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NEURAL-NETWORK QUANTUM STATES
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OPTIMIZATION
NQS trained by performing an imaginary-time evolution in the variational manifold
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The parameters are updated as

S. Sorella, Phys. Rev. B 64, 024512 (2001)
J. Stokes, at al.,  Quantum 4, 269 (2020).
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SLATER JASTROW ANSATZ

On the Limitations of Representing Functions on Sets

Edward Wagstaff
* 1

Fabian B. Fuchs
* 1

Martin Engelcke
* 1

Ingmar Posner
1

Michael Osborne
1

Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain fixed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).

*Equal contribution 1Department of Engineering Science, Uni-
versity of Oxford, Oxford, United Kingdom. Correspondence to:
<{ed, fabian, martin}@robots.ox.ac.uk>.

Proceedings of the 36 th
International Conference on Machine

Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).
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Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. ! and " can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cluding Ravanbakhsh et al. (2016), Zaheer et al. (2017) and
Qi et al. (2017a), have considered enforcing this property
using a technique which we term sum-decomposition, illus-
trated in Figure 1. Mathematically speaking, we say that a
function f defined on sets of size M is sum-decomposable

via Z if there are functions ! : R ! Z and " : Z ! R such
that2

f (X ) = "
!
! x ! X ! (x)

"
(1)

We refer to Z here as the latent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant. Ravanbakhsh et al. (2016), Zaheer
et al. (2017) and Qi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g. max(á). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply when max(á) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We use R here for brevity – see Definition 2.2 for the fully

general definition.
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Wagstaff et al., arXiv:1901.09006 (2019) Zaheer et al., arXiv:1703.06114 (2017)
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! (x i ; x j != i )

NEURAL BACKFLOW CORRELATIONS

8

Di Luo and B. K. Clark, Phys. Rev. Lett. 122, 226401 (2019)
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• NN potential fit to s-wave np scattering lengths and effective ranges

R. Schiavilla, AL, PRC 103, 054003 (2021)
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• 3NF adjusted to reproduce the energy of 3H and 16O

R. Schiavilla, AL, PRC 103, 054003 (2021)

<latexit sha1_base64="Kn1Ao0R9Hqm4sEsogGYkh0vnTDc="></latexit>

Vijk ! cE

!

cyc

e! ( r 2
ij + r 2

jk ) /R 2
3

“ESSENTIAL" HAMILTONIAN



13B. Fore, J Kim, AL, in preparation 



14B. Fore, J Kim, AL, in preparation 



GAUSSIAN PROCESS 
FOR HYPERNUCLEI

15



NUCLEI WITH A STRANGE PARTICLE

16

Hypernuclei: bound state between an ordinary nucleus with one (or more) hyperons

Our work: consider single-Λ hypernuclei to begin with
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THE HYPERON PUZZLE
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• T=1/2, S=0• T=1/2, S=1

18

<latexit sha1_base64="rosgCOAoBUNqKMWFVJK5b1wx7P8="></latexit>

VN! =
!

IS

÷CIS
!

!

i

PIS (i ! ) ! ! (r i ! )
3

Table I: Numerical values for the two-body LECs and regulators adjusted to reproduce the scattering lengths and
e! ective ranges extracted from scattering experiments in the spin-singlet and spin-triplet channels. The np values

are taken from Ref. [48], and the p! ones from Ref. [49].

Channel IS CIS (MeV) ! IS (fm ! 1) aexp (fm) r exp (fm)

np
10 -31.0633 1.10117 -23.7148(43) 2.750(18)
01 -68.3747 1.30512 5.4112(15) 1.7436(19)

p!
1
2 0 -33.5417 1.54720 -1.80 2.80
1
2 1 -25.3115 1.41379 -1.60 3.30

the essential elements of nuclear binding while preserv-
ing formal consistency. Instead of taking ! to inÞnity,
we Þx its value separately in the NN and N! channels to
reproduce the experimentally extracted e! ective ranges.
The regulators for the NNN and NN! three-body forces
are likewise tuned to experimental input, as discussed be-
low. This approach is analogous to improving the conver-
gence of pionless EFT by resumming perturbative sub-
leading corrections, as recently proposed in Refs. [56Ð58]
It can be systematically improved by including higher-
order terms, while simultaneously restoring the renor-
malization group invariance that is otherwise lost when
Þxing the interaction range.

As in [46], we determine the LECs and regulator val-
ues of the NN potential by Þtting to the neutronÐproton
(np) scattering lengths and e! ective ranges in the 1S0
and 3S1 channels, corresponding to isospin states IS=
{ (10), (01)} , respectively. For the experimental input,
we adopt the values reported in [48]. Similarly, the LECs
and regulators for the N! interaction are Þxed to repro-
duce the scattering lengths and e! ective ranges inferred
from low-energy ! p scattering cross sections measured
in [49], in both the 1S0 and 3S1 channels, which corre-
spond to isospin states IS= { ( 1

2 0), ( 1
2 1)} . The numeri-

cal Þts are carried out using thevariable phase approach
[59]. The results are summarized in Table I, which lists
the Þtted LECs, regulators, and corresponding scattering
parameters. The LECs and regulators obtained for the
np channel are in close agreement with those reported
in [46], with only minor deviations arising from slight
di! erences in the scattering lengths and e! ective ranges
used in the Þts.

In principle, the coupling constant D! and the regu-
lator ! deÞning the NNN potential could be determined

Table II: Experimental ground-state energies used to
constrain the three-body NNN interaction taken

from [60]. The uncertainties were inßated to2.5% of
their respective values.

System BE (MeV) " (MeV)
3H 8.48 0.21
3He 7.80 0.20
4He 28.30 0.71
16 O 127.6 3.2

by Þtting the ground-state energies of3H and 4He. How-
ever, owing to the strong correlation between these ob-
servables, many di! erent combinations of LECs and reg-
ulators can reproduce them. This behavior is expected
from renormalization group invariance and from the ab-
sence of a four-body force at leading order in the theory.
Nevertheless, excessively large cuto! s would lead to in-
stabilities in larger systems, we include the ground-state
energy of 16O as an additional Þtting constraint. This
choice remains consistent with the EFT framework, pro-
vided that the Þxed range does not exceed the inverse
of the theoryÕs breakdown scale. The experimental val-
ues and their uncertainties used in the Þt are reported
in Table II. To improve the stability of the Þtting algo-
rithm we have artiÞcially inßated the uncertainties of the
ground-state energies to2.5% of their respective values,
well below the theoretical uncertainty associated with a
leading-order pionless-EFT interaction [5, 61].

Similarly, the low-energy constants and regulators of
the NN! potential can be adjusted to reproduce the!
separation energies, deÞned as the energy di! erence be-
tween the hypernucleus and its parent nucleus:

B! = EA ! 1 Z ! EA
! Z ,

for 3
! H, 4

! HS=0 , 4
! HS=1 , and 5

! He. As in the nuclear case,
we also include the separation energy of16

! O in the Þt.
The experimental values and their uncertainties are listed
in Table III.

The Þt for both the NNN and NN ! potentials is
e" ciently performed by leveraging Gaussian Processes
(GP) [63] to interpolate ground-state energies as continu-
ous functions of the LECs and regulators. This approach
is particularly advantageous when Þtting the NN! force,

Table III: Experimental ! separation energies used to
constrain the three-body NN! interaction taken from

the Hypernuclear Database [62].

System B! (MeV) " (MeV) IS Dependence
3
! H 0.164 0.043

!
01

2

"

4
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!
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!
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!
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"

5
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"
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11
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"
,

!
03

2
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16
! O 13.00 0.089
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"
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"
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Table I: Numerical values for the two-body LECs and regulators adjusted to reproduce the scattering lengths and
e! ective ranges extracted from scattering experiments in the spin-singlet and spin-triplet channels. The np values

are taken from Ref. [48], and the p! ones from Ref. [49].

Channel IS CIS (MeV) ! IS (fm ! 1) aexp (fm) r exp (fm)

np
10 -31.0633 1.10117 -23.7148(43) 2.750(18)
01 -68.3747 1.30512 5.4112(15) 1.7436(19)

p!
1
2 0 -33.5417 1.54720 -1.80 2.80
1
2 1 -25.3115 1.41379 -1.60 3.30

the essential elements of nuclear binding while preserv-
ing formal consistency. Instead of taking ! to inÞnity,
we Þx its value separately in the NN and N! channels to
reproduce the experimentally extracted e! ective ranges.
The regulators for the NNN and NN! three-body forces
are likewise tuned to experimental input, as discussed be-
low. This approach is analogous to improving the conver-
gence of pionless EFT by resumming perturbative sub-
leading corrections, as recently proposed in Refs. [56Ð58]
It can be systematically improved by including higher-
order terms, while simultaneously restoring the renor-
malization group invariance that is otherwise lost when
Þxing the interaction range.

As in [46], we determine the LECs and regulator val-
ues of the NN potential by Þtting to the neutronÐproton
(np) scattering lengths and e! ective ranges in the 1S0
and 3S1 channels, corresponding to isospin states IS=
{ (10), (01)} , respectively. For the experimental input,
we adopt the values reported in [48]. Similarly, the LECs
and regulators for the N! interaction are Þxed to repro-
duce the scattering lengths and e! ective ranges inferred
from low-energy ! p scattering cross sections measured
in [49], in both the 1S0 and 3S1 channels, which corre-
spond to isospin states IS= { ( 1

2 0), ( 1
2 1)} . The numeri-

cal Þts are carried out using thevariable phase approach
[59]. The results are summarized in Table I, which lists
the Þtted LECs, regulators, and corresponding scattering
parameters. The LECs and regulators obtained for the
np channel are in close agreement with those reported
in [46], with only minor deviations arising from slight
di! erences in the scattering lengths and e! ective ranges
used in the Þts.

In principle, the coupling constant D! and the regu-
lator ! deÞning the NNN potential could be determined

Table II: Experimental ground-state energies used to
constrain the three-body NNN interaction taken

from [60]. The uncertainties were inßated to2.5% of
their respective values.

System BE (MeV) " (MeV)
3H 8.48 0.21
3He 7.80 0.20
4He 28.30 0.71
16 O 127.6 3.2

by Þtting the ground-state energies of3H and 4He. How-
ever, owing to the strong correlation between these ob-
servables, many di! erent combinations of LECs and reg-
ulators can reproduce them. This behavior is expected
from renormalization group invariance and from the ab-
sence of a four-body force at leading order in the theory.
Nevertheless, excessively large cuto! s would lead to in-
stabilities in larger systems, we include the ground-state
energy of 16O as an additional Þtting constraint. This
choice remains consistent with the EFT framework, pro-
vided that the Þxed range does not exceed the inverse
of the theoryÕs breakdown scale. The experimental val-
ues and their uncertainties used in the Þt are reported
in Table II. To improve the stability of the Þtting algo-
rithm we have artiÞcially inßated the uncertainties of the
ground-state energies to2.5% of their respective values,
well below the theoretical uncertainty associated with a
leading-order pionless-EFT interaction [5, 61].

Similarly, the low-energy constants and regulators of
the NN! potential can be adjusted to reproduce the!
separation energies, deÞned as the energy di! erence be-
tween the hypernucleus and its parent nucleus:

B! = EA ! 1 Z ! EA
! Z ,

for 3
! H, 4

! HS=0 , 4
! HS=1 , and 5

! He. As in the nuclear case,
we also include the separation energy of16

! O in the Þt.
The experimental values and their uncertainties are listed
in Table III.

The Þt for both the NNN and NN ! potentials is
e" ciently performed by leveraging Gaussian Processes
(GP) [63] to interpolate ground-state energies as continu-
ous functions of the LECs and regulators. This approach
is particularly advantageous when Þtting the NN! force,

Table III: Experimental ! separation energies used to
constrain the three-body NN! interaction taken from

the Hypernuclear Database [62].

System B! (MeV) " (MeV) IS Dependence
3
! H 0.164 0.043

!
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Fit to hyper nuclear separation energies 
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Figure 4: Same as Figure 2 but for the hypernuclear separation energies (in MeV).

architecture [72, 73] with logsumexppooling:

UJ (X N ) = ! U

!

" log

#

$
A ! 1%

i "= j =1

exp
&
" U (x i , x j )

'
(

)

*

+

VJ (X N ) = ! V

!

" log

#

$
A ! 1%

i "= j =1

exp
&
" V (x i , x j )

'
(

)

*

+ , (12)

where i runs over all the NN pairs. Both " U,V and ! U,V
are dense feed-forward neural networks, each comprising
two hidden layers with 32 nodes. The latent spaceÑthe
output dimension of " U,V and the input dimension of
! U,V Ñis set to 16.

The antisymmetric part of the nucleonic wave func-
tion is given by the Pfa! an of a skew-symmetric matrix,
which has proven e" ective in capturing strong pairing
correlations in both ultra-cold Fermi gases [44] and low-
density nuclear matter [45]. For nuclei with an even num-

ber of nucleons, we deÞne the skew-symmetric matrix as

! (X N ) =

!

,
,
,
"

0 " (x1, x2) . . . " (x1, xA ! 1)
" (x2, x1) 0 . . . " (x2, xA ! 1)

...
...

. . .
...

" (xA ! 1, x1) " (xA ! 1, x2) . . . 0

*

-
-
-
+

.

(13)
To ensure skew-symmetry, the pairing orbital is written
as

" (x i , x j ) = #(x i , x j ) ! #(x j , x i ), (14)

so that " (x i , x j ) = ! " (x j , x i ). In the above equation,
#(x i , x j ) is a complex-valued function, whose logarithm
is regularized as in Eq. (11)

#(x i , x j ) = exp
.
a tanh

/
u! (x i , x j )

a

0
+ i$ v! (x i , x j ))

1
.

(15)
The real-valued feed-forward neural networksu! and v! ,
which encode the logarithmic amplitude and phase of#,
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Figure 3: Joint distributions of the LECs (in MeV) and regulator (in fm ! 1) entering NN! potential.

body observables in the hypernuclear sector broaden the
convergence region of the Þtted parameters into a con-
tinuous path in parameter space, which allows for very
large values of! . As in the nuclear case, including16

! O
in the Þt is essential to constrain the range of the NN!
interaction. This observable breaks the remaining degen-
eracy and selects a relatively narrow region in parameter
space consistent with the experimentalB! data.

III. HYPERNUCLEAR NEURAL NETWORK
QUANTUM STATE ANSATZ

We solve the nuclear quantum many-body problem
by extending the highly ßexible Pfa! an-Jastrow ansatz,
originally introduced to model ultra-cold Fermi gases
in Ref. [44] and later generalized to nuclear systems in
Ref. [45], to include hyperons in addition to protons and
neutrons. To clarify the notation, we denote the full set
of coordinates as

X = ( x1, . . . , xA ! 1, x ! ), (9)

where eachx i = ( r i , si ) comprises the spatial Cartesian
coordinatesr i and the z-components of the spinÐisospin
degrees of freedom,si = ( szi , tzi ), for the i -th particle.

As a convention, we taketz = 1 for protons, tz = ! 1 for
neutrons, and tz = 0 for the ! particle.

We Þrst focus on the pure nucleonic sector and collec-
tively denote the coordinates of the nucleons by

X N = ( x1, . . . , xA ! 1).

The amplitude of the Pfa! an-Jastrow ansatz for the nu-
cleonic sector can be schematically written as

"X N |" P J # $ " P J (X N ) = eJ (X N ) %Pf
!
# (X N )

"
, (10)

where the complex-valued, permutation-invariant Jas-
trow factor is deÞned as

J (X N ) = a tanh
#

UJ (X N )
a

$
+ i VJ (X N ) . (11)

Here,UJ (X N ) and VJ (X N ) are real-valued functions rep-
resenting the logarithmic amplitude and phase, respec-
tively. The parameter a acts as a cuto" that regularizes
the growth of UJ and helps mitigate potential runaway
instabilities. Following Ref. [71], we choosea = 8 , which
allows a maximum relative magnitude variation of ap-
proximately 10! 7. We enforce bothUJ (X N ) and VJ (X N )
to be permutation invariant by employing the Deep Sets
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.

this e! ect, we deÞne the relative radius di! erence as

! r =

!
! r 2

p"A
! #

!
! r 2

p"A ! 1
!

! r 2
p"A ! 1

, (22)

where
!

! r 2
p"!

A is the proton point radius of the hypernu-
cleus, and

!
! r 2

p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
paradigm introduced in Ref. [54] to the strange sector,
we seek the simplest Hamiltonian capable of reproduc-
ing the ! separation energies ofs- and p-shell hypernu-
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.

this e! ect, we deÞne the relative radius di! erence as

! r =
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! r 2

p"A
! #

!
! r 2

p"A ! 1
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! r 2
p"A ! 1

, (22)

where
!

! r 2
p"!

A is the proton point radius of the hypernu-
cleus, and

!
! r 2

p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
paradigm introduced in Ref. [54] to the strange sector,
we seek the simplest Hamiltonian capable of reproduc-
ing the ! separation energies ofs- and p-shell hypernu-
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.

this e! ect, we deÞne the relative radius di! erence as
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p"A
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where
!

! r 2
p"!

A is the proton point radius of the hypernu-
cleus, and

!
! r 2

p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
paradigm introduced in Ref. [54] to the strange sector,
we seek the simplest Hamiltonian capable of reproduc-
ing the ! separation energies ofs- and p-shell hypernu-
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.
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where
!

! r 2
p"!

A is the proton point radius of the hypernu-
cleus, and

!
! r 2

p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.

this e! ect, we deÞne the relative radius di! erence as

! r =

!
! r 2

p"A
! #

!
! r 2

p"A ! 1
!

! r 2
p"A ! 1

, (22)

where
!

! r 2
p"!

A is the proton point radius of the hypernu-
cleus, and

!
! r 2

p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
paradigm introduced in Ref. [54] to the strange sector,
we seek the simplest Hamiltonian capable of reproduc-
ing the ! separation energies ofs- and p-shell hypernu-

A. Di Donna, arXiv:2507.16994  
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.
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where
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A is the proton point radius of the hypernu-
cleus, and
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p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
paradigm introduced in Ref. [54] to the strange sector,
we seek the simplest Hamiltonian capable of reproduc-
ing the ! separation energies ofs- and p-shell hypernu-
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Figure 7: Neutron (orange squares), proton (green
triangles), and ! hyperon (blue circles) single-particle
radial density distributions for 5

! He (upper panel), 7
! Li

(middle panel), and 16
! O (lower panel). The protons

densities of the corresponding parent nuclei are also
shown by the black solid line. For illustrative purposes,
the distributions are normalized to unity and multiplied

by a factor of r 2, as discussed in the text.
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where
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A is the proton point radius of the hypernu-
cleus, and
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! r 2

p"A ! 1 is the corresponding radius for its
parent nucleus.

We observe a two-regime behavior of! r as a function
of A, which is consistent with trends observed in the spa-
tial density distributions displayed in Figure 7, where the
proton density distribution of parent nuclei is given by a
thick solid line.

For light systems such as3
! H, 4

! H, 4
! He, and 5

! He, our
NQS calculations yield! r > 0, indicating that the proton
radius in the hypernucleus is larger than in the parent
nucleus. In these systems, the! hyperon is weakly bound
and tends to form an extended halo around the core,
e! ectively ÒpullingÓ the nucleons outward from the center
of mass. For5

! He, we obtain ! r $ 0.11, in line with the
pioneering theoretical calculations of Ref. [29] for4! H and
4
! He.

Starting from 7
! Li Ñ for which we Þnd ! r $ # 0.13 Ñ

the proton radius of the hypernucleus becomes smaller
than that of its parent nucleus, in qualitative agreement
with the experimental Þndings of Ref. [14]. Within an
extreme cluster model,6Li can be interpreted as having
an " Ðdeuteron clustered wave function, characterized by
a relatively loose conÞguration and sizable separation be-
tween the clusters. When a! hyperon is added to form
7
! Li, it occupies the central 1s orbital and interacts at-
tractively with nucleons in both the " and d clusters.
Since the! hyperon is distinguishable from nucleons and
does not experience Pauli repulsion, it acts as a ÒglueÕ,Õ
pulling the clusters closer together [83]. This behavior
is reßected in the central panel of Figure 7, where the
proton density of 6Li is broader than the one of 7

! Li.
We observe this glue-like e! ect gradually weakens

with increasing A, decreasing to ! r ! 0.01 in 16
! O.

This percent-level compaction agrees with the relativis-
tic mean-Þeld calculations of Ref. [85], which predict only
slight hyperon-induced modiÞcations to the core radius in
this and heavier mass regions. Importantly, the fact that
the ! hyperon resides precisely in the saturation-density
region of the core enables direct calibration of the NN!
interaction in a density regime relevant to astrophysical
applications [26].

V. CONCLUSIONS

We combine two complementary machine-learning ap-
proaches to compute ground-state properties of single-!
hypernuclei up to 16

! O, as they emerge from interacting
neutrons, protons, and ! hyperons. Generalizing the
paradigm introduced in Ref. [54] to the strange sector,
we seek the simplest Hamiltonian capable of reproduc-
ing the ! separation energies ofs- and p-shell hypernu-
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with momentum Pµf = ( Ef ,Pf ), and momentum conservation impliesqµ =

pµ
e ! pe

"µ = Pµ
f ! Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for whichq2

µ = ! 2 ! q2 < 0 . In electron-induced reactions! andq can
vary independently (provided that|q| > ! ), as opposed to reactions induced by real photons
where|q| = ! . In elastic reactions! = 0 (neglecting the recoil of the nucleus), which implies
|! i#=

!
!! f

"
. Reactions in which! $= 0 are instead called inelastic. To different values of

! = Ef ! Ei , correspond different excitation energies of the nucleus. As! increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of% 10! 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of! q.e. % q2/ (2m) quasi-elastic effects dominate, in
which the reaction is in Þrst approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
Þxed value of momentum transferq is provided in Figure 7.

Because in inelastic electron scattering! andq can vary independently, for each value
of excitation energy! , one can study the matrix elementsÕ behavior as a function of the
momentum transfer. In particular, by varyingq one changes the spatial resolution of the
electron probe, which is" 1/ |q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
Þxed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy! is Þxed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

  The four-vector squaredqµ qµ is here denoted withq2
µ .
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We consider the Lorentz Kernel
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The first step in computing the LIT involves solving the inhomogeneous Schrödinger equation
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Leveraging the Hermiticity of the Hamiltonian, we recast the norm as an overlap
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Resolvent equation:
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We provide an upper bound on the LIT uncertainty: 
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We considered a dipole transition
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J =
A!

i

qi (zi ! Zcm )
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4He
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6Li
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Historically
<latexit sha1_base64="rIvzdJfs/ddu/o4fvTqlAU00aws="></latexit>

R(! ) =
N!

n =1

cn " n (! ! , #1, #2, $) ,
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! ! = ! ! ! th

Polynomials defined as 
<latexit sha1_base64="MDp/RpRIvbYyGA+6oMbeFycfC3o="></latexit>

! 1(" , #1, #2, $) = " ! 1 exp (! #2" ) ,

! n ! 2(" , #1, #2, $) = " ! 1 exp
!

!
#2"
$n

"

V D Efros, et al., J. Phys. G: Nucl. Part. Phys. 34 R459
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The LIT of the basis function is well known  

Parameters determined by minimizing the chi-square

<latexit sha1_base64="pLqLwzaKmtxbwg71XW50sbu9vho="></latexit>

÷! n (" 0, #1, #2, $) =
! !

0
d" " ! n (" ", #1, #2, $)

(" " ! " 0)2 + ! 2 .

<latexit sha1_base64="MfzRaw9IWV4xBQ2mxkR3Vw/REZU="></latexit>

! 2 =
N ! 0!

i =1

( ÷L i ! L i )2

" 2
i

.
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! i =
!

! 2
i stat + ! 2

i sys
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We leverage a MCMC based maximum-entropy approach 
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P (R |L ) = P(L |R)
P(R)
P(L)

Likelihood

Entropic prior (Skilling)
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P (L |R) =
e! ! 2 / 2

ZL
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P (R) = e! S

<latexit sha1_base64="fG8X+LCl9WD97x/k4pCSR74Rk3Q="></latexit>

S =
!

d!
"
R(! ) ! m(! ) ! R(! ) log

#
R(! )
m(! )

$%

INVERTING THE LIT
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Hence, the prior is conditional on both the model and !

INVERTING THE LIT
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P (R |m, ! ) =
e! S

ZS
,

The !  - dependent normalization constant ZS can be estimated by approximating the exponential 
with a Gaussian centered at Ri = mi

<latexit sha1_base64="L9sjio2f59UbBT8i7Zg82aDZCQ8="></latexit>

ZS =
! N !"

i =1

dRi!
Ri

exp
#

!
$
Ri " mi " Ri log

%
Ri

mi

&'
! "

(
#

%
2#
!

&N ! / 2

.

Thus
<latexit sha1_base64="jgSyHVA/yX6/zXZQkpD1GmU1yk8="></latexit>

P (R|L , m, ! ) =
e! S! " 2 / 2
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We can marginalize over !

INVERTING THE LIT
<latexit sha1_base64="tNS9BsgVPQ91ToTfEKZFSzS0cDc="></latexit>
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MCMC “with swap” used to sample the posterior: no need to fix α

12

FIG. 2. Posterior distribution of ! corresponding to three di! erent prior models: basis function (upper panel), LIT (middle
panel), and ßat (lower panel).

12

FIG. 2. Posterior distribution of ! corresponding to three di! erent prior models: basis function (upper panel), LIT (middle
panel), and ßat (lower panel).
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Computed the photo-absorption cross section with quantified uncertainties

3

FIG. 1. (Upper panel) LIT of the 2H dipole response function
computed at ! = 10 MeV. The NQS calculations (orange cir-
cles) are compared to the numerically exact results (solid blue
line). (Lower panel) The statistical (blue circles), systematic
(orange circles), and total (green circles) errors of the NQS
calculations are shown alongside the di" erence between the
numerically exact and NQS results (solid red line).

! ! 0, ! 0 ! ! , and L ! ( " ! ! )R , we may conclude that
" L !L !

"
(1 " F ) ! ! . Implying that smaller values of !

not only lead to a more complicated wave function, but
also demand higher accuracy in solving the LIT equation.

Once the values of the LIT and its uncertainties are
estimated on a grid of N discrete values of! 0, we need
to invert the integral transform to retrieve the response
function. To this aim, we employ two inversion methods.
The Þrst is a regularized version of the standard inversion
procedure introduced in Ref. [38], which relies on a suit-
able basis expansion of the response function. The second
is an improved version of the so-called BryanÕs version of
the Maximum Entropy method [48]. Both methods are
discussed in detail in the Supplemental material. The
advantage of the latter method lies in its ability to prop-
agate the uncertainties inL ( ! 0, ! ) into the reconstructed
R(! ) using BayesÕ theorem.

Results.Ñ Although the method discussed above is en-
tirely general and applicable to a broad range of self-
bound systems modeled by NQS in continuum Hilbert
spaces, we demonstrate its e#ectiveness in computing
nuclear photoabsorption cross-sections. At interme-
diate energies, the transition current is well approxi-
mated by the translation-invariant dipole operator öO =
! A

i qi (zi " Zcm ) , where qi is the charge of nucleoni , zi

is the z component of its position vector, and Zcm de-

notes the z component of the center-of-mass vector of
the nucleus.

As a Þrst application, we consider the deuteron, as
this simple system allows us to benchmark the NQS-
LIT method against a virtually exact numerical solution
of the ordinary di#erential equation that determines the
ground-state and LIT wave functions. Since model ÒoÓ
does not include tensor or spin-orbit terms,$ 0 and $ L

contain only the s-wave and p-wave contributions, re-
spectively, the di#erential equations to be solved depend
only on the distance between the proton and the neutron.
As shown in the upper panel of Fig. 1, the NQS results
agree with the exact solution to an accuracy better than
1% Ñ both are obtained with ! = 10 MeV. This accuracy
is compared in the lower panel of Fig. 1 with the error
bound we determined, and is found to be much better
for all values of ! .

Inverting the LIT using the basis expansion proce-
dure and maximum-entropy algorithms discussed earlier,
we can recover the energy dependence of the response
functions and the associated uncertainties. The total
photoabsorption cross section is then given by#! ( ! ) =
4" 2$! R( ! ) , where $ is the Þne-structure constant. In
Fig. 2, we compare the NQS predictions with experimen-
tal data from Ref. [49]. The basis expansion inversion
method shows excellent agreement with the experimen-
tal data, regardless of the numberNmax of basis functions
used to expand the responseÑwe veriÞed that increasing
the basis size up toN = 16 did not a#ect the results. The
inversion based on maximum-entropy also yields cross
sections that agree well with the data, within uncertain-
ties. This agreement is particularly remarkable given the
simplicity of the input Hamiltonian. In this regard, we
note that two-body currents are implicitly accounted for

FIG. 2. Deuteron photo-disintegration cross section as a func-
tion of photon energy, obtained from NQS calculations of the
LIT. The basis function results (solid orange lines) and the
Maximum Entropy reconstruction (blue histogram with er-
ror bars) show good agreement with experimental data from
Ref. [49].

4

FIG. 3. (Upper panel) LIT of the 4He dipole response function
computed at ! = 10 MeV. The NQS calculations (orange cir-
cles) are compared to the highly-accurate EIHH results (solid
blue line). (Lower panel) The statistical (blue circles), sys-
tematic (orange circles), and total (green circles) errors of the
NQS calculations are shown alongside the di" erence between
the EIHH and NQS results (solid red line).

by means of the Siegert theorem [50].
In Fig. 3, we compare the LITs of 4He computed

using the NQS approach with those obtained via the
e! ective interaction hyperspherical harmonics (EIHH)
method [51], which provides extremely accurate solutions
for A ! 4 nuclei. Similar to the deuteron case, excellent
agreement is also achieved for4He. A detailed analysis
of the errors, shown in the lower panel of Fig. 3, reveals
that the maximum discrepancy between NQS and EIHH
remains at the percent level, except in the high-energy
region of the spectrum, where the LIT is already small.
Our theoretical error bound is signiÞcantly looser, ex-
ceeding 20% for certain! ! 75 MeV, indicating the need
for reÞned error estimates.

Finally, in Fig.4, we present the photodisintegration
cross section of4He, obtained by inverting the LIT com-
puted within the NQS framework, and compare it with
experimental data from Ref.[6]. Similar to the deuteron
case, both the basis-expansion inversion method and the
maximum entropy approach yield results that agree re-
markably well with experiment, especially considering
the simplicity of the input Hamiltonian. In fact, the
agreement appears even better than that achieved in
Refs. [23, 52], which used higher-resolution chiral Hamil-
tonians. Notably, the position of the peak is accurately
reproduced without the need to shift the theoretical

curves to match the experimental threshold. We note
that these cross sections were obtained with" = 10 MeV;
however, we explicitly veriÞed that using" = 5 MeV pro-
duces fully compatible results, with the basis-expansion
inversion curves overlapping.

Conclusions.Ñ In this work, we introduced a com-
putational protocol that combines variational Monte
Carlo methods based on NQS with the LIT technique
to address the challenging problem of computing dy-
namical properties of self-bound systems in continuous
spaces. While this framework is applicable to quan-
tum many-body systems spanning a wide range of energy
scalesÑincluding atoms and moleculesÑour initial focus
is on applications in nuclear physics. Our approach ex-
tends the reach of high-resolution continuum QMC meth-
ods to low-energy response functions, including those rel-
evant for photodisintegration cross sections, which un-
til now have only been computed using basis-expansion
methods [21, 23, 26, 27].

In addition to providing accurate estimates of the re-
sponse functions, our protocol enables a reliable assess-
ment of both statistical and systematic uncertainties.
The statistical uncertainties can be readily estimated
through Monte Carlo sampling. To address the system-
atic component, we derived a general error-bound lemma
applicable to all LIT-based methods. We validated this
bound numerically through comparisons with highly ac-
curate few-body calculations. This analysis revealed that
the upper bound on the error can occasionally be overly
conservative, underscoring the need for further reÞne-
ment of the theoretical estimates.

Both the statistical and systematic uncertainties of the
LIT are propagated to the response function by lever-
aging an advanced version of the Maximum Entropy

FIG. 4. Photo-disintegration cross section of 4He as a func-
tion of photon energy, obtained from NQS calculations of the
LIT. The basis function results (solid orange lines) and the
Maximum Entropy reconstruction (blue histogram with er-
ror bars) show good agreement with experimental data from
Ref. [6].
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PERSPECTIVES 

• Leverage NQS and Bayesian methodology to compute nuclei and nuclear-star matter with 
quantified uncertainties.

• Include chiral-EFT potentials without exponential scaling

• Go beyond Gaussian Process (Emulators, PMMs, Foundation NQS)

P. Wen et al. 	e-Print: 2505.11442 [nucl-th]

Y. Yang et al., 2509.01303 [nucl-th]

Y. Yang et al., Phys. Rev. Lett. 135 (2025) 17, 172502
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• Non relativistic many body theory aims at solving the many-body Schrödinger equation

• Nucleons are fermions, so the wave function must be anti-symmetric

THE QUANTUM MANY-BODY PROBLEM
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HOW TO TACKLE MEDIUM-MASS NUCLEI? 
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