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Motivation: the dense matter EOS

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

Nuclear 
physics

Interested in the strong 
force and its properties, 
especially in nuclear 
matter and neutron 
stars

The equation of state 
(EOS) describes the 
state of matter from 

nuclei  to neutron stars 
to quarks and 

deconfinement 

How do we determine the 
EOS for this phase diagram , 

and how do we quantify 
model uncertainties ?

Quark matter

u

d

s

Neutron stars

C. Drischler, J. W. Holt, and C. Wellenhofer, Annu. Rev. Nucl. Part. Sci. (2021)



Recap: BUQEYE truncation error model
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Employ the BUQEYE truncation 
error model (gsum)

Known orders of 
expansion J. Melendez et 

al. PRC (2019)

J. A. Melendez, S. Wesolowski, R. J. Furnstahl, D. R. Phillips, M. Pratola, 
PRC 100, 044001 (2019)
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Estimations for 
unknown 

orders
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Dimensional 
analysis

Expansion 
parameter 

(suppresses 
higher orders)

Natural i.i.d. 
curves
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Recap: BUQEYE truncation error model
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Employ the BUQEYE truncation 
error model (gsum)

Known orders of 
expansion

Estimations for 
unknown 

orders

J. Melendez et 
al. PRC (2019)

Gaussian Processes: learn coefficient distributions

Incorporates correlations in y(x), continuous 
model, priors constrain parameters of GP

Easily test with diagnostics (Mahalanobis 
ŘƛǎǘŀƴŎŜΣ ǇƛǾƻǘŜŘ /ƘƻƭŜǎƪȅ ŘŜŎƻƳǇƻǎƛǘƛƻƴΣΧύ

Dimensional 
analysis

Expansion 
parameter 

(suppresses 
higher orders)

Natural i.i.d. 
curves

J. A. Melendez, S. Wesolowski, R. J. Furnstahl, D. R. Phillips, M. Pratola, 
PRC 100, 044001 (2019)

l
╬[lengthscale]

[marginal 
standard 
deviation]
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BUQEYE + the nuclear matter EOS

Ғ слл aŜ±

Use the truncation 
error model to train on 
EFT coefficients of 
known orders to 
obtain theory 
uncertainties

C. Drischler, R. J. Furnstahl, J. A. Melendez, D. R. Phillips, PRL 125, 202702 (2020)
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C. Drischler et 
al. PRL (2020)

BUQEYE + the nuclear matter EOS

Ғ слл aŜ±

Derivatives of GPs carry UQ along with them!

Use the truncation 
error model to train on 
EFT coefficients of 
known orders to 
obtain theory 
uncertainties

, , etc.

[Further constrains 
the EOS and its 

properties]

C. Drischler, R. J. Furnstahl, J. A. Melendez, D. R. Phillips, PRL 125, 202702 (2020)



Chiral EFT and perturbative QCD for neutron star matter
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Energy density from chiral EFT:

A. C. Semposki et al. arXiv:2505.18921 (2025)

Energy per particle 
from symmetric 
matter, pure neutron 
matter, and the 
symmetry energy



Chiral EFT and perturbative QCD for neutron star matter
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Energy density from chiral EFT: BUQEYE methods used for 
truncation error of SNM, 

PNM, and symmetry energy

A. C. Semposki et al. arXiv:2505.18921 (2025)

Energy per particle 
from symmetric 
matter, pure neutron 
matter, and the 
symmetry energy

2D covariance 
matrix
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PNM, and symmetry energy

Chiral EFT 
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correlations
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Chiral EFT and perturbative QCD for neutron star matter
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Energy density from chiral EFT: BUQEYE methods used for 
truncation error of SNM, 

PNM, and symmetry energy

Chiral EFT 
uncertainties 
include full 
density and 
observable 
correlations

A. C. Semposki et al. arXiv:2505.18921 (2025)

NN potential from Entem, Machleidt , Nosyk (2017) 
+ 3N forces

Fit low-energy constants (LECs) to experimental 
data, empirical saturation point of SNM

Employ momentum cutoff  of 500 MeV

Energy per particle 
from symmetric 
matter, pure neutron 
matter, and the 
symmetry energy

2D covariance 
matrix

Find proton fraction (x) via beta equilibrium conditions
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Energy density from chiral EFT:

BUQEYE 
methods 
used for 

truncation 
error of 

both EOSs

Chiral EFT 
uncertainties 
include full 
density and 
observable 
correlations

A. C. Semposki et al. arXiv:2505.18921 (2025)

pQCD: perturbative description of high-
density EOS with 3 quark flavors

Energy per particle 
from symmetric 
matter, pure neutron 
matter, and the 
symmetry energy

Chiral EFT and perturbative QCD for neutron star matter
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Energy density from chiral EFT:

BUQEYE 
methods 
used for 

truncation 
error of 

both EOSs

Chiral EFT 
uncertainties 
include full 
density and 
observable 
correlations

pQCD: perturbative description of high-
density EOS with 3 quark flavors

Energy per particle 
from symmetric 
matter, pure neutron 
matter, and the 
symmetry energy

How to combine these theories?

Chiral EFT and perturbative QCD for neutron star matter
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Full covariance matrix from 
EOS models
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quadratic, non-stationary kernels, etc.)
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Model mixing using GPs
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Models written as:

Truncation, many-body 
error, etc.

Full covariance matrix from 
EOS models

1

with:

GP prior  written as:

Make kernel choice

2

ƻǊ ƻǘƘŜǊ ŦƻǊƳǎ όaŀǘŞǊƴΣ Ǌŀǘƛƻƴŀƭ 
quadratic, non-stationary kernels, etc.)

Assume Gaussian form and use 
Bayes theorem, produce 

posterior mean and covariance 
matrix

4

Include physics constraints 
as hyperpriors :

3
or another appropriate form

Very important!



First case: SNM pressure
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Unconstrained prior

A. C. Semposki et al. PRC 111 
035804 (2025)

pQCD cutoff 
 40n0

GP learns very long 
length scale => induces 
strong pQCD influence 

in chiral EFT region



First case: SNM pressure
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Unconstrained prior

A. C. Semposki et al. PRC 111 
035804 (2025)

pQCD cutoff 
 40n0

GP learns very long 
length scale => induces 
strong pQCD influence 

in chiral EFT region

Constrained prior on lengthscale

Physics-informed priors have a very large influence on the uncertainties

Reduction of the 
correlation length 

between the 
EOSs



Second case: NSM pressure
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A. C. Semposki et al. arXiv:2505.18921 (2025)

Hyperpriors:  truncated normal distribution
Constrained prior on lengthscale



Second case: NSM pressure

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

Check against NICER 
and LIGO constraints

A. C. Semposki et al. arXiv:2505.18921 (2025)

Hyperpriors:  truncated normal distribution
Constrained prior on lengthscale



Second case: NSM pressure
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Check against NICER 
and LIGO constraints

A. C. Semposki et al. arXiv:2505.18921 (2025)

Hyperpriors:  truncated normal distribution
Constrained prior on lengthscale

What about density dependence?



Results: density-dependent changepoint kernel
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A. C. Semposki et al. arXiv:2505.18921 (2025)

Smoothly transition between two 
stationary RBF kernels using a 
switching function ‌

¦ǎŜ ŀ άƎǊŜŜŘȅ ŀǇǇǊƻŀŎƘέ ǘƻ 
sequentially add heavy-ion 

data and future model 
predictions to the EOS



Results: density-dependent changepoint kernel

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

A. C. Semposki et al. arXiv:2505.18921 (2025)

Smoothly transition between two 
stationary RBF kernels using a 
switching function ‌

¦ǎŜ ŀ άƎǊŜŜŘȅ ŀǇǇǊƻŀŎƘέ ǘƻ 
sequentially add heavy-ion 

data and future model 
predictions to the EOS



Results: density-dependent changepoint kernel

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

A. C. Semposki et al. arXiv:2505.18921 (2025)

Smoothly transition between two 
stationary RBF kernels using a 
switching function ‌

¦ǎŜ ŀ άƎǊŜŜŘȅ ŀǇǇǊƻŀŎƘέ ǘƻ 
sequentially add heavy-ion 

data and future model 
predictions to the EOS



Results: density-dependent changepoint kernel

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

A. C. Semposki et al. arXiv:2505.18921 (2025)

Smoothly transition between two 
stationary RBF kernels using a 
switching function ‌

¦ǎŜ ŀ άƎǊŜŜŘȅ ŀǇǇǊƻŀŎƘέ ǘƻ 
sequentially add heavy-ion 

data and future model 
predictions to the EOS



Results: density-dependent changepoint kernel
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A. C. Semposki et al. arXiv:2505.18921 (2025)

Smoothly transition between two 
stationary RBF kernels using a 
switching function ‌

¦ǎŜ ŀ άƎǊŜŜŘȅ ŀǇǇǊƻŀŎƘέ ǘƻ 
sequentially add heavy-ion 

data and future model 
predictions to the EOS

Good agreement with LIGO-
Virgo and NICER predictions!



Python interface for user to use BMM 
methods on their own models

Present: our 3 methods + toy models 

Near future : add your own BMM 
method!

Taweret: BMM 
software

20 November 2025

Figure credit: John Yannotty

Open-source repository:
https://github.com/bandframework/Taweret

Published in

John 
Yannotty Kevin 

Ingles Dan
Liyanage

Picture credit: Dick Furnstahl

Supply models

Pick mixing 
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Near future : add your own BMM 
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Figure credit: John Yannotty

Open-source repository:
https://github.com/bandframework/Taweret

Published in

John 
Yannotty Kevin 

Ingles Dan
Liyanage

Picture credit: Dick Furnstahl

Supply models

Pick mixing 
method

New GP model mixing feature coming soon!ISNET -11 | ECT*, TRENTO, ITALIA

BAND framework 
v0.5 coming soon!!!



Conclusions & Outlook
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BMM is a promising tool for providing an EOS based on 
microscopic nuclear theory calculations across the QCD phase 
diagram (and theory predictions for other applications!)

This flexible BMM framework can be extended to include other 
kernels, hyperpriors, or EOSs

Future directions

Use of our nuclear theory prior in LIGO Bayesian inference 
workflow (ongoing work)

Developing GP-based BMM further for multi -dimensional 
scenarios

Using BMM in reaction theory όǎŜŜ CƛƭƻƳŜƴŀΩǎ ǘŀƭƪύ[https://github.com/asemposki/
neutron-rich-bmm]

And check out our open-source repo:

Check out our paper:

arXiv link:A. C. Semposki, 
C. Drischler, R. J. 
Furnstahl, D. R. 

Phillips. 
arXiv:2505.18921



Discussion
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Is it possible to infer physical meaning from this type of 
BMM? 

If so, how?

How do we reliably extend to multiple dimensions?

How do we calibrate models and mix them 
simultaneously?

If I want to use this for other models, how do I make a 
discrepancy model for that EOS if it does not share EFT-

like properties (e.g., a series expansion)?

[https://github.com/asemposki/
neutron-rich-bmm]

And check out our open-source repo:

Check out our paper:

arXiv link:A. C. Semposki, 
C. Drischler, R. J. 
Furnstahl, D. R. 

Phillips. 
arXiv:2505.18921



Thank you!

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

ACS supported by: US DOE, contract DE-FG02-93ER-40756, 
NSF CSSI program, award number OAC-2004601

Daniel Phillips (OU)

Christian 
Drischler (OU)

Dick Furnstahl (OSU)

Jordan 
Melendez



Backup slides

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA



Recap: Bayesian model mixing (BMM)

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

How do I reliably quantify model uncertainties and make predictions using more than one model?

Set of models:
Discrepancy term (theory 
error), can be modelled1
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Recap: Bayesian model mixing (BMM)

20 November 2025ISNET -11 | ECT*, TRENTO, ITALIA

How do I reliably quantify model uncertainties and make predictions using more than one model?

Set of models:
Discrepancy term (theory 
error), can be modelled

Integrate over unknown 
parameters (if any exist):

1

2

3 Model mix with a 
choice of weights:

New predictions

Two major types of BMM:

Density-based            vs.          Moment-based

Mean and variance 
mixing

Full distribution 
mixing

Types explored in BAND:
1. Linear mixing

2. Regression trees
3. GP-based 

4. PCA model combination



Correlation structure 
parameterized by a 

lengthscale and 
marginal standard 

deviation

Review: Gaussian Processes (GPs)
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ά{Ŝǘ ƻŦ ǊŀƴŘƻƳ ǾŀǊƛŀōƭŜǎΣ 
any subset of which 
possesses a Gaussian 
ŘƛǎǘǊƛōǳǘƛƻƴέ

Less abstract:
Defined by mean function 
and covariance function 
(kernel)

Contains dependence on 
variance and lengthscale
όw.CΣ aŀǘŞǊƴΣ ŜǘŎΦύ

Hyperparameters that can 
be determined by 

Bayesian parameter 
estimation

l

╬

Can be fitted to data + 
uncertainties  and used to 

predict at new points

Credit: J. Melendez 
et al. PRC (2019)
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QCD non-perturbative at low energies, build effective 
description using nucleons, pions as degrees of freedom

Quantifiable truncation 
error, obeys all 

symmetries of QCD

C. Drischler, S. Bogner, Few Body Syst. (2021)

Original calculations and ideas: C. Drischler, K. Hebeler, A. Schwenk, 
Phys. Rev. Lett.122, 042501 (2019)

Using NN potential from Entem, Machleidt , Nosyk (2017) 
+ 3N forces

Fit low-energy constants (LECs) to experimental data,
empirical saturation point of SNM

Employ momentum cutoff  of 500 MeV

Use MBPT* for energy per 
particle (E/A) calculations 

C. Drischler, J. Holt, C. Wellenhofer (2021)

*A choice, not a necessity---
BMM framework is model-

independent
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High densities: pQCD EOS
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Expansion in the strong 
coupling constant 

Original model: Tyler Gorda, Risto Paatelainen, Saga {ŅǇǇƛ, and 
Kaapo {ŜǇǇŅƴŜƴ, Phys. Rev. Lett.131, 181902

Degrees of freedom: quarks and gluons
Massless u, d quarks with equal ‘

QCD perturbative at high energies

Two-loop running:

Truncation error?
P(n)?

A. C. Semposki et al. PRC 111 035804 (2025)


