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Hydrodynamics’ unreasonable effectiveness
Hydrodynamics - it just works!

• Hydrodynamics is eerily successful far from equilibrium, for collision times ∼ 1 fm/c

• Gradients are not small

• How could this be? Hydrodynamic attractors⇒

• Essential ingredients for attractor: competition between expansion and interaction

Nayak 2012

Kn =
lmfp

L
≃ 1
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Quick recap of MIS hydrodynamics
• Consider uncharged fluid, conserved in some background ∇μTμν = 0

• Expand the EMT in gradients:

• Naively, theory acausal as shear modes grow k → ∞

• Relax shear mode via pheno model like MIS/BRSSS 

• Equivalently, break conservation mildly ∇μTμν = − ΓμTμν

• Alternatively, general frame approach (BDNK) remains causal at 1st order

Tμν = (ε + P)uμuμ + Pgμν − ησμν − ζΔμν ∇αuα + …

G01,01 − ε0 =
ηk2

iω(1 − iωτπ) − η
ε0 + P0

k2

Hartnoll, Lucas, Sachdev 2016, Amoretti, 
Brattan, Martini, Matthaiakakis 2023, 
Bajec, Grozdanov, AS 2024, …

Müller 1967, Israel, Stewart 
1976 Baier, Romatschke, Son, 
Starinets, Stephanov 2007

Bemfica, Disconzi, Noronha 2018, Kovtun 2019, 
Gavassino, Antonelli Haskel 2020, Gavassino 2021
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• So far, so flat space - how does the story look outside of Minkowski?

• Choose geometry because of symmetries and dependence only on time

Bjorken (Bjorken 1983) 

• Boost-invariant flow 

• Coords:  

• Proper time ,  

•  

• Expansion rate: 

(t, x⊥, z) → (τ, x⊥, ξ)

τ = t2 − z2 ξ = tanh−1(z/t)

gB
μν = diag(−1,1,1,τ2)

∇μuμ =
1
τ

Particles free streaming to 
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• So far, so flat space - how does the story look outside of Minkowski?

• Choose geometry because of symmetries and dependence only on time

Gubser

• Boost-invariant cylindrical flow

• Back to Bjorken (plus Weyl)

• gμν = diag(−1, cosh ρ, cosh ρ sin2 θ,1)

• Expansion rate: ∇μuμ = tanh ρ

θ = arctan ( 2qx⊥

1 + q2τ2 − q2x2
⊥ )ρ

L
= − arcsinh( 1 − q2τ2 − q2x2

⊥
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Diagnosing the attractor

• Deviation from equilibrium 𝒜 =
PT − PL

ε/3

• Dimensional reduction

• Attractor time, see T. Mitra’s talk Thurs. 16:00

• See also I. Aniceto’s talk Tues. 10:00
Heller, Jefferson, Spałinski, 
Svensson 2020

Buza, Mitra, AS 2024
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Resumming the gradient expansion

• Gradient expansion diverges like n!

• Perspective: attractor as non-
perturbative resummed object

• Diagnostic tools: Borel resummation, 
Padé approximation, etc.

• Hydro as a trans-series

f(ω) =
∞

∑
n=0

fnω−n

See I. Aniceto’s talk Tues. 10:00

Heller, Spaliński 2015, Heller, Janik, Witaszczyk 
2013, Aniceto, Spaliński 2015, Denicol, Noronha 
2018, Spaliński 2018, Heller, Serantes, Spaliński, 
Svensson, Withers 2022…
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MIS/BRSSS attractors
• Benchmarking hydro expansions via attractor 

• Divergence of slow-roll approximation in Gubser hydro

• Fluctuating hydrodynamic attractor

• Emergence attractor from a hybrid fluid system

• Spin hydro attractor

• “Attractor of hydrodynamic 
attractors” 

Mitra, Mondkar, 
Mukhopadhyay, Rebhan, AS 
2023, 2024

S. Jaiswal, Chattopadhyay, A. 
Jaiswal, Pal, Heinz, 2019

Denicol, 
Noronha 2019

Chen, Teaney, Yan 2022

Chen, Shi 2025

Wang, Yan, Pu 2024
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Attractors in kinetic theory 
• Main object is the 1 particle distribution function f = f(t, xi, pi)

• Evolution is given by Boltzmann equation:

• RTA (relaxation time approximation) Boltzmann equation in 1+1d admits exact solution  

Bhatnagar, Gross, Krook 1954
Anderson, Witting 1974[pμ∂μ + Fμ∂pμ] f =

pμuμ

τR
(f − f eq)

Florkowski, Ryblewski, 
Strickland 2013, Denicol, 
Heinz, Martinez, Noronha, 
Strickland 2014

f(τ, ω, p⊥) = D(τ, τ0)f0(ω, p⊥) + ∫
τ

τ0

dτ′￼

τR(τ′￼)
D(τ, τ′￼)feq(τ′￼, ω, p⊥)

D(τ2, τ1) = e− ∫τ2
τ1

dτ′￼′￼τ−1
R ω = tpL − zE• Damping function, 
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Behtash, Cruz-Camacho, Martinez 2017, Behtash, 
Kamata, Martinez, Shi 2019, Dash, Roy 2020, ….

Almaalol, Kurkela, Strickland 2020, 
Alawi, Strickland 2023 …

Almaalol, Kurkela, Strickland 2020

Boguslavski, Kurkela, 
Lappi, Lindenbauer, 
Perron 2023 

Aniceto, Noronha, Spalinski 2024

Blaizot, Yan 2020, 2021, 
Jaiswal, Blaizot, Bhalerao, 
Chen, Jaiswal, Yan 2022 …

Giacalone, Mazeliauskas, 
Schlichting 2019

Pre-equilibrium Bjorken attractor
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Kaminski, 
Cartwright, Knipfer, 
Wondrak, Schenke, 
Bleicher 2023

• Same physical theory

• Two equivalent formulation: strong  weak correspondence↔
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• Applications to cosmology? Hubble expansion fixed a(t) Du, 
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• Role of fluctuations, phase transitions, …
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