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QCD and Chiral Symmetry: SUL(2) × SUR(2) ≃ O(4)

and ditto for right

QCD is (almost) symmetric between, left and right, and up and down:

LQCD =
∑

q=u,d

q̄L(i /D)qL + q̄R(i /D)qR − mq (q̄LqR + q̄RqL)︸ ︷︷ ︸
small

Then one would expect four approx. conservation laws, uL, dL, uR, dR:

n⃗V ∼ (uL + uR)− (dL + dR) Isovector charge

n⃗A ∼ (uL − uR)− (dL − dR) Isoaxial vect. charge
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Chiral symmetry breaking and heavy ion collisions Pisarski, Wilczek

The system has thermalized and QGP expands slowly through the chiral transition . . .

µ

T

Broken chiral symmetry

QGP with chiral symmetry

quarks
and gluons

hadrons

The quark mass 
smooths the 2nd order 

transition to a crossover, 
like a magnetic field in 

the Ising model

Chiral symmetry breaking plays no role in current hydro model . . .
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What is a pion?

Our cold world:   T< Tcritical

The hot world:   T> Tcritical

Want to predict pions during a quench, close to the phase transition.
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Thermodynamics and the Chiral O(4) Transition

• The O(4) order parameter fluctuates in amplitude and phase:

ϕa = (ϕ0, ϕ1, ϕ2, ϕ3) = (σ, π⃗)

The quark condensate scales as

q̄RqL ∼ σeiτ⃗ ·φ⃗ ≃ σ + iτ⃗ · π⃗

• The Landau Ginzburg function for the O(4) order parameter is:
ϕ2 ≡ ϕaϕa

H =

∫
d3x

1

2
∇ϕa · ∇ϕa +

1

2
m2

0(T )ϕ
2 +

λ

4
ϕ4 − H︸︷︷︸

∝ mq

σ

• The model has a critical mass m2
c(T ) < 0, m0 −mc ≡ c(T − Tc)

Tune the bare mass m0(T ), so the renormalized mass mσ ≡ ξ−1 is zero.
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magnetic susceptibility χM ≡
〈
σ2

〉
− ⟨σ⟩2

 0

 100

 200

 300

 400

 500

 600

 700

 130  135  140  145  150  155  160  165  170  175  180

χM

T [MeV]

mπ [MeV]ms/ml

Nτ=8

20   160

27   140

40   110

80     80

160     55

Figure 3. Quark mass dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8 for several
values of the light quark masses. The spatial lattices extent N� is increased as the light quark mass decreases:
N� = 32 (H�1 = 20, 27), 40 (H�1 = 40), 56 (H�1 = 80, 160). Black symbols mark the points
corresponding to 60% of the peak height. Figure is taken from13.
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Figure 4. Volume dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8 for three
different spatial lattice sizes at H = 1/80. Black symbols mark the points corresponding to 60% of the peak
height. Figure is taken from13.

2.2 Results

We show results for �M in Fig. 3, on lattices with temporal extent N⌧ = 8 for 5 different
values of the quark mass ratio, H = ml/ms, and the largest lattice available for each H .
The increase of the peak height, �max

M , with decreasing H is consistent with the expected
behavior, �max

M ⇠ H1/��1 + const., with � ' 4.8 within rather large uncertainty which
restricts a precise determination of �.

In Fig. 4 we show the volume dependence of �M for H = 1/80 on lattices with tem-
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Hydrodynamics of the O(4) transition:
Rajagopal and Wilczek ’92, Son ’99, Son and Stephanov ’01, and finally us, arxiv:2101.10847.

1. The order parameter
ϕa = (σ, π⃗)

2. The approximately conserved charges quantities:

n⃗V = ψ̄γ0τ⃗ψ︸ ︷︷ ︸
isovect chrg

and n⃗A = ψ̄γ0γ5τ⃗ψ︸ ︷︷ ︸
isoaxial-vect chrg

which are combined into an anti-symmetric O(4) tensor nab

nab = (n⃗A, n⃗V )

The charge nab generates O(4) rotations, ϕ→ ϕc +
i
ℏθab[nab, ϕc],

implying a Poisson bracket between the hydrodynamic fields:

{nab(x), ϕc(y)} = ϵabcd ϕd(x) δ(x− y)
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The Landau-Ginzburg Hamiltonian for the O(4) transition:

The Hamiltonian is tuned to the crit. point with m2
0(T ) < 0 and H ∝ mq:

H =

∫
d3x

1

2
∇ϕa · ∇ϕa +

1

2
m2

0(T )ϕ
2 +

λ

4
ϕ4 −Hσ +

n2ab
4χI

and gives the equilibrium distribution with the correct critical EOS:

Z =

∫
DϕDne−H[ϕ,n]/Tc

The hydro equations (Model G) take the form

∂ϕ

∂t
+ {ϕ,H} =0 + visc. corrections + noise

∂nab
∂t

+ {nab,H} =0 + visc. corrections + noise
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The equations and the simulations: see also Schlichting, Smekal

We have a charge diffusion equation coupled to order parameter:

∂tnab + ∇ · (∇ϕ[aϕb])︸ ︷︷ ︸
poisson bracket

= D0∇2nab︸ ︷︷ ︸
diffusion

+∇ · ξab︸ ︷︷ ︸
noise

and a rotation of the order parameter induced by the charge:

∂tϕa +
nab
χI

ϕb
︸ ︷︷ ︸

poisson bracket

= Γ0
δH
δϕa︸ ︷︷ ︸

dissipation

+ ξa
︸︷︷︸
noise

Captures two hydrodynamic limits:

1. Simple diffusion and relaxation above Tc

2. Non-abelian (spin on three sphere) superfluid dynamics below Tc
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Equilibrium: statics for T < Tc:

Ma(t) ≡
1

V

∑

x

ϕa(t,x) ≡ order parameter

The condensate:
σ̄eq ≡ lim

H→0
⟨M0⟩ ∝ (−tr)

β
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FIG. 1. Left: � on the critical line for L = 32 and L = 64 together with a finite volume fit to

the data, which determines the non-universal parameters H0, L0 and CH . The fit form is taken

from Engels and Karsch [6] (see text surrounding eq. (B6)). Also shown is the results of the fit

at L = 1. Right: Extracted infinite volume expectation value, ⌃ ⌘ limH!0+ limL!1 �, as a

function tr ⌘ (m2
0 � m2

c)/|m2
c |. The fits and extraction procedure are discussed in the text. Also

shown is the fit result without the subleading correction.

Extracting the magnetization ⌃ is di�cult as, in any finite volume,

lim
H!0

�̄|L fixed = 0 . (28)

This is because when H⌃V ⇠ 1, the orientation of magnetization vector Ma begins to
wander on the group manifold, averaging to zero in the limit of zero external magnetic field.
One way to extract ⌃ is to look at the fluctuations of Ma, evaluating hM2i = hMaMai,
which is approximately ⌃2 at large volume. The leading deviation of hM2i and ⌃2 at finite
volume comes from the fluctuations of long wavelength Goldstone modes, and can be neatly
analyzed with a Euclidean pion EFT [37]. We detail these corrections in App. B 3, which
were essential to a reliable extraction of ⌃(T ).

Our results for ⌃(T ) are shown in the right panel of Fig. 1, and are fit with the functional
form

⌃ = b1(�tr)
� (1 + (�tr)

!⌫CT ) . (29)

with critical exponents � and � from [6] and ! from [36]. Here we are using

tr ⌘
m2

0 � m2
c

|mc|2
, (30)

instead of t̄r, and we defined b1 ⌘ (|m2
c |/m2)�. The second term in (29) captures the first

subleading correction to scaling.
Our fit to ⌃(T ) is shown in the right panel of Fig. 1 and yields b1 = 0.544(4) and

CT = 0.20(2) with a �2/dof = 1.4. We have excluded the largest value of (�tr) from the fit.
For comparison, we also show the fit results for the first term b1(�tr)

�. Clearly, for precision
work the subleading corrections are important in the temperature range we are considering.
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Equilibrium: Dynamics for T > Tc and critical slowing down

• The order parameter relaxes increasingly slowly near Tc

▶ Analyzing ⟨Ma(t)Ma(0)⟩ ∼ e−t/τR we define and then determine:

τR ∼ ξz
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FIG. 5. Left: Dynamical correlation time as a function of tr in the restored phase. The fit

parameters are ⌧+ = 1.570 ± 0.037, ⌧1 = �1.49 ± 0.15 with �2/dof = 5.74/7. Right: Vector

di↵usion coe�cient as a function of tr. Note that despite its smallness, we clearly observe a critical

dependence of D. The resulting fit parameters are D+ = 0.0190 ± 0.0013, D1 = �1.7 ± 0.55 with

�2/dof = 5.67/7.

momentum correlators. In particular, we expect the vector correlator in the restored phase
to behave as

GV V (t, k) = T�0e
�Dk2t , (41)

as discussed in the previous section. Similar to the order parameter case, we have the relation

D ⌘ 1

k2

✓Z 1

0

dt
GV V (t, k)

GV V (0,0)

◆�1

, (42)

which we use in practice to extract D from our data. It is important that the correlator be
well described by an exponential, which is clearly seen in Fig. 2.

Again, we introduce a cuto↵ Tmax and make sure the results are independent of this
choice. As discussed above, we expect Dk2 to be comparable 1/⌧ ⇠ ⇠⇣ at the boundary of
applicability of the di↵usive description, k . ⇠. This means that the di↵usion coe�cient
should scale with the correlation length as, D / ⇠2�⇣ .

The critical behavior of D appears to be weak and its regular part cannot be neglected.
To take this into account, we add a constant D0 to our fit

D(tr) = D+t�⌫(2�⇣)
r (1 + D1t

!⌫
r ) + D0 . (43)

In an abuse of notation, D0 here is the renormalized di↵usion coe�cient far above Tc, which
we determine independently by running our simulations without the coupling to the order
parameter, leading to

D0 ⇡ 0.2425(5) . (44)

This parameter is di↵erent from the bare lattice parameter (also called D0 = 1/3) which
controls the Metropolis updates of the charge at the scale of the lattice spacing (see [1] in
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Equilibrium: Pions and non-abelian superfluid dynamics T < Tc

Focus on the ideal eom coming from the Poisson Brackets

• Charge conservation:

∂tnab +∇ · (∇ϕ[aϕb]) = 0

• The Josephson constraint and precession

∂tϕa +
nab
χI

ϕb = 0

The magnitude of ϕa is fixed and the direction (or “spin”) fluctuates

ϕa ∼ fsa sasa = 1

The linearized equations predicts spin waves, aka pions, with velocity
v2 = f2/χI

Teaney 12 / 29



Equilibrium: analysis of pion dispersion curve

• Scaling dictates how the dispersion curve scales with ξ and τR ∝ ξd/2

ω(k) = vk − iDAk
2

with pions propagating at speed v:

v ∼ ξ

τR
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FIG. 7. Left: DA = �+ D axial di↵usion coe�cient as a function of the reduced temperature tr.

The dashed line is a fit to the scaling form DA = D�
At

�⌫(2�⇣)
r (1 + DA1t

�⌫
r ) + DA0. The fit results

are D�
A = 0.044 ± 0.009, DA1 = 1.19 ± 0.13 and DA0 = �11 ± 6. The �2/dof = 6.9/3. Right:

Velocity of the dispersion relation as a function of tr. The data points are the value extracted

from the time dependence of the correlation functions. The dashed (green) line is the fit to the

data with the scaling form v = v� t
�/2
r (1 + v1t

⌫�
r ). The fit results are v� = 0.462 ± 0.003 and

v1 = 0.325 ± 0.03. The �2/4 = 15.9/4. The continuous (blue) line is described in App. B 3 and in

the text and is obtained by determining v2 = f2/�0 from static correlation measurements.

non-zero momentum modes, k = 2⇡/L and k = 4⇡/L. We then perform some fits using
the hydro prediction (25) and extract the parameters �(k) and �(k). �(k) and �(k) are
subsequently extrapolated to infinite volume using the forms

�(k) = DAk2(1 + d1/L), (57a)

�(k) = vk + v2k
2 , (57b)

with DA, v, d1, and v2 as parameters. As discussed in Sect. II E, finite volume corrections
to the dynamics of the Goldstone modes scale inversely with the linear extent of the lattice
� 1/f 2L and are therefore important to control. Including d1 and v1 as fit parameters
captures this characteristic volume dependence and proved crucial to reliably extracting DA

and v from this analysis. The fitting procedure, together with other systematic checks, are
presented in detail in App. C.

In the static case, a finite volume pion EFT was developed many years ago by Hasenfratz
and Leutwyler and can be used to determine the first 1/f 2L correction to the chiral conden-
sate analytically [45]. We used their expansion in App. B 3 to determine velocity v2 = f 2/�0

and, as we show below, the result agrees with the dynamic fit using (57). In Sect. II E
we have taken the first steps in developing a real time finite volume analog of their work
by deriving the vev di↵usion coe�cient in (31) and a corresponding forced Fokker-Planck
equation on the coset manifold in App. A 2. But, a more complete analysis is left for future
work.

17

Pion velocity 
versus temperature

FIG. 1. (a) The correlations of the order parameter field G��(t, k) normalized by the static

susceptibility G��(t, 0) as a function of time in lattice units [1]. The simulations are carried out

for several values of the reduced temperature tr / (T � Tc)/Tc at zero quark mass, H = 0. The

oscillatory curves describe the propagation of pion waves and become increasing damped close to

the critical point. (b) The curves in (a) are analyzed to extract the pion velocity v and damping

rate �(k) from the dispersion curve, !(k) = vk� i�(k)/2. The velocity and the damping rate show

dynamical critical scaling. Here the velocity is seen to scale as v2 / |tr|⌫ .

C. Next Steps

With a comprehensive understanding of the equilibrium response in hand, and some initial
technical hurdles worked out, our next step is to study the scaling of the dynamics for an
expanding system. In a heavy ion collision, the temperature is dropping as the medium
crosses the critical point. The time dependence of the temperature drives the fluctuations of
the order parameter out of equilibrium. Since it is the fluctuations in the order parameter
�a = (�, ~⇡) that ultimately determine the yields of soft pions (/ |⇡|2), we need to under-
stand the scaling of the non-equilibrium response to make definite predictions for these soft
messengers.

With this goal in mind, we will explore Kibble-Zurek setup, where the time dependence
of the reduced temperature tr / (T � Tc)/Tc is parametrized by the expansion timescale ⌧e

(see for example [10])

tr = � t

⌧e

. (1)

Here the system passes through the critical point at t = 0 following a linear protocol: for
negative times the system is above Tc, while for positive times the system is below Tc. The
relaxation time of the order parameter scales with the correlation length ⇠ (in lattice units)
as

⌧R = ⌧0⇠
⇣ . (2)

In the second study described above, we provided an operational definition for ⌧R and
determined the microscopic time scale ⌧0 = 1.57 (in lattice units). The expansion time is
much greater than the microscopic time scale ⌧e � ⌧0, and the hydrodynamic approach
is always valid. In this situation, the non-equilibrium dynamics is characterized by the

3
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Condensate Growth Following a Quench: tr → −tr
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Nonequilibrium state at time t
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T > Tc at time t = 0

We will monitor

G0(t, ξ, L) =
V

4
⟨Ma(t)Ma(t)⟩ =

{
∼ 1 for Ma random

∼ V for Ma constant

Teaney 14 / 29



Condensate Growth – Limits

G0(t, ξ, L) =
V

4
⟨Ma(t)Ma(t)⟩
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L
• Initial conditions

G0(t)|t=0 = χ ∝ ξ2−η

• Final conditions

lim
t→∞

G0(t) =
V σ̄2eq
4

∝ ξ2−η

(
L

ξ

)d
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Naive dynamical critical scaling in the large volume limit L/ξ ≫ 1

G0(t, ξ, L) =ξ
2−η F(t/τR, ξ/L)

≈ ξ2−η F(t/τR)
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FIG. 1. Correlation length ⇠ as a function of temperature. The quenches studied in Section III

transition from the high temperature phase to the low temperature phase, t0r ! �t0r . The colors

are correlated with the lines in the upper panels of Fig. 4.

than V . Correlation functions of “condensate like” fields, i.e., fields with domains of volume
⇠ V , scale linearly in the volume.

The quench dynamics is illustrated schematically in Fig. 2. Consider a local spatial region
of length `, several correlation lengths long. In the restored phase, before the quench, the
potential is shown by the red dashed line, while after the quench the potential takes the
familiar wine-bottle form. The order parameter averaged this region is notated �̄a, and
its value before the quench fluctuates around zero, with variance order �/`d (see figure).
After the quench, �̄a now sits at the top of the hill and is unstable. Over a time of order
t ⇠ ⌧R, fluctuations source an unstable growth of the local order parameter, which rolls
down the hill in a random direction, forming a locally-equilibrated domain. At this stage,
the global condensate is still approximately zero, since the local condensate orientations
are random, as shown in Fig. 2(b). Over a much longer timescale these the domains begin
to merge to form the global condensate. As discussed further below, since the distances
and times involved are much larger than the correlation length ⇠ and the relaxation time
⌧R respectively, hydrodynamics is the right tool to describe the growth in this stage. The
appropriate theory was given in Section II B 3 and describes a non-abelian superfluid with
broken SU(2)L ⇥ SU(2)R symmetry.

Scaling considerations let us go beyond this qualitative understanding and make sharp
predictions on the e↵ect of this non-equilibrium evolution on the correlators. At time t = 0
(the “top of the hill”), the system is in equilibrium in the restored phase and the correlator
reflects the magnetic susceptibility:

G0(t)|t=0� = � ⇠ ⇠2�⌘. (44)
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Condensate Growth with large volume L/ξ ≫ 1 and scaling v ∼ ξ/τR

Interested in late times t≫ τR with t ∼ L/v ∼ τR(L/ξ) ∼ 1:

G0(t, ξ, L) =ξ
2−η F(t/τR, ξ/L)

=ξ2−η

(
L

ξ

)d

F(vt/L, ξ/L)

≃ξ2−η

(
L

ξ

)d

F(vt/L)

At early times, an L independent result:

G0(t, ξ, L) ⇒ ξ2−η

(
t

τR

)d

︸ ︷︷ ︸
early time growth
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Condensate Growth
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Condensate Growth and the Ideal Superfluid Regime
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vt

This is in the (ideal)
superfluid regime

The scaling form is valid in a hydro regime

t≫ τR and vt≫ ξ

For intermediate times dissipation is unimportant . . .
(but a bit needed to remove pions in the UV)
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Growth of Pion Correlators

Note:

• Wavelengths kL ∼ 1 are not parametrically different from k = 0

• The decomposition of ϕa(k) = (σ(k), π⃗(k)) is arbitrary.

Soft pions scale like the condensate:

Gππ ≡V
3
⟨π⃗(t,k) π⃗(t,−k)⟩

=ξ2−η

(
L

ξ

)d

F (vtk, kL)
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vt

For kL≫ 1, the correlation Gππ is independent of L , and we find

Gππ(t,k) =
ξ2−η

(kξ)d
F(vtk)
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Pion evolution schematic at fixed k:
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Pion Evolution: Gequil
ππ (k) ∝ 1/(kξ)2
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critical scaling, with k fixed and
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Pion Evolution: Gequil
ππ (k) ∝ 1/(kξ)2
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Summary:

Qualitative expectation for soft pion yields, kξ ≪ 1 and d = 3

nπ(t, k) ∝ vk Gππ(t, k)

=
T

τR

[
1

(vk)2
F(vkt)

]
−→

(
const

kξ

) (
T

vk

)

︸ ︷︷ ︸
equilib.
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Quench Dynamics in the Heavy Ion Data?
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Figure 3. Top: The best fit for ⇡, K, p spectra compared to the experimental data in five centrality classes

in Pb–Pb collisions at
p

sNN = 2.76 TeV. Bottom: The data to model ratios. The shaded areas correspond

to the sum in quadrature of the statistical and systematic experimental uncertainties.

While hpTi of kaons agrees very well with the experimental measurements, the hpTi of pions and

protons show some residual deviations. For the pions this is a reflection of the deviation between

model and data in the transverse momentum spectrum below pT = 0.5 GeV/c, which results in

a slightly larger hpTi for pions in our model. As for the protons, the slight discrepancy could be

due to the absence of an hadronic phase between chemical and kinetic freeze-out in our model. We

note that similar discrepancies are observed in other hydrodynamic simulations [40, 46] and none

appears able to reproduce data within the very small experimental uncertainties.

To our best knowledge no recent heavy-ion simulations (including our own presented here) are

able to produce a uniformly good description of identified particle spectra from central to mid-

central nucleus-nucleus collisions if experimental uncertainties are taken seriously. The pioneering

studies of [52] showed excellent agreement of identified particle spectra measured at RHIC with ideal

hydrodynamic simulations, but the agreement worsened when e↵ects of viscosity were included. In

the EKRT model [53], pion spectra are described well at the expense of over-predicted kaon and

proton yields, which is in line with our finding when we attempt to fit only the pion spectra.

In Ref. [40] where the e↵ect of both bulk viscosity and hadronic rescattering were studied, the

data to model agreement is arguably on the same level as in our work, although we employ a

single freeze-out approximation. We note here that the extensive Bayesian analyses of refs. [22, 41]

have concentrated on momentum integrated observables. In summary, the excellent quality of

experimental data of identified particle spectra indicates the need of including additional physics

in hydrodynamic simulations of heavy-ion collisions.

4.2 Strange, multi-strange and energy dependence of particle spectra

Having found the optimal parameters of our model, many other observables, not used in the fit,

can be directly predicted. This is an important step in validating the physics picture behind the

– 12 –

 A recent ordinary hydro fit from Devetak et al 1909.10485

typical pt

See also, Guillen&Ollitrault arXiv:2012.07898; Schee, Gürsoy, Snellings: arXiv:2010.15134
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Summary

• Wrote down a critical model of the chiral transition:

▶ Plain diffusion of left and right handed quarks for T ≫ Tc

▶ Pion superfluid and propagation for T ≪ Tc:

• During a quench condensate growth exhibits dynamical-critical scaling

▶ The non-linear (non-abelian) superfluid theory describes this growth.

• Pions which are tied to the condensate must track this growth

▶ Pions are enhanced (∝ 1/m), before relaxing (slowly) to equilibrium.

I hope this is seen in experiment!
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Backup
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Sigma Evolution:
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Scaling predictions and Real QCD Hot QCD, 2019

magnetic susceptibility χM ≡
〈
σ2

〉
− ⟨σ⟩2
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Figure 3. Quark mass dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8 for several
values of the light quark masses. The spatial lattices extent N� is increased as the light quark mass decreases:
N� = 32 (H�1 = 20, 27), 40 (H�1 = 40), 56 (H�1 = 80, 160). Black symbols mark the points
corresponding to 60% of the peak height. Figure is taken from13.
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Figure 4. Volume dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8 for three
different spatial lattice sizes at H = 1/80. Black symbols mark the points corresponding to 60% of the peak
height. Figure is taken from13.

2.2 Results

We show results for �M in Fig. 3, on lattices with temporal extent N⌧ = 8 for 5 different
values of the quark mass ratio, H = ml/ms, and the largest lattice available for each H .
The increase of the peak height, �max

M , with decreasing H is consistent with the expected
behavior, �max

M ⇠ H1/��1 + const., with � ' 4.8 within rather large uncertainty which
restricts a precise determination of �.

In Fig. 4 we show the volume dependence of �M for H = 1/80 on lattices with tem-

5

Scaling predictions reasonably describe how the peak rises and shifts.

χM ∝ m1/δ−1
q fχ(u) u ∝

(
T − TC
TC

)
m−1/βδ

q
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