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1 Elements of nuclear structure

Figure 1.6: Different ial cross sect ion for
elast ic scat tering of 153 MeV elect rons
by 197Au nuclei. T he diffract ion pat tern
seen for the different ial cross sect ion as a
funct ion of angle reveals that t he nucleus
has a diffuse surface (B) rather than a
sharp surface (A ). A consequence of this
(as shown in the inset ) is that the nu-
clear radius at the half densit y is slight ly
smaller than it would be for a nuclear
densit y with a sharp surface that gives
the same r 2 1/ 2 . T he pat t ern that would
be seen for scat t ering from a point charge
is also shown (cf. Figure 1.1). (T he fig-
ure is from Bohr A . and Mot telson B.R.
(1969), Nuclear Structure, Vol. 1 (Ben-
jamin, New York), (republ ished by World
Scient ific, Singapore), p. 159. T he data
are from: Hahn B., Ravenhall D.G. and
Hofst adter R. (1956), Phys. Rev. 101,
1131; Yennie D.R., Ravenhall D.G. and
W ilson R.N. (1954), Phys. Rev. 95, 500;
and Herman R. and Hofstadter R. (1960),
High Energy Electron Scatter ing Tables,
Stanford Univ. Press, Stanford, Califor-
nia.)
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1.3 N uclear shel l st r uct ur e

One of the big surprises in the development of nuclear physics was that nuclei, like
atoms, exhibit propert ies characterist ic of a system with a shell st ructure. The
origin of shell st ructure in atoms is well understood. Atomic electrons move in the
central (spherically symmetric) Coulomb field of a small, but relat ively massive, and
highly-charged nucleus. The field of the nucleus, as seen by an elect ron, is part ially
screened by other atomic elect rons. But , apart from the screening effect , the inter-
act ions between elect rons are relat ively weak. Thus, to a first approximat ion, an
atom can be regarded as a system of independent elect rons moving in a part ially-
screened Coulomb field. Correct ions can be made to include the correlat ion effects
induced by thesmall, but well understood, residual elect ronic interact ionsand, with
a sufficient ly large computer, remarkably accurate results for atomic propert ies can
be computed. The result is that atomic elect rons occupy rather well-defined single-
part icle states. Furthermore, since elect rons are spin-half fermions subject to the
Pauli exclusion principle, at most two electrons (onespin up and onespin down) can
occupy the same spat ial state. Thus, in the ground state of an atom, the elect rons
fill the lowest energy states available. Shell st ructure arises because the energies of
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*

λ(nm)= 1240/E(eV), for E >> mec2 = 0.5 MeV

Ee = 153 MeV àλ = 8 fm

FIG. 1.2. Figure from R&W (original from Bohr & Mottelson.)
No changes needed (except remove shaded background).

Figure 1.2: Elastic scattering of electrons as a function of anglewith respect to the electron
beam for the isotope 197Au reveals, via the fitting of a model charge-density distribution,
r (r) (see text), that nuclei do not havesharp surfaces. The inset showstwomodel choices: a
constant density with asharp surface(A), radiusRA and adiffusesurface(B), cf. eq. 1.1. The
pattern for scattering from chargedensity distributionsA, B, and apoint charge is indicated.
Theelectron energy, 153 MeV, corresponds to adeBrogliewavelength of 8 fm. (The figure
is fromA. Bohr and B.R. Mottelson, Nuclear Structure, Vol. 1 (Benjamin, New York, 1969),
(republished by WorldScientific, Singapore), p. 159. Thedataare from [1, 2, 3].)

troscopy. Muons “orbit” much closer to the nucleus than electrons and thus provide further information on
r (r). Details aregiven in Chapter 6.
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1 Elements of nuclear structure

Figure 1.4: A plot of binding energy per nu-
cleon, B/A, versus mass number A. The
quantities B/A are experimental. Over the
mass range 20 ∑ A ∑ 200, the average value
of B/A is ª 8.3 MeV/nucleon (the horizontal
dashed line). The most tightly bound nucleus
is 62Ni which has a binding energy of 8.795
MeV/nucleon. The solid curve is a smooth
line through the data. The data points, for
the nuclei shown, are chosen arbitrarily. (The
data are from Audi G., Wapstra A.H. and
Thibault C. (2003), Nucl. Phys. A729, 337.)
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force between particles in a many-body system only acts between near neighbours.
Thus, for a large nucleus, the binding energy per nucleon is independent of nuclear
volume. However, for finite nuclei, there are surface eÆects; nucleons at the surface
do not have a full contingent of neighbours. This is reflected in the decrease of
B/A for light nuclei which have a larger fraction of their nucleons at the surface.
In contrast, a long-range force between nucleons would result in a non-constant
value of B/A. The Coulomb repulsion between protons in nuclei is of this type.
It causes the decrease of B/A for heavy nuclei and ultimately limits the stability
of very heavy nuclei. The practical consequence of this is spontaneous fission, as
would occur for a droplet of water if an increasing electrostatic charge were applied.
The Z2/A = 46 line, beyond which spontaneous fission half-lives are estimated to
be less than 1 µs, is shown in Figure 1.2. Another consequence of the Coulomb
force in nuclei is the curvature of the stability line, evident in Figure 1.2, towards
neutron excess in heavy nuclei.

Nuclear charge distributions are probed, for example, in electron scattering ex-
periments. Nuclear mass radii are less easily measured. However, it is generally
assumed that, with the exception of a few neutron-rich nuclei such as 11

3 Li, the
nuclear mass and charge distributions are proportional to one another.

Root-mean-square charge radii are shown as a function of A1/3, for selected
nuclei, in Figure 1.5. For heavy nuclei, the data approximate the straight line with

£
5
3 hr2iexpt

§ 1
2 º 1.1 A1/3 + 0.65 fm. (1.1)

The factor 5
3 is included in this expression because, for constant-density matter with

a sharply-defined surface of radius r = R0 A1/3 (cf. Figure 1.6), the mean-square
radius would be given by

hr2i = 3
5R2

0A
2/3. (1.2)
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Figure 1.6: Binding energy per nucleon. The detailed features are discussed in the text. The
solid curve is a smooth line through the data. The data points are chosen arbitrarily. The data
are taken from AMDC files (see chapter 2, section 2.3). The figure is reproduced from Rowe
& Wood.

The liquid-drop-like behavior of nuclei is also reflected in hr2i 1
2 values when plotted as

a function of A, viz. 
5
3
hr2i

� 1
2
= R0A

1
3 . (1.3)

Figure 1.7 shows such a plot and one observes that the volume of a nucleus scales as
A, the number of nucleons. If the nuclear force were long ranged and attractive, nuclear
volumes would “shrink” relative to the number of particles. This occurs for atoms [as shown
in figure 1.8] and reflects the dominance of the long-ranged attraction of the +Ze charge of
the nucleus over the electrons as Z increases; there are secondary electron-electron repulsive
forces, but these are less important due to the diffuse distribution of the electrons within the
atom. Figure 1.8 also shows the manifestation of atomic shell structure in atomic radii.
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Fig. 3 Relative uncertainty versus half-life of masses measured since TCP2014 by the various on-line
techniques reviewed here

the effect is not dramatic. One important feature visible in Fig.3 is that fragmentation and
time-of-flight measurements tend to reach the shortest half-lives (i.e., the most exotic
nuclides) but at the expense of measurement precision. The time-of-flight results from
NSCL [12Ð14] are included to illustrate this. However, some of the Penning trap measure-
ments made by TITAN and some MR-TOF masses from ISOLTRAP are of quite short
half-life. It is also worth noting that the results on H+

3 from FSU [25] would be one decade
lower on the uncertain axis in Fig.3 (the point off the graph at lower right corresponds to
the result in [70]).

Regardless of what uncertainty might be required for different physics questions, it is
always helpful to have a first approximate value before improving it. It is important to see
that the new PI-ICR technique (see the case of CPT, in red in Fig.3) allows gaining in preci-
sion for shorter half-lives. Another important feature is the sheer volume of quality data that
has been produced in recent years which bears testimony to the logical proliferation of the
successful Penning-trap approach. Moreover, the same mass data determined by different
Penning traps is remarkably consistent.

4 Summary

The field of mass measurements continues to produce front-line results over a very broad
range of physics. These scientific achievements are due to the impressive development in
radioactive-ion production and purification, with advances in ion trapping leading the way.
The most recent breakthrough has been the use of Phase-Imaging Ion-Cyclotron Resonance

Figure 6.22: Relative uncertainty in atomic mass ( ! m
m ) measurements as a function of the

half-life of the isotope under study. The measurements included in the plot arise from a
wide-range of different factilities using apparatus such as Penning traps, e.g. LEBIT, CPT,
TITAN, ISOLTRAP, SHIPTRAP, JYFL, TRIGA as well as storage rings, e.g. ESRSMS
and CSR, in addition to nuclear reaction studies, e.g. SPEG. (Reproduced from [27] with
permission of Springer-Nature.)

6.10 Isotope separation on-line (ISOL) studies for nuclear
structure

The choice of including this topic as a dedicated section to this chapter is in recognition of its
dominance in modern nuclear structure study5. In the early days of nuclear structure study,
detailed spectroscopy was limited to study of the stable isotopes and isotopes immediately
adjacent to them. While radioactive decay scheme study could provide a limited view of
nuclear structure, this was not a detailed view. With in-beam spectroscopy, our structure
horizons expanded, but with the limitations that have already been noted herein.

A major initiative to expand our nuclear structure horizons was launched in 1967 at a
workshop in Lyseskil in Sweden. This led to the ISOLDE Project: the use of an on-line
isotope separator for the provision of intense beams of radioactive isotopes. There have been
many emulations of the basic ISOLDE idea, and a major extension to fragment separators.
The key to the ISOL method is the use of ion sources: often this has been by trial-and-
error with respect to delivery of a particular elemental species6, to the degree that the term

5A “snapshot of the ISOL arena” is presented in “Recent advances in nuclear physics through on-line isotope
separation”, David Gareth Jenkins, Nature Physics, 10 (2014) 909.

6We especially note the major pioneering work of Helge Ravn, ISOLDE-CERN and Reinhardt Kirchner,
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Differences in gross properties of nuclei reveal underlying structure. Figure1.9 shows
the manifestation of nuclear shell structure in differences for nuclear radii. Figure1.10shows
differences in nuclear binding energies expressed as separation energies, e.g., one-neutron
separation energies,Sn

Sn = ! M(A,Z,N)+ M(A! 1,Z,N ! 1)+ mn (1.4)

Three features should be noted in Figure1.10:

1. There is an odd-even ÒstaggeringÓ ofSn.

2. There are discontinuities in the form of ÒstepsÓ down with increasingN or A.

3. The trend between the steps is smooth and down sloping with increasing neutron num-
ber.
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Figure 1.11: Di ! erences in mean-square charge radii for isotopes di ! ering in N by 2. Data are for selected
isotopes and even N . Solid and open circles are used only to help distinguish isotopic sequences. Discon-
tinuities are clearly evident at N = 28, 50, 82, and 126. The very large (o ! -scale) shifts for Rb and Sr at
N = 60 are due to a sudden onset of deformation (see Figure 1.41). (The data are from: Otten E.W. (1989),
in Treatise on Heavy-Ion Science, Nuclei Far from Stability , Vol. 8, edited by D.A. Bromley (Plenum Press,
New York), p. 517; Nadjakov E.G., Marinova K.P. and Gangrsky Y.P. (1994), At. Data Nucl. Data Tables
56, 133; Shera E.B. et al. (1976), Phys. Rev. C14 , 731 Ð Fe, Ni, Zn; Mûartensson-Pendrill A.-M. et al. (1992),
Phys. Rev. A45 , 4675 Ð Ca; Wendt K. et al. (1988), Z. Phys. A329 , 407 Ð Ba; and Alkhazov G.D. et al.
(1988), Nucl. Phys. A477 , 37 Ð Tm.)

states are, in general, fractionally occupied. Thus, to the extent that a single-
nucleon state is occupied, it can give up a nucleon in a pickup reaction leaving
behind a residual nucleus in ahole state. Conversely, to the extent that a single-
nucleon state is empty, it can accept a nucleon in a stripping reaction thereby
creating a residual nucleus in aparticle state.

Transfer reactions are simplest to interpret when either the initial or the Þnal
state of the target nucleus has spin (i.e., total angular momentum) zero and when
the conditions are such that the transition from the initial to the Þnal state oc-
curs, to a good approximation, in a single step. This happens when the interaction
between the projectile and target nucleus is weak and can be treated in Þrst or-
der perturbation theory, i.e., in the Born approximation. One then describes the
reaction as adirect reaction.

When either the state of the target nucleus or the state of the Þnal nucleus
has spin zero, the spin and parity of the transferred nucleon in a direct single-
nucleon transfer reaction is simply the di! erence in the spin and parity of the initial
and Þnal nuclear states. Moreover, the orbital component of the total angular

13

Figure 1.9: Isotope shifts for selected isotopic sequences of nuclei. The data are taken from
[8]. The Þgure is reproduced from Rowe & Wood.

The following interpretations can be made:

1. The odd-even staggering is due to enhanced binding when the neutron number is even.
(A similar effect is observed forSp.) This effect is termed ÒpairingÓ. This is a profound
manifestation of quantum mechanical correlations. Details will be addressed in later
chapters.

2. The steps are due to so-called ÒshellÓ closures. The effect is clearer whenS2n is plotted,
as shown in Þgure1.11. Proceeding from right to left in the Þgure, successive neutrons
(neutron pairs) are being removed. Nucleons in the nucleus are conÞned in an average
potential generated by all of the other nucleons. There is an energy ordering and a
sequential Þlling of orbitals with well-deÞned occupancies of orbitals which possess
degeneracies. This is shown schematically in Þgure1.12. When an energy gap is
reached in the removal process, there is a sudden step up in the removal energy. This
is because removal is progressively from deeper-lying orbitals in the potential and so
more energy must be supplied to effect removal.
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Figure 1.10: Nuclear one-neutron separation energies,Sn. The data are taken from AMDC
Þles (see chapter2, section2.3). The Þgure is reproduced from Rowe & Wood.

3. The trend between shells has a shallow slope because the size of the conÞning potential
changes as! A

1
3 (cf. equation1.3). Thus, with increasingA, the width of the potential

increases and the potential is less deep.

4. A global view of neutron shell closures is provided byS2n, as shown in Þgure1.13.
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Figure 1.9: Two-neutron separation ener-
gies, S2n , for the calcium isotopes. The
odd-even staggering is smoothed away,
leaving a clear indication of discontinuities
at A = 41 and 49. (The data are from Audi
G., Wapstra A.H. and Thibault C. (2003),
Nucl. Phys. A729 , 337.)

more energy to remove a pair of neutrons whenN ! 20 than whenN " 22.4 Thus,
we say that the discontinuities occur at N = 20 and N = 28. Such discontinuities
are observed both for protons and neutrons atN, Z = 2, 8, 20, 28, 50, and 82, and
at N = 126. Examples of these discontinuities for 18! N ! 156 are shown in
Figure 1.10.

Di! erences in radii between neighbouring isotopes also change dramatically at
N = 2, 8, 20, 28, 50, 82, and 126. This is shown for 24! N ! 144 in Figure 1.11.
One sees that the di! erences in radii increase from values close to local minima to
values close to local maxima at the speciÞed values ofN . The numbers 2, 8, 20,
28, 50, 82 and 126 are calledmagic numbers. The occurrence of magic numbers
suggests a shell structure in nuclei similar to that seen in atoms.

Atoms exhibit changes in binding energies (ionization potentials) and radii (co-
valent and ionic radii) due to changes in electronic shell Þlling. When atomic shell
Þlling in atoms passes through the numbers 2, 10, 18, 36, 54, or 86, there are sud-
den decreases in ionization potentials and sudden increases in covalent and ionic
radii. These changes reßect the exclusion of electrons from the ÒsmallerÓ more
strongly-bound conÞgurations that are Þlled Þrst in atoms. The implication of the
data shown in Figures 1.10 and 1.11 is that nuclei also possess shell structure. In
atoms, energy shells reßect the dominance of the independent-particle component
of the Hamiltonian. A suggestion that the nuclear Hamiltonian contains a domi-
nant independent-particle component, also comes from the observation that magic
numbers have the same values for protons and neutrons, regardless of mass number,
i.e., magic numbers for protons do not depend on the number of neutrons and vice
versa. It is also suggested by the observation ofsingle-particle states in the near
neighbours of doubly closed-shell nuclei. These are states which, to a Þrst approxi-
mation, are simple (uncorrelated) products of core states and single-particle states.

4The separation energy of a pair at N = 21 is approximately the average of the N = 20 and
N = 22 values. This corresponds to the fact that the Þrst neutron is removed from the N = 21
nucleus and the second from the N = 20 nucleus; the calcium isotopes have Z = 20.

11

Figure 1.11: Nuclear two-neutron separation energies,S2n. The data are taken from AMDC
Þles (see chapter2, section2.3). The Þgure is reproduced from Rowe & Wood.
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Figure 1.10: Nuclear one-neutron separation energies,Sn. The data are taken from AMDC
Þles (see chapter2, section2.3). The Þgure is reproduced from Rowe & Wood.

3. The trend between shells has a shallow slope because the size of the conÞning potential
changes as! A

1
3 (cf. equation1.3). Thus, with increasingA, the width of the potential

increases and the potential is less deep.

4. A global view of neutron shell closures is provided byS2n, as shown in Þgure1.13.
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gies, S2n , for the calcium isotopes. The
odd-even staggering is smoothed away,
leaving a clear indication of discontinuities
at A = 41 and 49. (The data are from Audi
G., Wapstra A.H. and Thibault C. (2003),
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we say that the discontinuities occur at N = 20 and N = 28. Such discontinuities
are observed both for protons and neutrons atN, Z = 2, 8, 20, 28, 50, and 82, and
at N = 126. Examples of these discontinuities for 18! N ! 156 are shown in
Figure 1.10.
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N = 2, 8, 20, 28, 50, 82, and 126. This is shown for 24! N ! 144 in Figure 1.11.
One sees that the di! erences in radii increase from values close to local minima to
values close to local maxima at the speciÞed values ofN . The numbers 2, 8, 20,
28, 50, 82 and 126 are calledmagic numbers. The occurrence of magic numbers
suggests a shell structure in nuclei similar to that seen in atoms.

Atoms exhibit changes in binding energies (ionization potentials) and radii (co-
valent and ionic radii) due to changes in electronic shell Þlling. When atomic shell
Þlling in atoms passes through the numbers 2, 10, 18, 36, 54, or 86, there are sud-
den decreases in ionization potentials and sudden increases in covalent and ionic
radii. These changes reßect the exclusion of electrons from the ÒsmallerÓ more
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atoms, energy shells reßect the dominance of the independent-particle component
of the Hamiltonian. A suggestion that the nuclear Hamiltonian contains a domi-
nant independent-particle component, also comes from the observation that magic
numbers have the same values for protons and neutrons, regardless of mass number,
i.e., magic numbers for protons do not depend on the number of neutrons and vice
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N = 22 values. This corresponds to the fact that the Þrst neutron is removed from the N = 21
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Figure 1.11: Nuclear two-neutron separation energies,S2n. The data are taken from AMDC
Þles (see chapter2, section2.3). The Þgure is reproduced from Rowe & Wood.
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Figure 1.12: A schematic view of level Þlling and nucleon (pair) removal in a nucleus. There
are separate sets of levels for protons and neutrons. The arrows depict removal of successive
pairs from the nucleus, cf. Þgure1.11(note, this occurs from right to left).
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Figure 1.10: Two-neutron separation energies for selected isotopes with even N from Z = 20 (calcium) to
Z = 98 (californium). The energy gaps at N = 20, 28, 50, 82 and 126 are clearly visible. Further, there is no
evidence for large energy gaps at any other values of N between 20 and 156. (The data are from Audi G.,
Wapstra A.H. and Thibault C. (2003), Nucl. Phys. A729 , 337.)

1.3.2 Nucleon transfer reactions and spectroscopy

A simple way to identify single-particle states in a nucleus is by means of single-
nucleon transfer reactions. A transfer reaction is an interaction between a projectile
nucleus and a target nucleus which results in a transfer of nucleons between the
two. In a pickup reaction, nucleons are removed from the target and added to the
projectile whereas in astripping reaction the converse occurs. Transfer reactions
are important sources of nuclear structure information because they measure the
extent to which a Þnal state of a nucleus di! ers from an initial state of a neighbouring
nucleus by either the addition or removal of one or more nucleons.

Single-nucleon pickup and stripping reactions are particularly important because
they enable one to infer the occupation probabilities of single-nucleon states. In
an independent-particle model, single-nucleon states are either occupied or empty.
However, due to correlations brought about by residual interactions, single-nucleon

12

Figure 1.13: Two-neutron separation energies,S2n. Note, the shells occur atand only at
N = 20, 28, 50, 82, and 126. The data are taken from AMDC Þles (see chapter2, section2.3).
The Þgure is reproduced from Rowe & Wood.
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Figure 1.1: A shell model energy level diagram. The pattern of levels is only qualitative:
it adopts an isotropic harmonic oscillator central potential, it recognizes the effect of Ôwell-
ßatteningÕ, it incorporates a large empirically determined spin-orbit splitting. States are
labelled with quantum numbers dictated by spin-orbit coupling, i.e.j = l + s, with n labelling
the occurrence of eachl value. Parity is determined as! = ( ! 1)l . Degeneracies of thej
subshells, wheremj = + j,+ j ! 1,ááá, ! j, i.e. (2j + 1) states per subshell, are indicated.
The cumulative Þlling numbers of nucleons, separately for protons and neutrons, are given
in square brackets. Energies are shown in units of oscillator frequency," multiplied by
PlanckÕs constant divided by 2! , øh. Reproduced from [1], copyright (2010) World ScientiÞc
Publishing Company.
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nucleon transfer reactions in Fig.1.39.
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neighbouring odd-mass nuclei will exhibit coexistence of spherical and deformed states.
This brings the focus to nuclei in the regions of the doubly closed shell nuclei48Ca,132Sn,
and208Pb.

1.3.1 Odd-mass nuclei

The nucleus208Pb has been the subject of one of the most detailed spectroscopic studies
ever performed [19]. The adjacent odd-mass nuclei have all been studied sufÞciently well
for present purposes. Thus, we begin our look at data for these nuclei. Figure1.10shows
the low-lying states in208Pb and its odd-mass neighbours,207Tl, 207Pb, 209Pb, and209Bi.
Figure1.11a,b compares the population of states in207Tl by the (e, e!p) and (t,! ) reactions.
Figure1.12shows the population of states in207Pb by the (p, d) reaction. Figure1.13shows
the population of states in209Pb by the (d, p) reaction. Figure1.14shows the population of
states in209Bi by the (3He, d) reaction.
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ABCD?-)EFG?FE<HI.<.<9?!", -.?I<8?!", $%?FI<?%J?KELJ8�v F).FG?I<8?8MI9>Figure 1.10: Interpretation of low-lying excited states in nuclei adjacent to the doubly closed
shell, Z = 82,N = 126. The shell model quantum number assignmentsN, l , j (as a sub-
script), and whether particle (+1) or hole (-1) as superscripts, are shown (in blueÑparticles,
in orangeÑholes). Note that these are na¬õve assignments, based on simple matching of spin-
parity with shell model expectations, with no consideration of whether the states contain
mostly independent-particle strength (see text). The energy threshold in209Pb for neutron
unbound character of states is shown as a horizontal bar with a vertical arrow and the label
Sn (in green), determined from the neutron separation energy.

The effect of the spin-orbit coupling term can be assessed by subtractingEls, cf. equa-
tion 1.4with C = " 0.5 MeV, from the experimental energies: this is depicted in Þgure1.15.
The underlying non-degeneracies due to angular momentum eigenvalues are evident. Sub-
traction of a termDl(l + 1) with D = " 0.14 MeV is shown. (Note that ÒsubtractionÓ of these
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1 Elements of nuclear structure

Evidence for excited superdeformed bands is emerging in mass regions other than
the actinides and not necessarily in regions with large ground-state deformation.
Evidence for a superdeformed band in152

66 Dy86 is shown in Figure 1.81 (see also
Figure 1.83). The extreme constancy of the moment of inertia for this band, as

Figure 1.81: Evidence for a
superdeformed band in 152 Dy.
The gamma rays shown, which
are seen in the reac-
tions 76 Ge(80 Se, 4n)152 Dy and
108 Pd( 48 Ca, 4n) 152 Dy, are all
in coincidence with each other.
The spins of the decaying levels
in the cascade are shown. Note
the extraordinary constancy of
the spacings of the ! -ray ener-
gies (see text). (The Þgure is
similar to one shown in Laurit-
sen T. et al. (2002), Phys. Rev.
Lett. 88, 042501 and was made
available to us by T. Lauritsen.)
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reßected by a constant value of! EI,I ! 2/ (4I ! 2) (cf. Equation (1.49)), and constant
! 2EI,I ! 2 (i.e., di" erences in! EI,I ! 2) suggests a very rigid nuclear deformation (cf.
Figure 1.60).

The full range of shapes and deformations that can be exhibited by nuclei has
yet to be explored both experimentally and theoretically. The key to experimental
exploration is the ability to identify the cascades of signature gamma-ray lines (cf.
Figure 1.81) against a background of hundreds of other gamma-ray transitions (cf.
Figure 1.83). This ability has been developed to an extraordinary level of sophis-
tication by the use of large arrays of gamma-ray detectors. The key to theoretical
exploration is likely to be the ability to predict the energies at which shell model
states of di" erent deformation are expected to lie. A step in this direction is a
calculation of the energy levels using a simple U(3) model34 which gives the results
for 16O shown in Figure 1.82.

Exercises

1.37 From information in Figure 1.80, calculate RZ /R ! for the ground-state band and
the superdeformed band.

1.38 Calculate ! rigid from Q for the superdeformed band in Figure 1.80 and compare
with ! 2/ 2! .

34 Rowe D.J., Thiamova G. and Wood J.L. (2006), Phys. Rev. Lett. 97, 202501.
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Figure 3.29: A! -ray spectrum for a superdeformed band in152Dy (see section4.1). Note
the near-constant spacing of! -ray energies and the connection to! 2E, cf. rotor model and
eq.3.3. (The decrease in! -ray intensities below spin 30 indicates the ÒdrainingÓ out of the
band, which is complete by spin 26.) The Þgure is reproduced from Rowe & Wood. The
original data is presented in [12].



!"#$%&'$()*+,&*-."#(/./#0%
!" #$%&#'%(&#(&)('*+#(&+,#+*"#
!"#$%"&'$"()*(+*,-.%/0 *-(+*(&#+*"#
&.$/".) # 01# 10.#'%")/ * $-0*
020,$%",*3'.!%'4(20 *1(10)$

2*()# $022#* '# * -(5 * .6".227*
!0+(%10!* . * )',20'# * "#3# (4" 4#
-*"+*"5 #(+#()#)6*"5($%/3#,0/%+"#,5#
65,/%+"7

2"//)#.) #-(5 *1',- *('%*)',20'# *
2((8#* 2"80* . * #4-0%",.2* #7#$01*
5"$-* . * )() 9#4-0%",.2*
!"#$%"&'$"()* (+* ,-.%/0 3#(4" 4#,.5 #
$/%))($%/# 8.%95.6,/"# :)8.%5"#
-(+* # %/+"5&%+(&'# $*%5'")# %+#
$,5&"5);7

:&2.$0 ;%(2.$0

� � 


L



19
! !"#$#%&#'()*#+,-%(,+#-'.#&/0/,&#1%/2#

February 4, 2010 12:18 WSPC/Book Trim Size for 9.75in x 6.5in rw-book975x65

1 Elements of nuclear structure
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Figure 1.44: Ground-state electric quadrupole moments of odd-mass nuclei. The values given are scaled by
ZR 2, i.e., by the charge and squared radius of the nucleus. Solid circles are for odd- Z nuclei and open circles
are for odd-N nuclei. The solid line is to guide the eye. (The data are taken from Raghavan P. (1989), At.
Data Nucl. Data Tables 42, 189 and Stone N.J. (2005), At. Data Nucl. Data Tables 90, 75.)

In the rotor model (Section 1.7.2), deformed nuclei (both even and odd) are most
commonly described as prolate spheroidal (axially symmetric, cigar shaped) objects
with only rotational degrees of freedom. The component of the angular momentum
of the nucleus relative to the symmetry axis of the rotor is a good quantum number
in this model and takes a constant value (K ) for all states of a rotational band.
Then, because the angular momentum,J , of the nucleus cannot be less than its
projection on any axis, it cannot be less thanK . Moreover, the lowest energy state
of a simple rotor has the smallest value ofJ possible. Thus, for a simple rotor,K
is equal to the angular momentum of its ground state.

The quadrupole moment of a state of angular momentumJ is deÞned to be the
quadrupole moment of this state when its angular momentum is maximally aligned
with the space-Þxedz axis, i.e., whenM = J . Then, as illustrated in Figure 1.45(a),
if the state with angular momentum J is the ground state of an axially symmetric
rotor, the projection of the angular momentum J (a vector) onto the symmetry
axis of the rotor is also K = J . Thus, the symmetry axis of the rotor will be

46
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Figure 2.7: Map of E(2+1 ) values in keV for nuclei bounded byZ ! 50 andN " 82. The
high ÒridgesÓ forZ = 50 (tin) isotopes andN = 82 isotones are characteristic of nuclei with
closed shells. Note that the double-closed shell nucleus132Sn has a value of 4041 keV, which
is not shown as it is off the scale used. This is a Òsoutheastwards viewÓ of the Chart of the
Nuclides
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Figure 3.1: An axially symmetric rotor model viewed from a schematic perspective. The
model possesses total spinI , intrinsic spinJ, rotational angular momentumR, which are
related byI = R + J, and the Hamiltonian is given by eq.3.1 if J = 0 and by eq.3.13for
non-zeroJ. When this model is quantized, the quantum numberI , which labels the total spin
of the system, together with the quantum numbersI3 := K andIz := M emerge (see text). The
body-Þxed symmetry axis is the 3-axis and the component of the total spin along this axis,
labeled byK, is characteristic of the quantum mechanics of the system. The 3-axis and the
z-axis (laboratory axis of directional quantization) are not in a Þxed orientation with respect
to each other (cf. Þgure3.3). Quantum mechanically, rotations are restricted to directions
perpendicular to the 3-axis and soK remains Þxed for increasing values ofR, i.e. K is a
characteristic of a rotational band. Note that besides the axis of rotational symmetry, there
is a plane of reßection symmetry at right angles to the 3-axis, passing through the centre of
mass of the body. This plays a key role in the structure of the quantum mechanical state
vectors, cf. eq.3.5.
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Figure 1.55: Gamma-ray spectra from the Coulomb excitation of 242 ,244 Pu with a beam of 208 Pb ions. The
energy levels of the decay schemes corresponding to the observed E2 transitions are also shown and are good
examples of rotational bands. The absence of gamma-ray peaks corresponding to the transitions 2 + ! 0+

and 4+ ! 2+ is a consequence of experimental conditions and need not concern us. The irregularities above
spin 20 are discussed in Volume 2. (The data and spectra are taken from Spreng W. et al. (1983), Phys. Rev.
Lett. 51, 1522.)
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!"#$%&$'$Figure 3.4: Spectrum of an axially symmetric rotor, as manifested in242,244Pu following
Coulomb excitation. Details are discussed in the text. The Þgure is reproduced from Rowe
& Wood. The Þgure is a representation of original data appearing in [4].

Gamma ray spectra for de-excitation of high !
angular momentum states in 242Pu and 244Pu:!

We see a Òpicket fenceÓ spectrum. This can be!
translated to a a set of excited states obeying !
the simple rotor model: !

Q: Why do we not see gamma ray peaks for !
4+ -> 2+ and 2+ -> 0+ ?
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Regions whereE(2+
1 ) values are lowest are far removed from the closed shell numbers.

The lowest known values occur in the actinide region around250Cf (Z = 98,N = 152,42.72
keV) and in the rare earth region around170Dy (Z = 66,N = 104,71.47 keV). Without ex-
ception, nuclei with the lowest energy 2+

1 states possess second excited states withJ! = 4+ .
The energy ratio,R4 := E(4+

1 )/ E(2+
1 ) in all these nuclei is close to 3.33. This is character-

istic of an axially symmetric rotor with a plane of reßection symmetry perpendicular to the
axis of rotational symmetry. TheR4 values for the rare earth region are shown in Þgure2.9,
and for two other mass regions in Þgures2.10and2.11. Indeed, the excitation spectrum for
an axially symmetric rotor model possesses the states, expressed as ratios toE(2+

1 )

J! (EJ/ E2) = 4+ (3.333),6+ (7.000),8+ (12.000),ááá, (2.2)

and nuclei in the rare earth and actinide regions with the lowestE(2+
1 ) values exhibit excited

states with energies very close to the sequence given in eq.2.2. These energies follow from
the simple formula

E =
øh2I(I + 1)

2J
, (2.3)

whereJ is a moment of inertia parameter. (Note that the symbols ÔIÕ and ÔJÕ are used
interchangeably to represent spin and angular momentum, andI is usually the preferred
symbol where rotations are involved.) A useful plot is for

r6 :=
E(6+

1 ) ! E(4+
1 )

E(2+
1 )

vs. r4 :=
E(4+

1 ) ! E(2+
1 )

E(2+
1 )

, (2.4)

and the nuclei with the largestR4 values are shown in Þgure2.12. Note r4 = R4 ! 1 and
r6 = R6 ! R4. The use ofr6 vs. r4 plots instead ofR6 vs. R4 plots is preferred because the
measured quantities are" -ray transition energies, i.e. differences in the level energies, and
so the uncertainties in the plotted quantities are easier to depict. Some details of the axially
symmetric rotor are given shortly.

Regions whereE(2+
1 ) values are highest are for closed shell nuclei, with extremely high

values for doubly closed shell nuclei. The excitations in the even-mass Sn isotopes (Z = 50)
are shown in Þgure2.13. The Þrst excited state hasJ! = 2+ and occurs at a fairly constant
energy of 1.2 MeV, but then there is the onset of a dense spectrum of excited states above
about 2 MeV. Note that across the entire neutron shell (50< N < 82) the excitations appear
approximately constant, independent of the neutron number. There is not a minimum in the
E(2+

1 ) values at mid-shell,N = 66. In due course, we will identify excitation patterns in
singly-closed shell nuclei.
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Figure 1.55: Gamma-ray spectra from the Coulomb excitation of 242 ,244 Pu with a beam of 208 Pb ions. The
energy levels of the decay schemes corresponding to the observed E2 transitions are also shown and are good
examples of rotational bands. The absence of gamma-ray peaks corresponding to the transitions 2 + ! 0+

and 4+ ! 2+ is a consequence of experimental conditions and need not concern us. The irregularities above
spin 20 are discussed in Volume 2. (The data and spectra are taken from Spreng W. et al. (1983), Phys. Rev.
Lett. 51, 1522.)
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Coulomb excitation. Details are discussed in the text. The Þgure is reproduced from Rowe
& Wood. The Þgure is a representation of original data appearing in [4].
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40 CHAPTER 2. NUCLEAR EXCITATION PATTERNS

Figure 2.9: Map ofR4 := E(4+
1 )/E(2+

1 ) values for nuclei in the rare earth region. The close
approach of many of these nuclei toR4 = 3.333 (dashed horizontal line) is interpreted as due
to deformation, as emerges from the simple rotor model of deformed nuclei, discussed in
chapter3. Solid lines connect isotopic chains and dashed lines connect isotonic chains.

Figure 2.10: Map ofR4 values for nuclei in the open-shell regionZ ! 54, N " 74, 118"
A " 140. The mid-shell point is located in the unexplored region of132Dy, cf. Þgure2.7. For
other details, see Þgure2.9.
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Figure 2.12: Plot of [E(6+1 ) - E(4+
1 )]/E(2+

1 ) := r6 vs. [E(4+
1 ) - E(2+

1 )]/E(2+
1 ) := r4. The simple

rotor limits are atr4 = 2.3333,r6 = 3.6667. For comparison, the rotations of the diatomic
molecule, HCl are shown (see Þgure5.17 and exercise5-6). The error bars on some of
the data points reßect the uncertainties in the! -ray transition energies used to compute the
ratios; if the datum is a point, the uncertainties are too small to depict at the scale used. The
Òmost rotationalÓ ground-state band known occurs in250Cf. The red line corresponds to the
relationshipE = AI(I + 1)+ BI2(I + 1)2, see ex.2-1.
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Regions whereE(2+
1 ) values are lowest are far removed from the closed shell numbers.

The lowest known values occur in the actinide region around250Cf (Z = 98,N = 152,42.72
keV) and in the rare earth region around170Dy (Z = 66,N = 104,71.47 keV). Without ex-
ception, nuclei with the lowest energy 2+

1 states possess second excited states withJ! = 4+ .
The energy ratio,R4 := E(4+

1 )/ E(2+
1 ) in all these nuclei is close to 3.33. This is character-

istic of an axially symmetric rotor with a plane of reßection symmetry perpendicular to the
axis of rotational symmetry. TheR4 values for the rare earth region are shown in Þgure2.9,
and for two other mass regions in Þgures2.10and2.11. Indeed, the excitation spectrum for
an axially symmetric rotor model possesses the states, expressed as ratios toE(2+

1 )

J! (EJ/ E2) = 4+ (3.333),6+ (7.000),8+ (12.000),ááá, (2.2)

and nuclei in the rare earth and actinide regions with the lowestE(2+
1 ) values exhibit excited

states with energies very close to the sequence given in eq.2.2. These energies follow from
the simple formula

E =
øh2I(I + 1)

2J
, (2.3)

whereJ is a moment of inertia parameter. (Note that the symbols ÔIÕ and ÔJÕ are used
interchangeably to represent spin and angular momentum, andI is usually the preferred
symbol where rotations are involved.) A useful plot is for

r6 :=
E(6+

1 ) ! E(4+
1 )

E(2+
1 )

vs. r4 :=
E(4+

1 ) ! E(2+
1 )

E(2+
1 )

, (2.4)

and the nuclei with the largestR4 values are shown in Þgure2.12. Note r4 = R4 ! 1 and
r6 = R6 ! R4. The use ofr6 vs. r4 plots instead ofR6 vs. R4 plots is preferred because the
measured quantities are" -ray transition energies, i.e. differences in the level energies, and
so the uncertainties in the plotted quantities are easier to depict. Some details of the axially
symmetric rotor are given shortly.

Regions whereE(2+
1 ) values are highest are for closed shell nuclei, with extremely high

values for doubly closed shell nuclei. The excitations in the even-mass Sn isotopes (Z = 50)
are shown in Þgure2.13. The Þrst excited state hasJ! = 2+ and occurs at a fairly constant
energy of 1.2 MeV, but then there is the onset of a dense spectrum of excited states above
about 2 MeV. Note that across the entire neutron shell (50< N < 82) the excitations appear
approximately constant, independent of the neutron number. There is not a minimum in the
E(2+

1 ) values at mid-shell,N = 66. In due course, we will identify excitation patterns in
singly-closed shell nuclei.
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the moments of inertia. At a Þner level of detail, the rotational energy constants between the
ground-state rotational band and that built on the one-phonon excitation are slightly different
and are consistent withr0 being slightly larger for the Òone-phononÓ rotational band. Yet
further, the spacing of the rotational states deviates from anL(L + 1) pattern as a function
of increasingL value and this deviation can be Þtted with high precision by adding a term
BL2(L + 1)2 to Erot (see Þgure2.12). Such a term, with an estimate of the new parameterB
can be derived from a perturbation theory treatment ofVcoupl.!"#$%&'()&'*+#,)-".)$#/'01''*#%2#21''/%$##
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Figure 5.17: Quantized rotations of the hydrogen chloride molecule, HCl as observed by
infrared absorption spectroscopy involving the Þne structure of the Þrst vibrational excitation
of the molecule: this is depicted using the inset in the lower right-hand corner. Note that all
absorption lines are shown inverted as if they were emission lines, to Þt the perspective
of nuclear spectroscopy where study is of emission lines. Note also, all lines are doublets
because chlorine possesses two stable isotopes with natural abundances of 76 %35Cl and
24 %37Cl. The energy scale is given in cm! 1, 1 cm! 1 = 1.2405" 10! 4 eV. The rotational
constants for the two bands are 10.437 cm! 1 (ground-state,! = 0 band) and 10.134 cm! 1

(Þrst excited vibrational,! = 1 band).

The dumbbell model forms the basis of looking more deeply into molecular rotations, at
the level of intrinsic symmetries. A dramatic example of this is the hydrogen, H2 molecule.
The excited state energy level diagram is shown in Þgure5.18. Two bands of rotational states
are shown that differ in their parities. This reßects the fact that a proton has a spin of 1/2. In
consequence, an H2 molecule can exist in two distinct conÞgurations: either with the proton
spins parallel, so-called ÒorthoÓ hydrogen; or with the proton spins anti-parallel, so-called

Vibrational and rotational spectra of HCl molecule
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We can also explore the deviation from rotor behaviour !
as a function of I to very large values of angular 
momentum using the rotational parameter: !

This parameter should be unit for all values of I if the 
rotor model were perfectly respected. !

For discussion: what is fascinating is that the rotational 
parameter for 174Yb and 242Pu are almost identical 
despite the very large di" erence in number of protons 
and neutrons making up the nucleus! !

8 CHAPTER 1. HOW WELL DEFINED ARE ROTATIONS IN NUCLEI?

!"#$%&'()*)'!"#$%&'()'*+%'&,"#%-'.(*"*/(0"#'%0%.12'3"."4%*%.')(.'
&%#%,*%-'0$,#%/5'6+%&%'".%'-%)/0%-'$&/01'%7$"*/(0'8959:;<'%=3.%&&%-'"&

"8>;'?@''AB! 8>'! >CD;E'8F>'CD;G'E'AB! 8D'! :; E'HG5'
I'./1/-'.(*(.'J($#-'.%&$#*'/0'"8>;'@'95:::')(.'"##'K"#$%&'()'>5
B=3%./4%0*"#'$0,%.*"/0*/%&')(.'*+%'/03$*'%0%.1/%&'".%'
*(('&4"##'*('L%'&+(J05'M(*%'*+"*'*+%'K"#$%&'()'"8>;')(.'"#" N$'
"0-' $%#OL'".%'"#4(&*'/0-/&*/01$/&+"L#%')(.'"##'&3/0'K"#$%&?'
*+/&'/&'-/&,$&&%-')$.*+%.'/0'&%,*/(0'95P<'/0,#$-/01'-%*"/#&'()'*+%
$0,%.*"/0*2'/0'*+%/.'%0%.1/%&5''

!

D HF Q 9: 9D 9F 9H 9Q D: DFDD DH

!

!

!

!

!

!

!

!

!

!

!
!

DQP: PD

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

DPQ!

DF:"#

DFD"#

!

!

!

!

!

!

!

!

9RF$%

&'((

&'&(

&')(

&'*(

&'+(

&',(

-./0

/

Figure 1.4: Values of the scaled rotational energy parameter for selected nuclei. These are
deÞned using equation1.10, expressed asa(I ) := [ E! (I ! I " 2)/ (4I " 2)]/ [E! (2 ! 0)/ 6].
A rigid rotor would result ina(I ) = 1.000 for all values ofI . Experimental uncertainties for
the input energies are too small to be shown. Note the values ofa(I ) for 242Pu and174Yb are
almost indistinguishable for all spin values: this is discussed further in section1.3, including
details of the uncertainty in their energies.
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Figure 1.4: Values of the scaled rotational energy parameter for selected nuclei. These are
deÞned using equation1.10, expressed asa(I ) := [ E! (I ! I " 2)/ (4I " 2)]/ [E! (2 ! 0)/ 6].
A rigid rotor would result ina(I ) = 1.000 for all values ofI . Experimental uncertainties for
the input energies are too small to be shown. Note the values ofa(I ) for 242Pu and174Yb are
almost indistinguishable for all spin values: this is discussed further in section1.3, including
details of the uncertainty in their energies.
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1.4 A wider look at rotation in nuclei: energies and mo-
ments of inertia

One can look at energy patterns beyond equation1.1via scaling of rotational band energies
in even nuclei byE(2+

1 ). This received a limited inspection in Þgure1.4. But in the Þner
details, a remarkable feature emerges, as presented in table1.2 for the comparison of174Yb
and242Pu: when scaled, the transition energies between states in the ground-state rotational
bands are all identical to within a few parts in a thousand, independent of spin. Further, when
considering experimental uncertainties, there is the possibility that these scaled energies are
even more similar. We emphasize, these are supposedly complex many-body quantum sys-
tems with 174 and 242 bodies, respectively, with very different Òorbital occupanciesÓ for the
constituent nucleons. Indeed, similar patterns emerge when numerous ground-state bands
are scaled in this manner. We note that these scaled energies are closer than any available
phenomenological descriptions. There is no known explanation of this, i.e. at the level of
the behaviour of nucleons in the nucleus.

Ii E(242Pu) (keV) E(174Yb) (keV) ! 0.5824 E(174Yb) (keV) % dev.
2 44.542 44.54 [norm.] 76.4711 -
4 102.81 102.9 176.6452 +0.098
6 159.01 158.9 272.9186 -0.063
8 211.74 211.8 363.645 +0.047
10 260.56 260.46 447.210 -0.038
12 305.88 305.48 524.413 -0.131
14 347.310 347.110 595.917 -0.058
16 385.011 384.411 6602 -0.156
18 419.312 418.717 7193 -0.143
20 450.213 450.829 7745 +0.133

-0.035 (avg.)

Table 1.2: Comparison of ground-state band transition energies for242Pu and174Yb. The
data are taken fromENSDF.

The simplest interpretation of energy patterns for bands in nuclei is that the nuclei are
deformed, and the energies of band members are characterized by a moment of inertia pa-
rameter. From knowledge of the mass, size and deformation of a given nucleus, a classical
moment of inertia can be calculated. For a nucleus with

R(! , " ) = R[1+ g+ ###Y20(! , " )], (1.21)

g = " ###2/ 4$ (volume conservation), we obtain

Q0 = 3/
!

(5$)ZeR2
0###(1+

!
(5/ $)###/ 8+ 5###2/ 8$ " (5/ $)3/ 2###3/ 192+ ááá, (1.22)

whence
91.7436Q0/ ZA2/ 3 = ### + 0.15770###2 + 0.19894###3 " 0.010457###4. (1.23)

See just how similar 242Pu and 174Yb are when energies are scaled
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#$%&' () *&! *+!
' ,- *&. *" *Figure 3.5: Electromagnetic transition and diagonal E2 matrix elements reduced to intrinsic

quadrupole moment, Q0 values, cf. eqs. 3.6, 3.8. The shaded bands are the values of Q0
deduced from the matrix element connecting the 2+

1 and 0+
1 states. The �¿�J�X�U�His reproduced

from Rowe& Wood.



30

88 CHAPTER 3. NUCLEAR DEFORMATION AND ROTATIONS

Figure 3.27: Selected view of nuclear moments of inertia for nuclei which exhibit a rota-
tional band built on their ground state. Moments of inertia are presented as a ratio of the
experimental moment of inertia deduced from the excitation energy of the 2+

1 state (eq.3.23)
divided by the rigid body moment of inertia (eq.3.24), plotted as a function of the quadrupole
deformation,! , for the relevant isotopes. Data are presented for the rare earth isotopes, the
actinide region, the region close toZ ! 40,N ! 60 and for24Mg.
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3.5 Nuclear moments of inertia

Nuclear rotation implies that the concept of a moment of inertia can be deÞned. This emerges
directly from eq.3.2 in the form of the parameterJ . This is shown for all rotational nuclei
in Þgure3.27where a comparison ofJ expt/ J rigid vs. ! , the quadrupole deformation pa-
rameter, is presented. The quantities plotted are obtained using the relationships, which have
dimensions of m2ákg,

J expt = 0.2080! 10" 54E(2+
1 )" 1[MeV" 1], (3.23)

J rigid = 0.8864! 10" 57A5/ 3(1+ 0.3154! + 0.44! 2), (3.24)

J irrot = 0.8864! 10" 57A5/ 30.8951! 2, (3.25)

where

! = Q0

#
5"

3ZR2, (3.26)

with Q0 obtained from B(E2) values, cf. eqs3.6and3.8, andR= 1.2A1/ 3 fm. The relation-
ships, eqs.3.23- 3.26, are discussed in Chapter5.

Naively, one expects the moment of inertia to be precisely deÞned by the mass distribu-
tion of the rotating body. There are many theories that attempt to describe nuclear moments
of inertia, but none of them has gained wide acceptance as the correct view.

The physics of nuclear rotations, which are quantum mechanical, are in contrast to an-
other system that exhibits quantum mechanical rotations, namely molecules. Comparison
between nuclear and molecular rotation is made in chapter5.

Nuclear moments of inertia as a function of increasing spin in individual nuclei can be
extracted using eq.3.2. Some results are shown in Þgure3.28. Evidently, curvature in
the plots reveals that what is being termed a moment of inertia may increase with spin.
This may seem reasonable on the basis of the liquid-like drop property of the nucleus, i.e a
rotating liquid drop should undergo centrifugal stretching with increasing spin. But Þgure3.5
contradicts this: the intrinsic quadrupole parameter,Q0 extracted from B(E2) values and E2
matrix elements, for the same nuclei, indicate that there is no evidence for an increase in
the quadrupole parameter. Indeed, there are examples of so-called superdeformed bands in
nuclei which show energy spacing consistent with a near rigid rotational energy parameter,
as depicted in Þgure3.29. Superdeformed bands are discussed further in chapter4.

An experimental moment of inertia can be 
derived from the excitation energy of the 2+ 
state. Theoretical moments of inertia can be 
extracted for two di ! erent scenarios of rigid 
rotor and irrotational ßow and compared to 
experiment. "

The Þgure shows that the experimental value is 
never more than about 0.3-0.7 of the rigid rotor 
value."

CONCLUSION: Everything looks like rotation but 
itÕs nothing like a classical rotating rigid body. 
What is actually rotating is a very good question! 
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Then, using
J rigid = 2/ 5AMR2{ 1+

!
(5/ 16! )""" + 0.44""" 2} , (1.24)

whereM is the mass of the nucleon andR= 1.2A1/ 3 fm,

J rigid = 9.6405! 10" 58A5/ 3{ 1+ 0.3154""" + 0.44""" 2} (1.25)

in kg.m2. From equation1.1, with A = øh2/ 2J expt, where recall 1 J = 6.241509! 1018 eV,

J expt = 2.0824! 10" 52/ E(2+
1 keV) (1.26)

in kg.m2. Values forJ rigid andJ expt are compared below in table1.3.
There are rotational bands with near constant energy differences for transition energies.

Some superdeformed bands exhibit this: one of the best examples is shown in Þgure1.16.
This depicts a superdeformed band in152Dy via observed gamma-ray transition energies.
The notable feature is the extraordinary constancy of the differences between these gamma-
ray energies: an enhanced view is depicted at the bottom of the Þgure.

The consequences of equations1.21- 1.26 for ground-state bands in174Yb and242Pu,
and for the superdeformed band in152Dy, are given in table1.3.

Z Q0 A2/ 3 """ J rigid E(2+
1 ) J expt

J expt
J rigid

(b) ! 10" 54 (kg.m2) (keV) (kg.m2)
174Yb 70 7.825 31.167 0.3081 5.955! 10" 54 76.4711 2.723! 10" 54 0.4573
242Pu 94 11.906 38.834 0.2823 10.184! 10" 54 44.542 4.675! 10" 54 0.4591
152Dy 66 17.52 28.482 0.7076 6.025! 10" 54 33.75 6.170! 10" 54 1.024

Table 1.3: Moments of inertia for ground-state rotational bands of a rare earth and an actinide
nucleus and for a superdeformed rotational band. The moments of inertia are given in units
of kg.m2 ! 10" 54 and the 2+ energies are given in keV. See the text for other details and
remarks.

The results manifested in table1.3 are profound with respect to the physics of nuclear
rotation. It means that nuclei probably approach rigid rotation asymptotically as deforma-
tion increases; and the rigid rotation limit is manifestly reached in some nuclei. We cau-
tion that this derivation is based on a na¬õve view of the nucleus as a quadrupole-deformed
constant-density extended object with a sharp surface, i.e. no allowance is made for sur-
face diffuseness or higher multipole deformations of the nucleus. We look at higher mul-
tipole deformations later. Figure1.17 presents moments of inertia, extracted using these
simple prescriptions, for selected nuclei. We do not comment on the remarkable similarity
of J expt/ J rigid for 174Yb and242Pu, except to note that this would appear to be independent
of the near-identical scaled-energy patterns shown in table1.2.

There is considerable confusion over moments of inertia extracted from rotational bands
in odd-mass nuclei: the origin is in the use of equation1.1, modiÞed for excitation and spin
of a given band head, viz.

E = E0 + AI(I + 1), (1.27)
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Figure 1.73: T he excit ed st at es of 16 O
showing all known st at es up t o 11.1 M eV
and select ed ot her st at es. T he �¿�U�V�Wex-
cit ed st at e at 6.049 M eV is a 0+ prot on-
pair-neut ron-pair excit at ion across t he 8-
nucleon shell gaps. A ssociat ed wit h it is
a band of st at es (shown direct ly above it )
wit h spin-parit ies 2+ , 4+ , 6+ . T heir int er-
relat ionship is support ed by gamma-ray de-
cay dat a for which B (E2) values are given
in Weisskopf unit s. T he close spacing of
t he 0+ , 2+ , 4+ , 6+ band members and t he
large B (E2) values indicat e large deforma-
t ion. T here is also evidence for a K �Œ= 0�í

and a K �Œ = 2+ band. (T he st at es on
t he left are believed t o be predominant ly
non-deformed one-part icle-one-hole excit a-
t ions.) (T he dat a are t aken from T illey
D.R., Weller H.R. and Cheves C.M . (1993),
Nucl. Phys. A 564, 1.)
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Figure 1.74: T he excit ed st at es of 40Ca
showing all known st at es up t o 5.9 M eV and
select ed ot her st at es. T he �¿�U�V�Wexcit ed st at e
at 3.35 M eV is a 0+ prot on-pair-neut ron-
pair excit at ion across t he 20-nucleon shell
gaps. A ssociat ed wit h it is a band of st at es
(shown direct ly above it ) wit h spin-parit ies
2+ , 4+ , 6+ (cf. Figure 1.73 for 16 O). T here
is evidence for an even more deformed band
built on a 0+ st at e at 5.21 M eV . T here is
also evidence for a K �Œ = 2+ band built
on t he 2+ st at e at 5.2 M eV . (T he dat a are
t aken from Nuclear Data Sheets.)

This is re�Àected in its very close energy spacing and a very large B (E2) value
between the 4+ and 2+ states.

The st ructures of the deformed excited states in 40Ca are revealed by the mult i-
nucleon t ransfer react ions summarised in Figure 1.75. The �¿rst excited 0+ state
in 40Ca can be interpreted as result ing from the excitat ion of both a proton pair
and a neut ron pair across the closed shells at N , Z = 20. This is supported by
the st rong populat ion of this state in the 36Ar(6Li, d)40Ca react ion. Even more
dramat ic is the evidence from the 32S(12C, �. )40Ca react ion which suggests that the
5.21 MeV state results from the excitat ion of two proton pairs and two neut ron
pairs across the N , Z = 20 shells. The energy spacing of the band built on the 5.21
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Figure 1.74: T he excited states of 40 Ca
showing all known states up to 5.9 MeV and
selected other states. T he �¿�U�V�Wexcited state
at 3.35 MeV is a 0+ proton-pair-neut ron-
pair excitat ion across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown direct ly above it ) with spin-parit ies
2+ , 4+ , 6+ (cf. Figure 1.73 for 16 O). T here
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV . T here is
also evidence for a K �Œ = 2+ band built
on the 2+ state at 5.2 MeV . (T he data are
taken from Nuclear Data Sheets.)

This is r�H�Àected in it s very close energy spacing and a very large B (E2) value
between the 4+ and 2+ states.

The st ructures of the deformed excited states in 40Ca are revealed by the mult i-
nucleon t ransfer react ions summarised in Figure 1.75. The �¿rst excited 0+ state
in 40Ca can be interpreted as result ing from the excitat ion of both a proton pair
and a neutron pair across the closed shells at N , Z = 20. This is supported by
the st rong populat ion of this state in the 36Ar(6Li, d)40Ca react ion. Even more
dramat ic is the evidence from the 32S(12C, �. )40Ca react ion which suggest s that the
5.21 MeV state results from the excitat ion of two proton pairs and two neut ron
pairs across the N , Z = 20 shells. The energy spacing of the band built on the 5.21
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also evidence for a K �Œ = 2+ band built
on the 2+ state at 5.2 MeV . (T he data are
taken from Nuclear Data Sheets.)

This is r�H�Àected in it s very close energy spacing and a very large B (E2) value
between the 4+ and 2+ states.

The st ructures of the deformed excited states in 40Ca are revealed by the mult i-
nucleon t ransfer react ions summarised in Figure 1.75. The �¿rst excited 0+ state
in 40Ca can be interpreted as result ing from the excitat ion of both a proton pair
and a neut ron pair across the closed shells at N , Z = 20. This is supported by
the st rong populat ion of this state in the 36Ar(6Li, d)40Ca react ion. Even more
dramat ic is the evidence from the 32S(12C, �. )40Ca react ion which suggest s that the
5.21 MeV state results from the excitat ion of two proton pairs and two neut ron
pairs across the N , Z = 20 shells. The energy spacing of the band built on the 5.21
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The st ructures of the deformed excited states in 40Ca are revealed by the mult i-
nucleon t ransfer react ions summarised in Figure 1.75. The �¿rst excited 0+ state
in 40Ca can be interpreted as result ing from the excitat ion of both a proton pair
and a neut ron pair across the closed shells at N , Z = 20. This is supported by
the st rong populat ion of this state in the 36Ar(6Li, d)40Ca react ion. Even more
dramat ic is the evidence from the 32S(12C, �. )40Ca react ion which suggests that the
5.21 MeV state results from the excitat ion of two proton pairs and two neut ron
pairs across the N , Z = 20 shells. The energy spacing of the band built on the 5.21
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Figure4.27: Excited states in thedouble-closed shell nuclei with N = Z. Somedetails of the
collectivity of the 2+

1 and 3�í
1 states are given, cf. �¿�J�X�U�H4.26. The B(E2) values that support

collectivity are shown. Band structure that is deduced from more detailed spectroscopy, e.g.
aspresented in �¿�J�X�U�H6.20, is indicated with inferred K quantum numbers. Thus, the0+ state
at 6049 keV in 16O is interpreted as a 4p-4h state. A similar interpretation is made for the
3353 keV state in 40Ca. The 0+ state in 40Ca at 5212 keV is interpreted as an 8p-8h state:
details arebeyond thepresent scope for discussion. The �¿�J�X�U�His taken from Rowe& Wood.

be simple one-neutron �F�R�Q�¿�J�X�U�D�W�L�R�Q�V��although one can �¿�Q�Gthe states in 17O being used
as illustrations of independent-neutron degrees of freedom in the N = 9 isotones in various
published works. Even in the ground-state structure of 17O, there must be �V�L�J�Q�L�¿�F�D�Q�Wcontri-
butions of proton particle-hole �F�R�Q�¿�J�X�U�D�W�L�R�Q�Vto explain the E2 properties of this nucleus.

Nuclei adjacent to 208Pb exhibit excitations that are a rare example of so-called �³ �Z�H�D�N
�F�R�X�S�O�L�Q�J�́ ��This is illustrated in �¿�J�X�U�H4.28. The �³ �F�R�U�H�´excitations in 208Pb, notably the 3�í

state at 2614 keV, gives rise to closely spaced multiplets in all of the odd-mass neighbours.
The centroids of the energies of these multiplets are very close to the energy of the 3�í state
in thecore, hence thedescription as �³ �Z�H�D�N�F�R�X�S�O�L�Q�J�́ ��Thespins of themultiplets aresimply
thena¬�Õ�Yevector coupling of thespin of theodd particleor holewith theJ = 3 coreexcitation.
Parities are determined by multiplication, e.g. minus times minus equals plus.

Theodd-neutron nuclei adjacent to 48Ca, namely 47Caand 49Ca, exhibit another example
of correlation energy causing very large shifts in the excitation energy of certain �F�R�Q�¿�J�X�U�D��
tions. Figure 4.31 shows what appears to be a collapse of the N = 28 shell gap, in the
observation of a 3/ 2�í excited state in 47Ca at 2.01 MeV and the observation of a 7/ 2�í ex-
cited state in 49Ca at 3.36 MeV. The �¿�J�X�U�Hpresents the data that exclude collective degrees
of freedom from consideration in the interpretation of these states and shows that they have
large pairing correlation energy contributions, i.e., they are neutron 1p-2h (47Ca) and 2p-1h
(49Ca) states.



between speciÞc! rays, and their time relative to the natural
pulsing of the cyclotron beam, was used to provide high
sensitivity for ! rays, which otherwise would be lost in the
background of competing reactions. New developments in
software"14# allowed the fast production of matrices with
different time and gating! -ray conditions, chosen to select
and separate different parts of the level scheme.

The extensive level scheme thus established for188Pb
cannot be covered in detail here, but about 50 new states
have been identiÞed including the structures above the 8! ,
11! , and 12" isomers. The scheme largely conÞrms the ear-
lier one"10#, with the qualiÞcation that the character of the
11! and 12" isomers has been inverted. That is, the 2702-
keV, 38-ns mean life isomer is now associated with the 11!

state and the 2710-keV, 136-ns isomer with the 12" . This
rearrangement is supported experimentally by the new angu-
lar distribution information for the deexciting 335- and 344-
keV transitions, and is consistent with the previous total con-
version coefÞcient constraints"10# that favored a
combination ofE1 andE2 multipolarities, but in either or-
der.$Intensity arguments were used to favor one of the alter-
natives previously"10#, but that was in the absence of a
detailed knowledge of the feeding states above, which will
be discussed elsewhere"16#.%The new experimental assign-
ment is supported by the character of the structures above.

The lower part of the sequence above the 11! isomer, part
of which is shown in Fig. 1, is very similar to the structures
observed in190Pb and192Pb "9,15#. The higher states which
form a &I# 2 sequence arise from an aligned band that

crosses the 11! band at spin 13, as will be discussed else-
where"16#. The in-band! -ray branching ratios and the mix-
ing ratios' of the cascade transitions depend on the conÞgu-
ration through the magnetic properties (g factors%and the
magnitude and sign of the deformation expressed in the
quadrupole momentQ0. Both the magnitude of the (gK
! gR)/Q0 value of 0.042$2%deduced from the branching at
the 13! state and the negative sign of' ãassociated with
sgn"(gK! gR)/Q0#Érequired by the large negative anisotro-
pies of the 528- and 388-keV cascade transitions"A2 /A0
#! 0.63(5) and! 0.42(9), respectively#are consistent with
a two-proton conÞguration and a weakly oblate deformation
$with a negative value ofQ0), although the value extracted
for gK of ( " 0.5 is smaller than the theoretical Nilsson
value of" 1.0 expected for the 9/2! "505#! 13/2" "606#con-
Þguration. The structure above the 12" isomer is similar to
that observed in190Pb "9#.

The alignment of the 8! band which reßects the compo-
nent orbitals through its sensitivity to Coriolis mixing is es-
sentially the same as that in the 8! bands of the$prolate-
deformed%N# 106 isotones. The magnitude of the alignment
is consistent with the presence of the 9/2" "624#orbital in the
conÞguration, while the (gK! gR) value of ! 0.182(18) ex-
tracted from the in-band branching ratios assumingQ0
# 6.5 eb agrees with those in the isotones and with the value
expected for the two-quasineutron conÞguration"! 0.3(1)
assuminggR#" 0.3(1)]. Thesign of ' is given by the large
negative anisotropy observed for the cascade transitions
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FIG. 1. Partial level scheme showing the yrast and yrare positive parity sequences in188Pb and the main sequences above the isomers.
Note that the$many%connecting paths from the isomers are not shown, and that the relative branches are approximated by the widths of the
transitions within a particular band. For illustrative purposes, intensities of the yrast sequence have been scaled down by a factor of about
20. The 0" state energies are uncertain"13#.
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