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Hawking (1974): Black holes radiate through photon pair 
creation in the vicinity of the event horizon.

To a distant observer, appears as a black body with 
temperature:

THawking =
~c3

8πkBGM



Derivation: quantize electromagnetic field in the space-time 

background of a collapsing spherical star. Assume that the 

electromagnetic field is initially in a vacuum state     

(i.e., no photons present). 

Find that photon pairs are spontaneously produced from the  
vacuum in the vicinity of the event horizon.  

|0i

Event horizon

Surface of collapsing star
[R. Schützhold, Lect. Notes Phys. (2007])



But original derivation has problems: tracking the emitted 
Hawking radiation back in time, we find that the radiation 
wavelength gets infinitely blue-shifted as one approaches the 
horizon.

In particular, the radiation wavelength gets smaller than the 
Planck length, where our classical notion of space-time as a 
continuum is expected to break down: the “trans-Planckian 
problem”.


Thus, either

•The Hawking thermal radiation prediction is invalid and we 
need a full quantum gravity description to figure out what 
happens. 


Or   

•The Hawking thermal radiation prediction is valid: the 
radiation is insensitive to the short distance physics.

LPlanck =

r

~G

c3
≈ 10

−35
meters



Can we test Hawking’s prediction for real black holes?

Negligible compared to the cosmic microwave background.

For, e.g., a solar mass:

THawking =
~c3

8πkBGM⊙

∼ 10
−7

K



Black Hole Analogues

Address validity of Hawking’s derivation using low energy, 
laboratory analogues of a black hole event horizon where 
the short distance physics is known [Unruh, PRL (1981)].

[P. Hoey, Science (2008)]



An acoustic (or sonic) horizon forms at the boundary where 
the steady state fluid velocity exceeds the sound velocity.

•“Hawking” approach: quantize the sound wave 
fluctuations (phonons) about the background classical 
fluid flow in the vicinity of the sonic horizon: get 
Hawking radiation!


“Trans-Planckian” problem: breakdown of continuum 
fluid approximation at intermolecular distance scales.  

THawking =
~

2πkB

dv

dx
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•“Quantum gravity” approach: solve (in principle) Schrödinger’s 
equation for the known microscopic, molecular Hamiltonian of 
the fluid system. Does one obtain thermal Hawking radiation?    

But, difficult to perform such a calculation. Alternatively, perform

experiment...


Assume dv/dx|
horizon

∼ c/Lhorizon

Sound speed
Horizon size

Then THawking ∼ 10
−7

K
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Nontrivial to maintain transonic flows at such small L’s without 
turbulence developing.



Alternative approach to a moving medium:

What matters are the effective properties of the medium; not 

necessary to physically move a medium to form an event 

horizon.  
E.g.,  use nonlinear optical fibre where effective index of 

refraction depends on light intensity [Philbin et al., Science 
(2008)]: 

[Recall,                , c is the velocity of light in vacuum, vp is the 

phase velocity of light in the medium]   

n = n0 + δn, δn ∝ I(x, t)

n = c/vp



“Fiber-Optical Analogue of the Event Horizon”

Effective medium altering pump pulse (soliton) 

Rest frame of pulse

“Trans-Planckian” physics:

probe light gets blue shifted

as approaches horizon. 

Leveling of dispersion curve

results in probe light slowing 

down and falling behind the 

pulse

White hole horizon Black hole horizon

[Philbin et al., Science (2008)]:



An alternative effective medium proposal using a microwave 
transmission line:

Dielectric between capacitor plates controlled 
by an external laser beam: sweep along the 
cavity length 

But, have the problem of heating due to 
laser 

THawking ∼ 10− 100mK



An alternative effective medium proposal using a 
superconducting, microwave nonlinear transmission line:

THawking ∼ 10− 100mK

External flux pulse induced by 
current pulse in parallel bias 
line



Paul Nation (Principle Research Scientist, IBM 
Quantum)  



Instead, use an existing superconducting, microwave 
nonlinear transmission line device

Haruna Katayama (Assistant Professor, 
Hiroshima University)



A traveling wave parametric amplifier (TWPA) using 
superconducting nonlinear asymmetric elements (SNAILs): 

Used, e.g., as: 

• Broadband microwave amplifiers close to the quantum limit

• Generators of broadband squeezed and entangled microwave states

[M. Esposito et al., PRL (2022)]

[M. Perelshtein et al., PRApplied (2022)]
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SNAIL-TWPA circuit equations in the continuum approximation: 

r = CJ/Cg ω0 = 1/
p

CgL0v0 = aω0

Dispersion Nonlinearity
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Can selectively tune 
between 3-wave and 4-
wave mixing by varying 
the external magnetic flux 
bias   
φext = 2πΦext/Φ0

Φ0 = h/(2e)

[Parameters from Esposito et al., 
PRL (2022)]

SNAIL unit cell size



Presence of wave dispersion and nonlinearity can give rise to 
the existence of stable, localized propagating wave solutions: 
solitons. 

Idea: Consider the possible use of soliton solutions in SNAIL 
TWPAs for generating analogue event horizons (in the soliton’s 
co-moving frame). 

Solitons on the Union Canal, Scotland [R. Griffith, YouTube (2024)]

[John Scott Russell (1834)]

https://www.youtube.com/watch?v=mEXNj1UPjk0
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Apply reductive perturbation method [H. Leblond, J.Phys.B (2018)]:

φ = φ̄+ δφ

Strong classical background field pulse Weak “probe” signal

ξ = ε1/2(x− v0t)

τ = ε
3/2

t

“Stretched” coordinates:

φ̄(ξ, τ) =
∞X

n=1

εnφ̄(n)(ξ, τ)

Tune external magnetic flux such that   
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c4 = 0

Dispersion Nonlinearity

(c3 6= 0)

ε = (ka)2



Obtain the Korteweg-de Vries (KdV) equation to lowest order      :   ε
3

∂φ̄(1)

∂τ
+

c3v0
2

φ̄(1) ∂φ̄
(1)

∂ξ
+

r

2
a2v0

∂3φ̄(1)

∂ξ3
= 0

Known to have soliton solutions  [Kivshar and Malomed, RMP (1989)]:

Single soliton solution:

φ̄(x, t) = Asech2
"

1

a

r

c3A

12r
(x− vst)

#

Velocity: vs= v0(1 + c3A/6)

w ∼ 2a
p

12r/ (c3A)Half-width:

c3 > 0 (A > 0)



Verified by numerical solutions of original discrete space 
equations, where soliton width   <latexit sha1_base64="Zl3U2yw9LZzVXlqH9o6XRPguwRY=">AAAB7XicdVDLSsNAFL2pr1pfVZduBovgKiSlVrsrunFZwT6gDWUynaRjJ5MwM1FK6D+4caGIW//HnX/j9CH4PHDhcM693HuPn3CmtOO8W7ml5ZXVtfx6YWNza3unuLvXUnEqCW2SmMey42NFORO0qZnmtJNIiiOf07Y/upj67VsqFYvFtR4n1ItwKFjACNZGat31whDhfrHk2LVKtVYpo9/EtZ0ZSrBAo1986w1ikkZUaMKxUl3XSbSXYakZ4XRS6KWKJpiMcEi7hgocUeVls2sn6MgoAxTE0pTQaKZ+nchwpNQ48k1nhPVQ/fSm4l9eN9XBmZcxkaSaCjJfFKQc6RhNX0cDJinRfGwIJpKZWxEZYomJNgEVTAifn6L/Satsu1X75KpSqp8v4sjDARzCMbhwCnW4hAY0gcAN3MMjPFmx9WA9Wy/z1py1mNmHb7BePwDBmo9I</latexit>

w � a



Wave equation of weak probe field     , expressed in 
comoving frame of background soliton pulse                     : 
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event horizons where 
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v2(⌘) = v2s

Have analogue black-white hole 
pair

[H. Katayama et al., PRR (2023)]

δφ ≈ −a ∂δϕ/∂x

Phase coordinate across CJ

Phase coordinate across SNAIL unit cell 



Other KdV-type soliton solutions for                         :
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“Modified” KdV equation

φ̄(x, t) = A sech
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If instead, introduce pump carrier wave            few GHz with 
suitable modulation pulse shape envelope, can have yet 
another class of solitons (“Nonlinear Schrödinger Eq.”):  

ωp ∼

φn(t) = A sech
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c4 > 0 (c3 = 0) :

φn(t) = A tanh
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c4 < 0 (c3 = 0) :

Fundamental “Bright” soliton

“Black” soliton

analogous to nonlinear optical fiber solitons



Unique advantage of SNAIL TWPAs: can tune nonlinearity via 
magnetic flux) and select frequency range such as to 
generate different types of soliton using the same device 

[e.g., KdV, modified KdV   , NLSE bright (dark)]

QFTh in curved spacetime (semiclassical 

Which soliton type is most suitable for observing Hawking 
radiation?

Note: NLSE solitons expected to parametrically generate 
squeezed/entangled microwave photons
[M. Esposito et al., PRL (2022)]

In progress…
[M. Perelshtein et al., PRApplied (2022)]

±



Thank you!

June 23, 2023


