i [— xEPT (WLO)
Wy /d —— bQCD (N2LO)
0.4+ iy —— Mixed Model
V' 4 \: ——-- Danielewicz et al. (2002)
0.2+ 4 _/// R (- Leonhardt et al. (2020)
// L. - [ Training points
0.057F—— AT —2
n/ngy

Physics-informed priors have a very large influence on the uncertainties

ISNET-11 1 ECT*, TRENTO, ITALIA

First case: SNM pressure

L4

1.2

1.OF

0|1 ~U(ag,be) X N (e, 07)

krpr(z,2';£) = exp (

)

Constrained prior on lengthscale

AN

Reduction of the
correlation length
between the
EOSs

| P(n)/Pra(n) + 10| |

—

D AN

I-'Hl”_‘.l ‘. II"

- |—— XxEFT (N°LO)

pQCD (N°LO)
Mixed Model

=== Danielewicz et al. (2002)
2092

20)

Leonhardt et al. (20

[ Training points

10!
ﬂ/ﬂ[]
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~em Second case: NSM pressure

Constrained prior on lengthscale

Lar (@ (P(n)/Pro(n) £ 10] |
1.2
1.0

Mixed model pQgCD
08 (20my) (N2LO)

(0.6 .
0.4 Mixed model -
B (40?’1[1}
0.2 .
[}U L1 | ] ] ] ] ] ] ] ] ] L1
10" 10t
Scaled density ng/ng
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0|1 ~U(ag,be) X N (e, 07)

. zc . :E,):z e F W1 9
k z,z l) =ex (
RBF ( ) p ( 902
0.6
b
- (®) {cg(n) ﬂ:lcr]
Mixed model 10-5
(20?‘1[])
0.4
pQCD | 0.3
(NQLO)-
Mixed model 109
(40'?1[}) )
0.1
L1 | ] ] ] I U
10° 10! 109

Scaled density ng/ng
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OHIO C11 ~Ulag, be) x N (pe, 07) DAMR

mmem Second case: NSM pressure ke, 50 = s  ~- ) T

202

Constrained prior on lengthscale -
. [ 1 ' I | I 1 ] 1 1 | 1 1 i I 1 | |

— 2071() S
1.4 (a) - [ = 40n,
P(n)/Ppg(n) £ 10| o S oo !
1.2 . L S ]
- o

1.0F I

/! 1.5

08 Mixed model (II}\]QQEOD) | .

' i (20?‘1[])

-

0.6 . 1.0
0.4 Mixed model -
R (40?’1[1} . I
0.2 : 0.5
[}U L1 | ] ] ] L1 ] ] ] ] L1 :
10 10! 102 /00 |
Scaled density ng/ng . :
Check against NI?ER Radius [km]
and LIGO constraints
FOREVER
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OHIO C11 ~Ulag, be) x N (pe, 07) DAMR

mmem Second case: NSM pressure ke, 50 = s  ~- ) T

202

Constrained prior on lengthscale -
. [ 1 ' I | I 1 ] 1 1 | 1 1 i I 1 | |

— 2071() S
1.4 (a) - [ = 40n,
P(n)/Ppg(n) £ 10| o S oo !
1.2 . L S ]
- o

1.0F I

/! 1.5

08 Mixed model (II}\]QQEOD) | .

' i (20?‘1[])

-

0.6 - 1.0
0.4 Mixed model -
R (40?’1[1} . I
0.2 : 0.5
[}U L1 | ] ] ] L1 ] ] ] ] L1 :
10 10! 102 /00 |
Scaled density ng/ng . :
Check against NI?ER Radius [km]
and LIGO constraints
, OHID
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Rite®  Results: density-dependent changepoint kernel SAMS

Smc?othly transition betwgen two kp (2, s 01, b, 2,2, €) = [1 — a(z, )] Use a grgedy approach | to
stationary RBF kernels using a sequentially add heavy-ion

) _ '
switching function | x k(@ @ e, )[1 = o', §)) data and future model

-1 /., =2 !
T — I + oz, &)ka(z, x5 5, Ua)a(x Pt
Ogigmoid (T3 Tg, w) = [1 +exp(_g)] (z, E)r2(z, 7 &3, b2) (2, §) predictions to the EOS
w 2.5 I T T T I T T T | T T T | T T T [ T T T l T
14k ISf)lfnélmean fulnctim‘l - — i [Mass M(R) [M@]]
' [P(n) /Prg(n) £ 10} - J0740+6620 -
i I 2.0 e
1.2 . ' J
i - 0030045
1.0 _ L5l e
0.8
0.6 1.0
0.4 -
0.5F
0.2 -
0.0 I S I ‘ ‘ I ‘ Al ‘ I I I I == I Il 1 1 1 1 1 Il 1 1 Il 1 1 1 1 1 1
107 10’ 107 005 3 T S U R VIR T;
Scaled density ng/ng Radius [km]
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Smoothly transition between two
stationary RBF kernels using a
switching function |

1.2

0.6

0.2

1.4

1.0

0.8
0.4

0.0 ——

asigmoid(x;x{);w) — []- + exp(_

T T T T | T T
| Spline mean function

YEFT
(N3LO

Il | 1 Il | 1 1 1 |

¢ HIC constraint |

10 10
Scaled density ng/ng
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Results: density-dependent changepoint kernel

kf(z, 2’5 b1, 00,67,05,€) = [1 — a(z, &)]

=N

[ P(n)/Prc(n) £ 10

X K'l(x: xl; 6%781)[1 - a(xiag)]

2.5

2.0

1.5

1.0

0.5

0.0

£ AN

Bayesian Analysis of Nuclear Dynami
¥ F W E 9N

Use a “greedy approach” to

| T T T | T T T | T T T | T T T | T T T | T

- [Mass M(R) (M) C
§ J0740+6620 &

i no data
| = HIC constraint

| T T TR N B |

T I S R TR NN N | ! 1 !
6 8 10 12 14 16
Radius [km]

20 November 2025

sequentially add heavy-ion
data and future model
predictions to the EOS
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~vem - RE@SUNS: density-dependent changepoint kernel

£ AN

Bayesian Analysis of Nuclear Dynami
¥ F W E 9N

Smoothly transition between two kp (2, s 01, b, 2,2, €) = [1 — a(z, )] Use a “greedy approach” to

stationary RBF kernels using a
switching function|

Qsigmoid (T; To, w) = [1 + eXp(_M)] .
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o DOI: 10.21105/joss.06175 Taweret: EMM Open-source repository:

SOftwa Fe https://github.com/bandframework/Taweret
Python interface for user to use BMM

methods on their own models Published in Jal

Present: our 3 methods + toy models The Journal of Open Source Software

X%

Near future: add your own BMM
method!

Ilu
||a

Supply models

4
/f'l‘

{ Pick mixing ] mm E

method

Trammg
Data: {x v)

Model Training g

—— —(]-]

[ Predictions or Uncertainty Quantification ]

3 .3 CD

Picture credit: Dick Furnstahl Flgure credit: John Yannotty
[ 3 Ld [ 3 FDDRHE;EDR
ISNET-111 ECT*, TRENTO, ITALIA New GP model mixing feature coming soon! 20 November 2025 .
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| aweret: BMM BAND
DOI: 10.21105/joss.06175 Open-source repository:

SOftwa Fe https://github.com/bandframework/Taweret
Python interface for user to use BMM

methods on their own models Published in Jal

Present: our 3 methods + toy models

The Journal of Open Source Software

(A N
Near future: add your own BMM )
o =
metnoa. { Supply models ]
g ‘\

BAND framework .
v0.5 coming soon!!! o g -

Dan
Liyanage

| ) | lv
method J

> Model Training &
Data: (x,y)
Base Mixer Class

I [ Predictions or Uncertainty Quantification ]

—— —(]-]

3 .3 CD

Picture credit: Dick Furnstahl Figure credit: John Yannotty
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Conclusions & Outlook

BMM is a promising tool for providing an EOS based on
microscopic nuclear theory calculations across the QCD phase
diagram (and theory predictions for other applications!)

This flexible BMM framework can be extended to include other
kernels, hyperpriors, or EOSs

Future directions

Use of our nuclear theory prior in LIGO Bayesian inference
workflow (ongoing work)

Developing GP-based BMM further for multi-dimensional
scenarios

Using BMM in reaction theory (see Filomena’s talk)

ISNET-11 1 ECT*, TRENTO, ITALIA
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Check out our paper:

arXiv link:

A. C. Semposki,
C. Drischler, R. J.
Furnstahl, D. R.
Phillips.
arXiv:2505.18921

And check out our open-source repo:

B
M

M

[https://github.com/asemposki/
neutron-rich-bmm]
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Check out our paper:
. Xiv link:
, , , , , : A. C. Semposki, ar '
Is it possible to infer physical Teanlng from this type of C. Drischler, R. J. .
BMM: Furnstahl, D. R.
If so, how? Phillips.
arXiv:2505.18921

How do we reliably extend to multiple dimensions?
And check out our open-source repo:
How do we calibrate models and mix them B
simultaneously?

If | want to use this for other models, how do | make a M
discrepancy model for that EOS if it does not share EFT- ‘\ /‘
like properties (e.g., a series expansion)?

[https://github.com/asemposki/
neutron-rich-bmm]
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Da nlel Ph | I I | pS (OU) Baye5|an Analy5|s of Nuclear Dynamlcs

ZE RO, U.S. DEPARTMENT OF

INSTITUTE OF NUCLEAR
& PARTICLE PHYSICS

BUQ ‘Collaboration

Christian — ' ACS supported by: US DOE, contract DE-FG02-93ER-40756,
: Jordan NSF CSSI program, award number OAC-2004601
Drischler (OU) Melendez
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Backup slides
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R Recap: Bayesian model mixing (BMM}) SARS

How do | reliably quantify model uncertainties and make predictions using more than one mode/?

. _ . Discrepancy term (theory
X SV, = . 4+ £ -
1 Setofmodels: M yi = fillxi; 0) + &g error), can be modelled
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R Recap: Bayesian model mixing (BMM}) SARS

How do | reliably quantify model uncertainties and make predictions using more than one mode/?

Discrepancy term (theory

1 Setof models: M 2 yi = fi(xi; 0) + €ix error), can be modelled

New predictions
2 Integrate over unknown

4
parameters (if any exist): pOly, x, My) = fp@b’, x,0)p(6ly, x)do
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R Recap: Bayesian model mixing (BMM) 2o

How do | reliably quantify model uncertainties and make predictions using more than one mode/?

. _ . Discrepancy term (theory
. c V. = . 4+ £ -
1 Setofmodels: M 2 yi = filxi 0) + &ig error), can be modelled

New predictions
2 Integrate over unknown

parameters (if any exist): pOly, x, My) = fp@b’, x,0)p(6ly, x)do

3 Model mix with a
choice of weights:  p(¥ly, x) = Z wi(x)p(§ly, x, M)
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R Recap: Bayesian model mixing (BMM) 2o

How do | reliably quantify model uncertainties and make predictions using more than one mode/?

. _ . Discrepancy term (theory
. c V. = . 4+ £ -
1 Setofmodels: M 2 yi = filxi 0) + &ig error), can be modelled

New predictions
2 Integrate over unknown

parameters (if any exist): pOly, x, My) = fp@b’, x,0)p(6ly, x)do

3 Model mix with a
choice of weights:  p(¥ly, x) = Z wi(x)p(§ly, x, M)

Two major types of BMM:

Density-based VS. Moment-based

Full distribution Mean and variance
mixing mixing

FOREVER
OHIO
ISNET-11 1 ECT*, TRENTO, ITALIA 20 November 2025 -



R Recap: Bayesian model mixing (BMM) 2o

How do | reliably quantify model uncertainties and make predictions using more than one mode/?

Discrepancy term (theory

1 Setof models: M 2 yi = fi(xi; 0) + €ix error), can be modelled

New predictions
2 Integrate over unknown

parameters (if any exist): pOly, x, My) = fp@b’, x,0)p(6ly, x)do

3 Model mix with a
choice of weights:  p(¥ly, x) = Z wi(x)p(§ly, x, M)

Two major types of BMM: Types explored in BAND:

: 1. Linear mixing
Density-based VS. Moment-based 2. Regression trees
Full distribution Mean and variance 3. GP-based

mixing mixing 4. PCA model combination
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Review: Gaussian Processes (GPs)
“Set of random variables, ) Correlation structure
any subset of which A |® @ O o parameterized by a
possesses a Gaussian 2 \ - —/ Iengthscale and
distribution” marginal standard

Less abstract:

Defined by mean function
and covariance function
(kernel)

f(@) ~ GPm(x), k(x,z")]

/
Can be fitted to data +

Cohtalns dependence on 9k — uncertainties and used to
variance and lengthscale e oredict at new points

(RBF, Matérn, etc)) 0 0.25 0.5 0.75 1
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/ deviation

Hyperparameters that can
be determined by
Bayesian parameter
estimation




a2, “Low” densities: EOS from chiral EFT

QCD non-perturbative at low energies, build effective

P Mg Quantifiable truncation
description using nucleons, pions as degrees of freedom @ = max

error, obeys all
Ab Ab symmetries of QCD

NN forces 3N forces

Using NN potential from Entem, Machleidt, Nosyk (2017)

+ 3N forces
- Fit low-energy constants (LECs) to experimental data,
NLO (Q2?) empirical saturation point of SNM
Employ momentum cutoff of 500 MeV

1
Da.b ,i7

83,1);0 (kF) =

N2LO (Q3) Ea (k) = =—= Z VIO A £ Fap

?,jab

N3LO (Q4) Use MBPT* for energy per

particle (E/A) calculations

23) = .@

—_—
N4LO (Q>) *A choice, not a necessity-— <2f3 med
BMM framework is model-
C. Drischler, S. Bogner, Few Body Syst. (2021) independent C. Drischler, J. Holt, C. Wellenhofer (20

Original calculations and ideas: C. Drischler, K. Hebeler, A. Schwenk,
Phys. Rev. Lett. 122, 042501 (2019)
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